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PREFACE. 



In presenting to the public the following Treatise on Algebra as 
one of the Educational Series^ we premise that great pains haye 
been taken to render it efficient and comprehensive, without being 
diiSuse. 

The text has been revised by eminent Teachers, and the exer- 
cises, numerous and practical, have been selected chiefly from the 
best modem school-books of the Continent. The admirable works 
of Grunert, Heis, Lager wij, and Strootman have been frequently 
consulted in the compilation, and to them our acknowledgments 
and thanks are respectfully tendered. 

Feck/um, Dec, 1854. 
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CHAPTER I. 

SIGNS, SYMBOLS^ ETa 

AixjEBBA afTords the double advantage of a Rubstitution of letters for Q^n- 
tities at 'will, and the use of figures as auxiliaries to those letters. Thus 
if a represent the number of solid inches in a solid foot, 1728, then 8a 
will represent 8 times 1728, or 13,824. The algebraic expression would 
be, since a=1728, therefore 8a= 13,824. 

Known values or magnitudes are usually denoted by the first letters of 
the alphabet, a, b, c; and unknown ones hj a;, ^, z, Occasionallj, too, 
the Greek characters a, /3, y, ^, — 0, tj^, 'x^ tire simflarlj employed. 

The relation of quantities to «ach other, or their connection, is expressed 
by symbols. These are, =, +, — , x, -h ; and besides them a few ab- 
breviations are in use. An explanation of both is necessary. 

Whenever one quantity is to be noted as exactly equal to another, the 
sign of equality (=) must be put between them. Thus if a=4, and 6=3, 
3a=46 ; or three times a=4 times b. 

Whenever one quantity is to be added to .another, the sign + (plus) 
must precede the quantity added. Thus a-^b signifies that b is to be 
added to a ; then supposing the previous values to be retained, a+&=7. 

Whenever a quantity is to be taken from another, the sign — (minus) 
must precede the subtrahend. Thus a— & signifies that 5 is to be taken 
from a : hence, supposing the values as before, a— 5=1. 

Whenever a smaller quantity is to be taken from a larger one, and it 
is not known which of the two is the greater, the sign f^ is used to denote 
the difierence between them. 

> signifies greater thorn ; < less tkcm. 

Any quantity immediately preceded hy the sign + is said to be posUwe. 

Any quantity immediately preceded by the sign — is said to be negative, 

A quantity preceded by neither + nor — is always considered positive. 
Thus a signifies + a. 

When the product of two quantities is sought, the sign of multiplica- 

B 
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tion ( X or .) must be placed between them. Ex. : axb signifies a multi- 
plied bj b ; and a . b the same. But the most common mode of express- 
ing the product of two letters is bj simplj joining them together : thus, 
00. Hence^ in the preceding example, we should write axb=ab; and 
supposing the values to remain as before, the product would be 4 x 3= 12. 

The figure placed before anj algebraical letter is called its coefficient. 
Thus in the expressions 3a, 46, 3 b the coefficient of a, and 4 is the co- 
efficient of 5. Coefficients maj be positive or negative. Of course every 
letter will have 1 as coefficient, if no higher number ; but the 1 is usuallj 
omitted in writing.' Thus oo means once the quantity a multiplied into 
once the quantity c. 

Division is usually denoted by placing the dividend above the divisor, 

and drawing a line between them in fractional form. Thus | denotes that 

the quantity a is to be divided by the quantity b. Frequently, too, the 
sign -4- is made use of as a mark of division, in which case it precedes the 

divisor and follows the dividend, a-t-c and - denote the same thing. If 

.,« J o^i.2a8. Sa-ib 82-12 ^ 

a=4, 6=3, and c=2, then —=-=4 ; — - — = — - — =o. 

V ngnifies wma or became. 

.*. signifies therefore or consequently ; henee, supposing a=6, 6=4, 
c=8, and c?=8, we may say, v a6=24 and cd=z2if .*. ab^cd. 

A small figure placed to the right hand of a letter or quantity, and 
above the line, is called the index or exponent to the power of that quan- 
tity. Thus in a\ 4 is the index to a. The expression is read a to the 
4th power, and signifies a multiplied into itself 4 times. Supposing the 
value of a to be 3, a^^aaaa, or 3 x 3 x 3 x 3=81. 

The different powers of a quantity are thus read : 

a (or a^, which is never written) a to the first power, or simply a, 

d^y the square of a, or a to the second power. 

o^, the cube of a, or a to the third power. 

a\ the fourth power of o^ or a to the fourth power, ^., &c. 

When a quantity is preceded by the sign \/, some root of that quan- 
tity is denoted. When a small figure is placed to the left hand of the 
sign and above the line, it is called the index or exponent to the root, 
and it shows what root is to be extracted : thus f^c denotes the cube root 
of c. 

In expressing the %qaarre root, the index 2 is omitted. The index of a 
root shows how often that root has to be multiplied into itself to equal 
the quantity from which it was extracted : thus, supposing a=100, then 
Va=10, V 10 X 10=100 ; supposing 6=1728, then V^=12, v 12 x 12 
X 12=1728; supposing c= 81, then v^c=3, v3x3x3x3=81. 

The roots of quantities are thus read : 
y/a is the square root of a. 
i/b is the cube root of 6. 
i^c is the fourth root of c, &c. <&c. 
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Similar qaantities, or like quantities, are those which contain the same 
combinations of letters and powers of letters. Dissimilar or unlike quan- 
tities are those which do not contain the same combinations ol letters, or 
letters of like powers. Thus 3a+5a— 2a are similar quantities, because 
they all show Qie same letter, and the same power of it. 5a^b^cSaHPe 
are also similar quantities, and for the same reason ; but ia^l^—^cfil^+c 
are dissimilar quantities, because, though the letters are the same, the 
powers are different. 

When several letters or combinations of letters go to form bu t one 

quantity, they are united by a vinculum, or placed within brackets ; a;— y — « 
is the same as a;— (y— «). 

A single instance will suffice to show that great care is required in the 
use of these brackets. In the example last quoted, sB-^(y— «) is not the 
same quantity as x—y^z, »— (y— «) signifies that » is to be diminished, 
not by y, but by y— «, or the difference between y and z ; whereas x-^y^z 
means liiat a; is to be diminished by y and by z also, or by the sum of 
these two. 

Hence, if a;=4, y=3, «=!, we have 

aj-y-«=4-3— 1=0. aj-(y— »)s=4— 2=r2. 

2aj—3y+2«=8— 9 + 2=1. 2a;— (3y+2«)=8— 11=— 3. 

2aj-fy-«=8+3-l = 10. 2(aj+y)— »=14-1 = 13. 

The vinculum is employed mostly in fractional expressions, and in con- 
nection with the radical sign (>^ before compound quantities. The bracket 

unites quantities chiefly for multiplication : * ^ ■ * implies that the whole 

quantify x+y+z is to be divided by 4, and A{x+y+z) that the same 
quantity is to be multiplied by 4. 



DEFINITIONS. 

The quantities employed in an operation of addition or of subtraction 
are called terms. Thus in 2a— 4a+5a=3a, the terms are 2a, — 4a^ +5a. 

The quantities involved in an operation of multiplication are called 
factors. Thus in the expression axbx c=ahc, the factors are a, 5, and c. 

An algebraical expression is called simple if it consists of but one term, 
and compoimd if of more than one. Thus 2a, —4:a, and 5, are each simple 
quantities; but the whole taken together (2a— 4a +5) forms a compound 
quantity. 

A quantity expressed by a single term, as a, is called a monomial ; one 
expressed by two terms, as a +5, a binomial; one by three terms, as 
a +1—6, a trinomial ; and one by more than these a multinomial. 

Quantities, whether terms or factors, expressed by different letters have 
those letters arranged as nearly as possible in the order of the alphabet. 
This is done for the sake of method merely. a-\-b+c is the same as 
b+a+c, or c+a^b ; and xxyxz=zxxxy=xyz. 
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As the distinction between terms and fiactors is important, a few ex- 
amples and further illustrations^ are given : 

I. x+y—z is a trinomial, composed of three terms, x, y, and z. 

II. X'j-(y^z) is a binomial, composed of but two terms, x and 

(y-«). 

III. 2x—{ii/+z) is a binomial, composed of two terms, 2x and 

-(y+«)- 

lY. a;+3(^+^) is a binomial, composed of two terms, x and d(^+«;). 

In Example III. 2x is a term composed of two factors, 2 and x. 

In Example lY. 3{y+z) is a term composed of two factors, 3 and 
(y+z); the factor (y+^) being itself a compound quantity of two terms. 

Y. ^{x—y+z) is a single term, or a simple quantity composed of two 
factors, 3, and (a;— Sf+«)) -^f which the latter is a quantity compounded 
of three terms. 

YI. 0^ is a single term composed of two factors, x and x ; aa? is ako 
a single term composed of three factors, a and x and x; ^aa?y might 
also be a single term composed of .the five factors 4, o^ a;, a;, and y, though 
it is not usual to resolve powers such as a? into tiieir elementary factors 
unless absolutely requisite. 



EXEBCISE I. 



If a=5, 5=3, 6=4, J=2, e=l, and/=^0, find the numerical values of 
the following expressions : 

1. 2o— 4<j+ 26+56— -tf. 

2. 36+76— 4/f6a— 46— c. 

3. c+6 + 36— 4a+6/-r2c+d 

4. 3/— c+2a+3c?— 4<j+6. 
6, 66+a+4c?— /+36-^c. 

6. 7a+3/— 8c+36— 4<;+36. 

If a=7, 6=5, c=0, c?=6, e=4, /=8, ;5f=±2, what are the numerical 
values of the following t 

7. 26-a+c?+3c-26-/+45r. 

8. 3rf— 4c+5r— 7a+86+36— 3/ 

9. 2c+c?+6+3/'— 3a+46— ^r. 

10. 6a-76+2gr— 4c+2c?— /+26. 

11. 36+45r-/+4o— 6c+26— 3c?. 

12. 86-4a+6c+7c?-6+4/-35r. 
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EXEBCISE II. 

If a=4, 6=2, c=5, (f=3, and «=0, what are the values of 

o 5d 2o , 6a 

^•T-T + T- 

_ 24-<» . 4o-Bb , 
9. p hco. 

10. 2aly^-^<P+3ad. 



1 «* 






ab 






3 ^4.^ 




.4b 40, 2a 




;( 46 , 30 a 




11. 662rf+ac2- 


2a?0 




b'C^d 

00+ 6b 



Sab + 4e'-da 
o + d ' 



EXEBCISE III. 

What are the numerical values of 

1. y/9 -^2^/36^^/16. 

2. 2V25+4V4-5V4: 

3. s/Sl^24^32+2i^6^. 

4. ->y8+3x/49+3V16. 

5. V16-4^1 + 2V9 + 2^125. 

6. ^l+3V16->iy8+3V49-2V81. 

If a=16, 5=36, c=9, d=z4t, e=l, what are the values of 



7. 4Vc?+ 2^6—^/1 66. 

8. x/45+3\/c— 3v^a«. 

9. y/a^+5y/ad^y/e. 

10. V^-2x/«+^-7^+\/«- 

11. 4V9c+3V^-V255-f.^ 

12. v^oi— -v/6+9x/c5— 2^/^. 



EXBBCISE IV. 



1. Show the difference between {a—b)+c; a— (64-c); a— (6— c) ; 
a—b—c ; and give the value of each when a=36, 6=17, c=2 ; or when 
a=6336, 6=1719, and c=287. 
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2. Work out 12-7-(2 + l); 12-7-2 + 1; 12-(7-2+l); 12- 
(7-2)+lj 12-{7-(2 + l)}. 

3. If m=565, w=217, o=18i,>=45, q=57, what will be the value 
of TO— w— o— p+g ; TO— (w— o)— (p+g) ; TO— {n— (o— j9)-f-5} ; to— 

{w— o— (p+g)} ; TO— {n— (o— j^+g')} ; to— w— (o— j^+g'); and to— [n— 

{o-(P+?)}} » 

4. In what manner must the brackets be applied so that from m— n+ 
p—q shall arise the values 22, ii, and 66, when to=88, n=33, p=^llf 
q=22'i 

5. In the expression a—^b—e) substitute m+wfora; p—dq—r) for 
b ; and js+y for c. 

6. When a=200, 5=21, c=7, rf=6, what is the value of the follow- 
"ig; o(5— c+^; oft— c+c?; a{b—(p+d)}i (o— 6)(c— cH; (a— 6)c— rf; 
a— 6(c— c?) ; a— 6c— ci?; (a+6— c)rf; a+6— ca; a+(6— <j)<it 

7. In the expression b+be—e, substitute TO+n for b, and j9— g for c. 

8. Ifa=4, 6=5, c=6, (f=7, what is the value of (ab)xe; ax (be) ; 
ax{bc)xd; a{bcd) ; (ah)x(od); a{b{cd)} ; abed; a\c^by^% 

9. If a=1050, 6=420, <j=105, rf=21, what is the value of (a— 6+c)df ; 
(a-6)(c+c^; a-(6+cM; {(.-(ft+c).;} ; ^; izi^ll)? 



EXEBCISE y. 

Miscellaneous Examples. 

Write down 

1. The sum of a and 6. 

2. The difference of a and 6. 

3. The sum of a, b, and c. 

4. The product of a and 6. 

5. The product of a, b, and c. 

6. The difference of a and 5, divided by their sum. 

7. The sum of a, b, and c, divided bj a. 

8. The product of x, y, and z, divided bj their sum. 

9. The product of a, b, c, and c?, divided by the sum of a and b. 

10. Is the sum of a, 6, c, and d, divided by the sum of c and d, pro- 
perly expressed in the following manner — 1 

11. Why is the product of a, 6, x, and y incorrectly expressed thus, 
yxba'i 

12. Write the sum of a and 6, multiplIeJ Ly c. 

13. The difference of a and b, multiplied by c. 

14. The product of a and b + the product of e and c?. , 

15. The product of a and b — the product of c and (if. 



THE EUBHENT8 OF ALOBBBA. 7 

16. Is the product of a, b, c, and d, divided by their sum, correctlj ex- 
pressed thus, «Jti±i±f ? 

' doba 

17. Express the product of x and y + the product oip and q, and the 
sum of these quantities divided by the sum of x and y. 

18. Express 6 times the sum of a and b, divided by the sum of c and d» 

19. 8 times the difference of a and b, divided by the product of c and d, 

20. a and b multiplied by their product. 

21. The product of a, b, and c, divided by the sum of a and b, less c. 

22. Ifa=z2, 5=3, and c=4, what is the value of {a+byi 

23. If a=8, 6=12, c=5, and rf=3, what is the value of ^i^l 

24. If a=z5, 5=6, and c=7, what is the value of 3(a+26+3c) 9 

25. If a=8, 5=12, c=16, and d=^24t, what are the values of 



26. Said one boy to another, *' If a=4, 6=9, and c=5, then our joint 

abo 
a+b+o' 



stock of marbles amounts to — r — .'' How many were there 1 



27. His comrade replied, « We ought to have — ^^j." What is that 
number 1 

28. The assignees of an estate reported that the debts were ■ — - 

and that the eighth part might be paid off; supposing ass 3, 6=4, 6= 5^ 
and c?=6, what sum remained unpaid ) 

29. A bill amounted to a^+2a6+6^ pounds. How much was that, if 
a=z5 and 6=7 f 

30. Could it be paid by a'«-2a6+62 pounds, if a=16 and 6=4 1 

31. An officer's monthly pay was i(a?+2a6+62) pounds, and his 
annual expenditure 54 ^ ^ .^ — ) ; did he save any thing, if a=3, 6=4, 
c=5, and c?=6) 

32. A tavern bill was jocularly said to amount to - shillings, 

and three had to pay it; what was each person's share, supposing a=6, 
6=8, and c= 12? 

33. Assuming the same values to the letters, one of the three found 
that his shoemaker's bill was ^^'*" , and his tailor's ^ ^.^ .^ ; to 

what did they amount together ) 

34. A gentleman said, that if o=^60, 6=^1200, c=£1000, d=:MO, 

and 6=<£560, then his property was worth — — -^ — ; what was the 
value of it 1 

35. His debts, on the preceding supposition, were only — ^ 

pounds ; when they were paid off, what did he really possess ? 
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36. If a=80, 6=60, c=40, and rf=20, how much more is ^^•^^-^^^+«j 

(a— 6) (c— rf) 

37. A boy expressed his age by saying, that if a=6, b=5 and c=7, 
he was -i years old : how old was he 1 

38. His grandfSather sdd, *' Well, at that rate, I must be ^^"^ ." 
How much older was he than his grandson ) 

39. A house was bought for ^°'*' ^^ ^^'*' ^ pounds ; if a=60, 6=70, 
c=90, and d=l20, what was the cost ) 

40. The expenses of conveyancing were *^^"^ )'*'t(g+ ) . ^ ^j^^. ^^ 
they amount, at the same rate ? 



CHAPTER II. 



ADDITION. 



In the addition of like quantities, to the difference of the sums of the 
positive and negative coefficients prefix the sign of the greater, and to it 
attach the proper letter or letters. 

Thus, 

3a-126-7c2+5£;+86-/ 

— 5a— 46— 5c2+7fl?— 46+TO 
8a+136-3c3-c?+7e-«2 



6o-36^15c2+ll((f+e)-/-h//*-*-. 

The addition of unlike quantities is performed by merely arranging 
the different expressions in alphabetical order, and connecting them by 
their proper signs. 

The student is advised to make use of brackets as often as possible in 
expressing the sums of quantities. 

Exercise VI. 

1. 2a + a. 

2. 9a + 15a. 

3. 762+362. 

4. 5a26-f.9a26-8a26-3a26. 

5. 10rf-7e?. 

6. x-f 13a;— 8a;4-7a;— 2a5. 

7. 5a— 6+2c— 4c?-f.6e. 

8. 5to— 3to— 2n. 
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9. 6(a+aj) + 5(a+a;)— 7(o+aj) + (a+aj)— 2(a+aj). 

10. (o-.y) + 12(a-y)--5(a-y) + 2(a-y)-9(o-y). 

11. ax-k-hx, 

12. 5a+46-3c-7rf+8+3a-125+7c-10<f-4. 

13. 12A-3<j-7/+35r-3A+8c-2/-9flr+5aj. 

U. 16a-56+10c-9rf+3a+186— 5c— 7rf+3«— 7a— 26-3rf+5e— 
9A+lla— 36+2c+8c?+7A. 

15. 12a2-66c+8c2-/+13-7a2-3ftc+5<r»+9/-9+5a»+186c- 
llc3-3/+10+45c-6c3+/-ll- 

16. -4flr + 8A-* + 3^+ 7 + 75r-5A+ll*-«-3+^+A-12it+8i 
-10. 

17. 15aj— 12y+3«— «— 3aj-f4y— «+«t;+a+7«— V— 3y— 4«+9w— 
2«+5t;. 

18. 7j9+32r— «+*+3jE>+5g— 3f;+7*— 6jE>+5f— «— 6g'+5v+3»+f;+ 
5«. 

19. 6a— 46+3c+66+4c?^4c+3a+a— <f+2c+2&+c— 6+e+5o+ 
2(;. 

20. 3a25— 7a6*+ajy+7ajy— 2a%— a52+2a26+7y«+263-f2a^— jfy+ 
3a62-a»- 763-ay-{B3— 7ay + 2ly2. 

21. 3aa;+46y+2«4-7ca5— 3cfy— 5«H-8ca5'«-y— «. 

22. 3Vic+4x/y+3x/«+5Vy— 2V'aj--8V'«+10x/«--8\/«+Vy+ 
y/x—l^y+lSy/z. 

23. 12aar'»-17a?aja+9a^-lla«aj+7a?a?-71aar»-a^+3a*+lja8a;+ 
8aV+ 9a8aj-4iaaj»— 2a*. 

+7a^+3y»+5a»»+3ay«— 7a*«— 83^— 3a!y2— a»2+«>^— 9a:3«_2a^-f.X8? 
— 3a;*«+y*. 

SUBTRACTION. 

BfiU, Change signs in the subtrahend, and then proceed as in ad- 
dition. Suppose that b has to be taken firom a : following the rule, the 
expression will be written a— 6, and the reason is clear. 

But supposing that &— c has to be taken from a, the subtrahend 
must become, according to the rule, — 5+c, the whole expression being 
a—b+c. And the reason of this, if not apparent at once, is evident after 
a little consideration. For as a is not to be diminished by b, but by &— c 
(that is by c less than b), so a— & and — c also, would be a diminution too 
great bye. Let a=8, 6=6, and c=4, then a— 6=8— 6, =2; a—b—e 
=8—6—4, =8—10, =—2 ; but a^(b—c) or a—b+c (with the sign 
changed) =8-6+4, or 12-6=6. 

The reason for changing signs may also be illustrated thus : a;= 
X'-y+y ; and if we subtract +y from x, x—y remains, just as if — y had 
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been added to x according to the rule. Again, xs^x+y'^ff, and if — y 
be subtracted from x^x-^-y remains, as though +y had been added to it, 
according to the rule. 

Very often there will seem to be no necessity for changing signs in 
subtraction, since by simply deducting the smaller of two coefficients from 
the larger, and annexing the proper letter, the end will be answered ; thus 
in taking 3a from 5 o^ die remainder is seen at a glance to be 2a ; but in 
reality. the rule still comes into operation, for 3a and 5 a are both -h in 
the first instance, and the sign of +3a must be changed into —3a before 
the result +2a is obtained. 



Exercise YII. 

1. Take —8a from— 16a; — l2acfrom — 18ac; — 3a6from— lla6; 
— 5xyz from — 1 ^xyz, 

2. Take — 5(a+<:0 from — 16(a+d); — U(«-f- y+«)from— 21(aj+y 
+«); — 15a(6c-fcfc) from — 320(60+ cfc); — a(6+c) from — 3a(6+c). 

3. How much is a more than —a ? 2a more than --^a'i 36 more than 
—36 1 4:X more than —4a? ? 

4. How much is 6ac more than -^50^% 6abc more than — 6a6ct 
7(x—y) more than — 7(a?— y)? S.{x+y+z) more than — 8(«+y+«)t 

5. How much is 16a more than —2a 9 32a6 more than — 15a6? ab 
more than — lla6) Sahcd more than — 12a6oe?) 5(a-f-e) more than 
— 12(a-f-c) ? ie{x+z) more than —(«+«) 1 

6. Take 3a+46 from lla+55 ; I6x+y from 25a;+16y. 

7. Take 2ixy+l6z from 25xy+20z; iab+2ac from 16a6+3a«. 

8. Take 4a from ; 66 from ; 16ac from ; 32x from ; 3a6c 
from ; 4(aj+y) from ; §{a^b) from 0. 

9. How much is 4a— (3a+6)1 16— (116+5c)1 3a— (a?+4y)? 2xy 
— («iy+y«)? 4a:y«— (3a?y«-f5«M;)1 

10. Take —4 from 0; —a from 0; —6 from 0; —3a from 0; 
— 6a6 from ; loeyz from ; 3(a;+y) from 0. 

11. Howmuchis3a-(a-36)? 6a6-(4a6— 3c)? 16a!y-(ll{ry— 5«)f 
3a:y«-(«y«-4a)? 5a6c-(2a6c-4c?) 1 1 2a? - {6a2 - 46^) 1 

12. How much is the difference between a+6 and a— 6 ) 

13. How much is the difference between 3a +46 and 3a— 46) 

14. Take a— 6+c from 2a+6— c; 46— 3c from 36+4c; aj+y— » 
from — aj+y+«. 

15. Take 3a from 56 ; 5x from 6y ; Sz from 7x ; 5ah from 3cd; Zac 
from — 5a3y j — 5ay from 3ai ; —6x from \2xyz, 

16. How much is 3a'-(-4a)1 56-(-36)? 16ac-(-5ac)? llxyz 
-(-3«y«)? 

17. How much is a{x^y) more than 6(a;+y) ) 4(a+6) more than 
aj(a+6) % 3a(6+c) more than 46(6+c) 1 ^q-^-r) more than — 35(5r+r)? 
6a(c+fl?) more than — 5c?(c+rf)? 
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18. Subtract 5a— 76 +3/ from 11a— 56+5/; and 11a— 66+5/ from 
5a— 76+3/ 

19. Subtract a+26— 3c from ?a— 26+c; and 3a— 26+c from a+ 
26- 3c. 

20. Subtract 5a+3c+56— llflr from 16a+56— 7c?+3/; and —Ida 
+ 56— 7c?— ^from 5a+3c+56— 11^. 

21. How much is 3a;+5y— 6» more than — 3aj— 4y+6«; and — 3a5 
— 4y+6is more than 3fl;+5^— 6«t 

22. From the sum of 3a— 46^ 6a +26, — 30+76, and 5a— 36 sub- 
tract the sum of 4a +66, 3a— 26, and — 12a+56. 

23. Required the sum of the difference of (7c+8d) — (12c— 7<Q+ the 
difference of (12c + 5c0 — (8c— 4c?). 

24. How much is (6c— 4^— (12c+«/) greater than(8c+8^— (— 3c 

25. Subtract the sum of (a+6) + (a— 6) from (a+6)— (— a+6). 

26. How much is (7a+12y)— (— 8a?+4y) greater than (3a?+y)+ 
(4ic-y) + (-12a?+6y)1 

27. How much is a— 6 less than a— (— 6)t 

28. If from a(x+y), 6(x+y) is subtracted, and then again c{x+f/) 
added, what is the sum 9 

29. From 3a«-7a26+4a62-36» take 9a^-a%+2a62-26». 

30. From 7x Vy + 9y Vy — 1 1 Vxy subtract —29: Vajy + 2a5 Vy-^y */y 
+ 12a. 

31. From 13a\/(a?— y) — 176\/(aj+y)— oojy subtract 176V'(a?— y) + 
6a:y— ic^+a^y. 

32. From the sum of 8a»— 8a2+17, 8a2— 18+7a, and 6a— a*- 7a^ 
— 11 subtract the sum of lOa^— 3a— 16, a-'C^'\'d?, and 8a2+2a+18. 

It has been said that when several letters or combinations of letters 
go to form but one quantity, they are united by a vinculum, or placed 

within brackets. Thus a;—y—« is the same as sc- (y— «). 

Further instructions in the use of brackets will now be given. 

In the addition, subtraction, multiplication, and division of simple 
quantities, brackets are not needed, so long as tbe quantities are taken up 
in alphabetical order : c. g. instead of { (a + 6) + c} + c?, we write a + 6 + c + c?; 

and instead of {(ax6)-4-c}-+-rf, we write -^; but if the multiplicand or 

the dividend is a sum or a difference, the bracket must not be omitted. 
Thus it will not do to write a+6 xc instead of (a+6)c, nor a— 6-i-c in- 
stead of . 

Whenever a positive or negative sign precedes a quantity within 
brackets, the sign affects the whole quantity. If the whole quantity is to 
be added, + precedes it^ and the signs within the bracket remain un- 
changed; but if the whole quantity is to be subtracted, — precedes it, 
and the signs within the bracket must be changed. Thus +(x+y— 2;)= 
aj+y— «, and (as?- 2ajy— y2)=a;^— 2a!y— y^; but —(a?+y— «)=—«— y 
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-i-z, and — (a^— 2a5y — y*)= — a^ + 2xy+y^, In the case of a double bracket, 
we have 3a;— {(a— 3«)— (2y— »)}=3a;— (a— 3«) + (2y— «)=3a:— «+3»-f 
2y— «=2aj+2y+2«. 

The preceding remarks are equally applicable to fractions with numera- 
tors of more than one term, as often as a change of form is necessary. 

Thus --'Jl|=^,{or -|(a;+y-«)]=-|-|+|, [or -ia^-^fj*]; and 

— ^(aj— y), when multiplied by 4, becomes — (a:— y), or -^x+y. 



Exercise YIII. 

Simplify as far as possible 

1. (3^+6y)+(3a;«-6y)-(62+fl^). 

2. (icrf-4a;)+(2aj+a?y2)^(2aj-fta?-a?y2). 

3. (7aj2y+3a^)-(a6»+3€P-}'6aj2y). 

5. (7ay«— ^)— (y»— 2ay«)+(y*+2pV— 5ay8). 

6. (wm?-5a?68)-(4y-6iwn2)-{a268+(y-6a2&»)}. 

7. (4<i5/'+3<V«)-(9a2aj2+2ay2;j)^(17^_a2^;5). 

8. (364+8cy«) + {(7-6^)-(7-8ft*)}-(8cy«+6ft4). 

9. (1262e*+<sB»)---{4m^-(462e*--6m2p)} + (86V-2ca:»). 

10. (Ila26c4+3a?62)_.{2068+(a?62.4a2c)}--|2a»62+(4a?«c+3a2ftc*)}. 

11. {(3a?»y2a2_2ya2)_(ajy5j-y;s2)}-(2a?y2a?-a:y«)-(a?»j^^ 

12. {5ft«^-(42?^32+^3^)}_{(206»z*-l)-(67r.»»+1668z*)}-{2?^2» 
+(5m»w-3p2^)}. 

It must be borne in mind that there are literal as well as numerical 
coefficients. moc^-j-nap^—paP + qa? is an expression in which the several 
quantities m, n, p, and q, are coefficients of the common factor a^, or vice 
versdn This is very conveniently shown by means of a bracket, thus. 

Exercise IX. 

Collect coefficients in the following : 

1. ax+bx+Sa^a^-^ily^aP. 

2. cMj*+6a:*+cx*. 

3. paP+qac^-^ax-^raP+bx. 

4. «My+6y*+na?y— /Kcy+rfy*. 

5. ax-^-ay+by—cx+bx—cy, 

6. xyz-i-ae^^aoifi+aPz+a^-^y^z—xy^, 

7. acy-^l^x^cficx-^c^x^l^cy. 

8. pa?y^ — ^xy^ + aaPy^—c^xy^ +pxy^- 

9. nmx-^ny3p-\-xyz^-^{<mx+by)+c'y. 
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10. a2W«+(6»c2+ax»--(&)-;?2x»-c2g. 

11. 4ai2+ft2_3^^^26x-((fe+5aV). 

12. ac(x+y) + 36(«+y)+2a6— 4ax. 

13. 5W(x+l)-aW>(x+l)+4a(x+l). 

14. 6x2y(^— ^)-.2xy*— 2ftcy(j9— ^)+a^. 
U. 4a262c2+122r3c2-20a262+l2a^. 

16. (»m+x)(y2~a?)-(3aft+ay)(y2-z2). 

17. (3a26+2a6c8)(y^-l)+(aW-a26)(2^-l). 

18. 4(x-y)»+ 3a(x+y>-(ftc2x,+6c2y) +a6x3-a6+ 3(x-y)». 



CHAPTER III. 

^MULTIPLICATION. 



In simple algelnraidd quantities, multiply the. numerical coefficients 
and letters, and to the product prefix the proper sign, which will be phu 
if both multiplier and multiplieand have the same sign, but mimu if they 
have different signs. 

Thus6ax36=18a5; — 4ax5c=— 20acj 36x— 3c=— 0Jo; -^rax 

— 86=+56a6. 

The product 6f two numbers is positive or negative, according as the 
signs of the &ctors are like or unlike. Like signs give -f, unlike signs 
give — . Por instance : 

I. +ax +5=+a&^ because axb signifies that +a is to be^taken b 
times, or added h times ; the sum or the product must therefore be posi- 
tive. 

II. — ax +'&=— aSj for when —a is multiplied by h, theaieaning 
is that —a is to be repeated b times, or that the quantity a is to be sub- 
tracted 5 times, or that a: multiplied by 5 is to be subtracted : hence the 
sign ^ab. 

III. —ax —6=+ aft, since, considering —a as an insulated negative 
quantity, or directly opposite in its nature to a positive quantity, to sub- 
tract it once is to reduce the —a to +a, .".to subtract' it b times would 
be +ab, 

rV". +ax — 6=— a5, as in II. Where a is to be multiplied by —5, 
the signification is, that a is to be subtracted 6 times; lience the result 
must be — a6. 

Or the reason for the rule may be thus shown. Suppose we have to 
multiply m— w by p—q* Then (m—n){p-'q)={m—njx [using x instead 
of p^q\ which =wiaj— nx, or m{p—q)—n(p—q), which =(wip— ww^)^ 
{np—7iq), or mp—mq—np-\-nq', 
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whence it ifl dear that +mx +|)=mp or +mp, 

and +wiX — 2'=— W15, 

and — nx +p=— ^> 
and -—nx --q^+nq. 

Where the product of a number of simple quantities of different signs 
is sought, multiply all together, and the result will be positive or negative, 
according as the number of negative signs happens to be even or odd. 

Thus, —a X — 6 X +c= +abc, 

—a X —6 X — c= —abc, 

—ax +5x— ex— rfx— 6=+aJ<j«fo, 

(-.«)2=+o2; (-a)»=-a8; (-a)4=+a*; (-a)»=-a»; 
andgeneralfy, (-«)*•= +a>-; (-«)«"+»= -a»"+i. 

It will be easily understood from the nature of indices or exponents, 
that the powers of quantities are multiplied by adding together their in- 
dices. For the product of oW? by a^bc, we do not write a^cfiV^bcc, but 
add the exponents of a, h, and c, and obtain Jl^(?. This is expressed by 
the general formula, aTxa^^oT'^^, ^••x6"xft'=6'"'*'"'*'', &c. ; or in few 
words, to obtain the product of two or more powers of the same letter, 
write down the letter widi an exponent equal to the sum of the exponents 
of the several fSaotors. 

Where the multiplier as welT as the multiplicand is a compound quan- 
tity, all the terms of the latter must be multipHed successively by each 
term of the former, and the sunt' of the products will be the product of the 
two quantities required. 

The multiplier is placed under the multiplicand, but on the left side. 

N.B. The letters composing the factors of both multiplier and multi- 
plicand should be arranged in the order of the alphabet previous to mul- 
tiplication. 

Ex. Let — 7 ah -f 56^ + 9a^ be multiplied by 8aJ. Having first arranged 
the terms according to the descending powers of a, the multiplier is placed 
under the multiplicand, thus : 

9tt2-7a6+5J3 

%ab 



72a»6-56a2^+40flft8. 



Then, M x 8a6=72a«6; next, — 7a6 x 8a6= —5^a^V^\ lastly, 8a6 x 5J2 
=40a^. The separate products are summed up, and the whole obtained 
as above. 

If the multinomial — (IJo?- ^^+0— 11) is to be multiplied by ^^^ 
we write, 

— 1 \c? 4- \a^ — fl -f 1 1, and multiplying 

by \^ 

obtain -fa^+TV^^-^a^ + Sia^, 
or, -{ia^-i^a^+W-H^)' 
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If -3^-5aj»+5i*3-3iJ?+f be multiplied bj 

we obtain 27}««+46ia?*-49iar*+29fj?8-8j«2 product. 

Let 3M'-'2a^l/^+al^pe multipHed by 
2a^-ab'-5l^, tben 

(3fl»6-2a262+a&»)x-fl6 = -Sa^l^+ 2c?}? - o^ft* 
\Z(?h-2ij?P^a}?) X -562= -15fl«6»+10a2&*-5fl6» 

then adding tbesepwiiid products,} 6a*6-7«462-lla86»+ 9a264-5a6* 
we ODvain as louu i 

Again, let a+6+c be multiplied bj 5+a— c Arranging the multi- 
plier in alphabetical order, we have 

Multiplicand, a+64-e 

Multiplier, a-^h—c 

+06 +6»+6c 



Product, . c?^2ah ♦ +6^ ♦ _c2. 

To find the product of («*— 2a?+«— 9)x(8«— 6+4g^. Arrangpmg 
the multiplier, we proceed as before : 

28-2a?+«-9 

48*~8«*+ 4«8-36«2 

- 6^+12^2- 6z+54 

4^ ♦ -18z»-16z2-78z+54. 

Let a2_-(3ta5-|-ft2 be multiplied by 
a?— 6 






Let (6a2+3--6a—a2-fa)(a— 6+06^— 1+06) be given; then arrang- 
ing the terms in the order of the powers of the letters a and 6, we 
have, by bracketing, 

(6 — 1 )a2 — (5 — 1 )a + 3, multiplicand ; and 
(62+6 + l)a-(6+l), multiplier. 

-(6-l)(6-hl)aH(6~l)(6+l)«-3(64-l). 
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To obtain the fnim of these partial products, it will be necessary to re- 
move the brackets, by performing the operations they are meant to facili- 
tate ; then we find that 

(6-1) (624.6+1)=^-.!, and (5-l)(6+l)=62-l; 

.'•the coefficients of c?, a?, and a become, after addition, 

(^-1), (-ft8^i«ft2^i), and (362+36+3+62_i) ^ 

which, simplified, are 

{V^l), -(ft8+52-2),and (4J2+35+2). 

The required product is, therefore, 

(ft»-l)a?-:(&«+fi^-2)a?-h(45a+35+2)«- 3(6+1). 

Exercise X. 

1. (3a+ 45) X 96. 7. {a-^-Vf x -^V^. 

2. (56+c?-36) X -6a. 8. {a-hf x {a-^-lif, 

3. (a?+c2-<^) X 3«i. >9. (x»+y») x (i?*-y*). 

4. (a+6)x(a+5). 10. (2x-3y)x(-3x+4y). 

5. (a+6)x(a-6). 11. (2j?2-3jy-3r^)x(«-2y). 

6. (o-6)x(a-6). 12. (3a-2J)2x(5a+76)2. 

13. (a?*-3i8.+2«2-x+-5>x (3aj«-2x2-5a?+-3). 

14. (a8+a25^^^js)x(3a2-3flJ+462). 

15. (3fl462_ 6a86» + 4fl264 _^ ah^) x (2a26- SaS^ +2J8). 

16. (J*»-i^y+iay-i3/»)x(fr2+|ay-iy2). 

17. (2a?*-3*«y+2y4-2;ry»+4jr2y2) x(2jfy2-y»+i*»-ij?2y). 

18. (0-5w^-^0-4m»w+ l-2m?n2 4. o.^ww»-l-4n^) x (0-4m»- 0-6m« 
-0-8n2). 

19. 5(a:-3)(x+5)(2x~7). 

20. (a«-17)(a2-fl + 5)(fl2-7a+l). 

21. (*+y+-z:)(*+y— 2:)(a;— y+-e:)(— jr+y+^. 

22. (2jr-j2+4x»-10 + 7i«)x(2jr*-2*2+3a!»+2 + 4x). 

23. (a?+ff)(*— 6). 

24. (*— a)(j?+J). 

25. (a?— a)(a;— 6)(!r+c). 

26. (x2-flx-62)x(*24.pa;-52). 

27. (««-3ar+6a2)x(x2+5Jjr+852). 

28. (x4-a)3x(a:-«)3. 

29. \a^+a^y+a^y^-\-x^f^'\'xy^-{'^)x{x—y). 

30. (a^^-x^j^+xV^-a^y^+a^^j^— «3^+3^)xj(*+y). 

31. (.'p'+2/')x(aJ''-y'). 

32. (3a?*«+»-4x^+2a:*^»-x^«) x (2x^«+»-5a>-2a?— »+aj""0- 

33. (x-»-x*-V+ar^y'-x-^3^+a;"-y) x (a:+y). 
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Before proceeding to Division, the learner should exercise himself in 
resolving the products of compound quantities into their several factors. 
A great deal of attention is required for this, but much trouble will be 
afterwards saved by remembering the following results, many of which 
wiU have already been noticed in Ex. X, and which had now best be 
committed to memory. 

I. (a4-5)(a— 6)=a2— 5^ ; or. The product of the sum and difference 
of two numbers is equal to the difference of their squares. 

II. (a-\-by=za^-\-2ab-\-b^ ; that is, The square of the sum of two 
niunbers is equal to the sum of their Bquares, plus twice their product. 

III. (a— 6)2=a*^— 2a64-62 ; that is, The square of the difference of 
two numbers is equal to the sum of their squares, minus twice their pro- 
duct. 

IV. (a4-6)2— (a— 6)^=4a6; that is, The square of the sum of two 
numbers, minus the square of their difference, is equal to four times their 
product. 

V. (a+6)2 + (a-5)2=2a24-262=2(a2+62) ; that is, The square <rf 
the sum of two numbers, plus the square of their difference, is equal to 
twice the sum of their squares. 

VI. (a+fi)*=a*+3a^5+3a52+ft8. 

VII. (a-5)3=(i3-3a25 + 3a62_58. 

VIII. (a-6)(a24.a6+62)=a3-R 

IX. (a+i)(a2-a5+62)=d3-53. 

X. (a—x)(h^a)=ab^{a-{-h)x-{-3c^. 

In examples VI. and VII. another form might be given to the expres- 
sion. The cube o{ (a-\-b)=z{a-\-b)(<x^ + 2ab-\'^), and the cube of (a— 5) 
= (a— 5)(a?— 2a5-|-6^). In tiie forms given, however, it will be seen that 
as th^ powers of a decrease, those of b increase ; and that the signs are all 
plus in Ex. VI., and alternately plus and minus in Ex. VII. This matter 
will be recurred to in the chapter on Involution. 

We may now proceed to resolve a few products into their simplest 
formd. 

1. Supposing (Aa^—9b^) is taken. Here we see the difference of two 
squares, the roots of which are 2a^ and 3b^ ; it is thus equal to the pro- 
duct (I.) of the sum and difference of these roots; so that (4a*— 96^)= 
(2a2+363)(2a2-363). 

2. In searching for the factors of 0:^4-9^— 6a^, we observe that we 
have here l^e sum of two squares, csinus twice the product of their roots ; 
and the expression according to III. may be thus written, (x — 3^)(a;— 3y) 
= (a;- 3^)2. 

3. Let it be required to resolve m*— m^n^-f m^— Tim^ into its original 
factors. As «ach of the terms of the given form contains the factor m, we 
begin by writing m(m^— wiw^+m^n— n^)=^ . But m^^-mr^=:7n(m^-—n'^\ 
and mhi—7^=.n(m^^n^), and substituting these for A, we liave m{mx 
(m^— w2)4-w(m2— /w?)}, or m(m-^n)(m^^n^) ; and 'because by l.fnr — n^ 
=z(m-\-n)(m— n), therefore A =m(m + w) (to + n)(m — n). 

4. To resolve c?—l^—c^+2bc into its simplest factors. Let it be 

o 
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tlraa expressed, o^— (6^— 25c+c^ ; then becanse 6*— 26c-|-c2=(6— c)*, it 
is by III. o^— (5— c)2, that is, according to I. (a+^— cXa— 6-1-c). 

5. Similarly -a»-^+a26-|-a&2 is thus written, a^'\-ab^-((^+^); 
then, according to IX., a^+J^=(a-f&)(a^— 0^ + ^), and a^fi+oi^softx 
(a+6); therefore the whole =ab(a-\-b)—(a^'-'ab-\'i^)(a+b)=zA. Now 
as both terms contain the factor (a-f-6), we may write (ab—a^+ab—h^)x 
(a-l-6), or r-a2 + 2aft-62)(a-f J). But (-a2+2aft-62)=-(a2-2a&+62) 
= — ^a— 6)2=_(a— 6)(a— 5)=(6— a)(a— 6); wherefore A is reduced to 
(6-aXa-ft)(a-f6). 

6. Resolve ■Ja^-j.^^-j-^—ja— ^ into its simplest form. Instead ot 
|a& write ab—lab ; then the expression becomes hi^—\ab+<ib'-V^+^ 
-^=^(a-6)+6(a-6)+ Jc(a-6), or (^-h&+|c)(a-6). 

7. Suppose we have to simplify the following : 

A = —04— y*—^ H- 2a?V + 2j?2^* -f. 2f^z^. Attentive consideration will 
show that if instead of 2a^^ we write ^a^—2apy^, the expression will 
change into one that consists of the difference of two squares ; for we 
have, 

ul=4iV-'*-2x2yJ-.y4+2y^z2-|-2aj3r«-^. 

=4;r2y8-{(^+24?22^H-/)-2(*2+yj)^2^^}^ or see H. 

=4;p2y2- {(*2+y^)2-2(^+y^>2+-2^}, according to III. Thus 
il==4x2yj~{(j2+y2)_.^2p-,4jj2^_(^^^_^2)2^ ingtcad of which 
acconiing to I. we may write (2a^+ic?+^— ^2)(2iBjf— «*— y 
-f^). &c. &c. 



Exercise XL 

Eesolve into their factors 

1. (fib-ojt^. 9. ^+3x+l. 

2. ^a^-^ab^'-ab. 10. j^»+*-12. 

3. 15ac-106c-3ac2:-f-26c?. 11. a^2-4a?-45. 

4. 4a4-4a23+52. 12. j2«iia,_i80. 

5. 3^-3/ + 3/-y. 13. V-^- . 

6. ^i^-^xf^x^z^-fz, 14. 9a4+9a3-18a2. 

7. ;p2^.i3j,^.36. 15. a^-hlOaH-icy+ 8^+16. 

8. a?2 + 29ajH-210. 16. c?^2ah'>tV^-i?^-2id-'d?. 

17. bm-^-bn—cm—cn-^-bxy—cxy. 

18. 8a36-2764. 

19. ;f3-^. 

20. a26 + a^4.j8_a2c_ajc_52^. 

21. ^a^'-i^-\'X^y-\-xy^. 

22. a2-.2aJ+52_c2. 

23. 2a4+4a3+2a2+4a. 

24. a44-M+c*-2a262-2a2c2-262c2. 
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25. 6a2+13a6-5&2. 

26. 18a^-^8d2. 

As a further exercise in multiplication, and the application of the pre- 
ceding formulse^ it is required to. simplify the following. 



EXEBOISS XII» 

Simplify 
1. (aj-|-8)8-a(2aj-'3)3+(9aJ»-'5ar-33). 

3. -2aj(aj8--5aj-9) + lli(»-7)2(aj-9)2-(a?*-5a+35). 

4. 5{aj*-.2«(aj+9)}-8{«ft..7(«2-3a?-f4)}-(l&K»«llaj-3). 

5. i{(ic-5)2-(3ic-ll)2}2^.(aj2-13a;+8)2-Ka^+15«2-17). 

6. (2a+a)3 (3aj-6)2-.(«- 2a)2 (a?-3J)»+ (»»- 3aaj-62)a. 

7. i{(aj+a)4-(aj-.a)4}-|(a..-a)8(aj+a)+4(2»*-7«»a+9aj2a2.. 

15xa?+99a4). 

8. (3a?-l«+iy»~(7«4+a^-.^^i«). 

9. fa?(x3-3a-5)2-}(x-5)3(2x+3)2(-»+l)-2aj(aj-l)(a:-2) 
(aj-f3X»— 4)* 

10. (a+6-c)2-.(a+6)(a-.(f)-(a-ft)<6-c)-(5-c)2-i«. 



CHAPTER IV, 

DIVISION. 



When one of the two factors of a product i» given together with the pro- 
duct, diyision enables us to find the other &ctor. 

I. Coefficients are divided as common numbers, and the letters which 
are of like powers in both divisor and dividend do not appear in the quo- 
tient. Thus ISahcd-h-Sab gives 3cd; and 16€U)s^yZ'^2cfii/ gives Saz. 

II. When like quantities have unlike indices or exponents, the index of 
the quotient is found by subtracting that of the divisor from that of the 
dividend. Thus a^-i-a^^a^ or a } c^-i-a^=a^, 

Note. This is the place for explaining the meaning of powers with 
negative eocponents. If a^ is to be divided by a^, the quotient is c^^c^:=: 

a^-'^=za~\ Supposing the expression takes a fractional form, -^ or -4— ^» ' 

by leaving the common factor a^ out of both divisor and dividend, we 
have 

a' a*' 
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but fl^-i-a7=a*~7=flr*, 
therefore a"^=:-;=:- 



o^ axaxaxa 

m. The quotient has the sign + when divisor and dividend are of 
like signs, and — when their signs are unlike. Ex. : +16a-!- + 2a=8 ; 
— 20ajH — 4aj==4<5; +I6ah'i — 2a= — 86. 

To :prove this,!let t==^9 generally; then, because the quotient multiplied 
by the divisor is equal to the dividend, b xp=a. But now, 

+6 X +p= +a ; therefore — r= +p. 

— bx -f/ts — o ; therefore 37= +P' 

—h X — |)= +a ; therefore 3-7= —P' 

-f'6 X — 1?= —a ; therefore -37^= —p* 

Hence like signs give plus, and unlike signs ^e minus. 

lY. If a quantity consisting of several terms is to be divided by a quan- 
tity of but one term, each ,ierm. of the former is to .bevdi-vided separately by 
the latter. Thus 

^ 'P P P P ? ^ 

a^b-'C+d^e a . b , e d , e 

-P P P P .^ P'' 

or, varying the form of expression, we' have 

P ^ P P J> yP P P 

a^b'^e+d — e ./ t i^ \. 1 a , "b -e d , e 

-p ^ ^ P P P P P P 

If the trinomial 5a^6— 12a62— QftS jg divided by 3<ib, the partial quo- 

or OjL 

tients are -f l|a— 46 and r, which form the quantity 1|«— 46 . In 

the same way, 

^ =slAa?— Ifa2+3a-i; 

It will have been observed from "the preceding example, that when the 
dividend, or any term of it, is not an exact multiple of the divisor, the 
quotient is expressed by a fraction, ¥^hose numerator and denominator 
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are respectively those factMS o£ the dividend and divisor which are prime 
to each other. 



ExE&ciss XIIL 

1. Divide iabe by 2ac. 

2. Divide -27a25c by -9a6. 

3. Divide --ISa^IPcd by Safc^rf; 

4. Divide 121a»y«« by lla^y^z. 
6. Divide —eSaft/' by —fiafy': 

6. Divide Olo'd'c by 7a'6V. 

7. Divide ISSo^ft^c by -19a?ft. 

8. Divide -119a^6«crf by Vla^d. 

9. Divide -117aV«l>y -13a^. 

10. Divide -35a2ft» by 7a^6». 

11. Divide 15a?ft»c by -lOoftV. 

12. Divide 2a76c»ef by -5a«6(?*. 

13. Divide '-92ieal^c^de by 96a26crf. 

14. Divide (^{x-^-yYz by 5a?(aj+y)4. 

15. Divide 39a' by 13a'+». 

16. Divide I2a'b^c by -3a'6-*<f. 

17. Divide -iBSy7 by 9iBayW. 

18. Divide (a^b)' by (a +6)'. 

19. Divide 1a{x^yf by 2la(a;-y)*. 

20. Write the following fractions in the form of whole numbers : 

a 2a 27t^b aJflfl a(dP+y) 

y. When both divisor and dividend are compound quantities, the 
common arithmetical process must be pursued, the student remembering 
to arrange the terms of both divisor and dividend according to the 
cending or descending powers of some letter common to both. 



Example I. 

a»+a26+a62+&8)3^ -f 4a?62^.4a2&3+a54+4ft«(3a2-3a5 + 452 

3a»+3a<6 + 3a?62-|-3a2ft» 

First remainder -.3a*6+ c^V -f c?l^ +a^ 

-.3a^-3a?6»-3a?6«-3aft* 



Second remainder 4a?62 ^ 40^53 ^ 4^^ ^ 4^ 

40^62^4^53+ 4aft4^.4ftft 

Third remainder 
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The first terai Bcfi of the diyidend, divided by the first term of the 
divisor c^, gives the first term 3a^ of the quotient. Then the terms of 
the divisor are multiplied by this Sa^, and like terms placed under like, 
that the product may be subtracted from the dividend. Dividing as be- 
fore for the second term of the quotient, we get — 3a*6-s-a^= -^Sab. Next, 
the divisor is multiplied by ^3ab ; and the product, deducted from the 
first remainder, leaves the second remainder ia^lj^+^a^l^+iab^+4:l^f in- 
cluding the fresh term brought down. Dividing again for the third term 
of the quotient, we have 4a^^-i-a?=45^, and subtracting from the second 
remainder the product of this term and the divisor, we have remainder. 
The division is thus finished, and the quotient found to be 3a^— 3a&")-^- 

It will be seen that a break was left in the dividend, because in the 
descending powers of a, a term was wanting ; such a break was not indis- 
pensable, but it made the operation eaner and more methocUcid. * 

Ex. 2. Let a4-6* be divided by a-6. 







Proof: 

a?+a% +0524-6' quotient, 
a— 6 divisor, 

«*+a%-ho262+a5» 
-.0^6-0252-058-54 



o* • • • —54 dividend. 



While applying the rules in (VI.), it may happen that in the arrange- 
ment of divisor and dividend, several terms may be found containing 5ie 
common letter raised to the same power ; these terms must be unit^ by 
placing their coefficients between brackets, and the bracketing must be 
repeated as far as necessary. 

For instance, let 58o2— 54—o5« +0^52-1- 2o25 + 3o52—a?5—2o2 be di- 
vided by 0^5- 52+20. Then arranging divisor and dividend according to 
the descending powers of o, we have for the dividend 520^- 5a3+58o2+ 
25o?-2o2 + 352o-6»o-5*, and for the divisor 5o? + 2o-52. Now bracket- 
ing, we have^ 
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6(5_l)a3^.2(6-l)a2-^(6-l)a 
Ist remainder (63+2i>-2-26+2)a24-(362-j3^j8_j2)^_j4 

which simplified becomes I;^a^+2b^^b^ 

second remainder 

Ex. We have divided the first term of the dividend 6(6— IW^ by the 

first term ha? of the divisor, which gives ^ =(6— l)a, for the first 

term of the quotient. Next we multiply this first term of the quotient 
into the divisor, and subtract the product from the dividend. Then sim- 
plifying the remainder, and dividing, we get b^ as the second term of the 
quotient, and subtracting the product of I? and the divisor, obtain re- 
mainder; and (b—l)a+bl^ is the quotient required. 

If the coefficients of the common letter are themselves compound, they 
may necessitate compound terms in the quotient. We shall take as an 
iUostration of this the following example* 

(6- ly^ (6 - 1 )a+3 jCi*- l)a»- (A»+6»- 2)a?+(46»+36+2)«- a(6+l)C(*»+6+l)«-. (fr+ 1) 

(6«-l>i»-(*'-lV+3(*'+6+l> 
Fint remainder -(62-l)«J+(6a-l)o-3(A+l) 

Second remainder 

To obtain the first term of the quotient, (6^— l)a? has been divided by 
(6— l)a2, which gives Qjl^+b-\'l)a. Subtract now the product of this 
term and the divisor, and we get for the coefficient ofo^, — 6*— 62^2-f6* 
— l,or -62 + 1, or -(62-1) ; andforthatofa,462+36+2-363f— 36— 3, 
or (6^-1). The first remainder is thus -(62-l)a2-|-(62-l)a-3(6+l). 
Now divide -(62-l)a2 by +(6-l)a?, and that gives — (6+1) for the 
second term of the quotient. Subtract from the first remainder the pro- 
duct of this second term of the quotient and the divisor, and remains ; 
so that the quotient is (62+6+ l)a— (6+1). 

Where the divisor is not a factor of the dividend, a remainder will of 
course be left ; it must be appended in fractional form to the quotient and, 
as in common arithmetic, added to the product of the two factors in the 
proof to give a proper result. 

In dividing a*+a^6— 362 by a?-^6,,the quotient is found to be a2+ 
a6+6, and the remainder al?^21p. The expression is thus written : 

a4+a85»8i> « , , , , , (a-2)J« 

By simplifying, and by attention to the formulse (p. 17), the division 
of compound quantities may be often performed by mere inspection. From 
I., VIII., and IX. (p. 17), may be easily deduced the following : 
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1. That the difference of two even like powers is divisible by both the 
sum and the difference of their roots. 

2. That the sum of two odd like powers is divisible by the sum of their 
roots, and their difference by the difference of their roots. 

^iy=a2--a6-f62; ^r*I!=a4^^5^^2j24.a&»-|-Mj &c. 

The student will not fail to notice the order in which these several re- 
sults come out, viz. in the descending powers of a and the ascending powers 
of 5; and further, that the signs are all +, except when .both terms of the 
divisor are -f 9 <uad then the result is alternately + and — . 

a«6(^-c») _ aaK*6-c)(64-c) _ ., v 
abfb-c) "■ ab{b-c) — "V^"r^;- 

So also 

2«»-.4«»6 + 2«6? -2i'(i=^-^'*^'*"^> 

The work may also be materially abridged when from the dividend we 
can throw out a factor which foims no part of the divisor. In such a case, 
the quotient is as many times too small as there are units in the factor 
thrown out ; but a multiplication of the quotient by the factor thrown out 
restores the loss. 

If 25a^--75a4y— 15a*a?+45a*y— 6aa3-|-18ay— 4jc+12y is to be 
divided by Sa^— 3a— 2, the dividend may be written 

25a4(a.-3y)-i5a3(aj-3y)-6a(a;-3y)-4(a;-3y), 

for which we may also write 

(25a4-15a3-6a-4)(aj-3y); 

throw out (a— 3y), and then dividing 25a*— 15a?— 6a— 4 by 5a2— 3a— 2, 
we have 50^4-2 as quotient. Multiply it by a;— 3y, which gives (5a2-f2) 
(05— 3y), or 5a*a5— 15a2y-f2a3— 6y, the true quotient. 



Exercise XIV. 

1. Divide 6a2-2d^+6^ by 2a. 

2. Divide 5a»5-7a262-|.9a68 by -5ah. 

3. Divide — 35aj'-f-15a52y— a:^— y* by --doiP, 

4. Divide -(6a*y»-42a;8y4+9a?«y*+16ay) by 6a>^y^. 

5. Divide a^^V^-^c^ by 2a2. 

6. Divide 2a\x'\-yy''2ab{x-\-yf+xy by — 4a(a;+y)2. 

7. Divide -7d^(a?2-.y2)-8a?(a?-y)2+962(a;-y)by-12a5(aJ-y> 

8. Divide 25<?(Pe + ^Oc^t^e^f by 5(Pe + Sc^d^e^/. 

9. Divide -73a2-25-|-56a4-f 95a-59a» by -lla-|-7a?»-3a?-|-5. 
10. Divide 6a?-13a26+4a62+368 by 2a-36. 
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11. Divide 26a^6»+a«+66«-17a&^-5a*6-2a*62-a2ft4 by a^-SJ*- 
2a5. 

12. Divide «*— y* by a?— y. 

13. Divide a5*+y* by x-\-y, 

14. Divide 9a2-12a5+462_.fB2 by 3a-2b^x: 

15. Divide 4ar»+4iB2-29a;+2l by 2x-S, 

16. Divide a*— y* by aj^+ai^y+ajy^-f-y*- 

17. Divide a*y2—y*4-a^—a!^y* by a:^-|-aj^y4-y*+a?y^. 

18. Divide 35a^-hia^lScfi-^i5a^-4: by 7a+9a^-2. 

19. Divide 26a64_i7a362^8a»-22a46-86» + 48a2ft8 by 2a2-462- 
3a5. 

20. Divide a262c-|-3a2ft3_3a5^+5c4_a?<JJ^.ft6«26»(^8+3a&»c--3a2W» 
by 62-c2. 

21. Divide a4-4a3c-4a?624.4a2c24.4a52c-62c2by a?-2a6-.2oc4-ftc. 

22. Divide -a45?i4.62(?*-.a?c*-.a«+2a*c3+6«+26V+a26^ by a^.ja 
-A 

23. Divide 6a**+'-23a^-+i4'16a*'-«»^'-3aj*«-»-f4a**-»--jB*^ by 
2a;*-+» - 5jc'" - 2ar'— * + aJ""'. 

24. Divide 5m7— 22m«n+12m*n2— 6mW— 4m»n4+8mV by m»— 
4m2n+2n*. 

25.' Divide 12c*-27c2c?2+18ccP-3(^4 by 6c2 + 3^-9cc?. 

26. Divide {a^-sxfi)(a'hh) by (a^-a^)(a4-^f. 

27. Dividea?+a*6^-26»bya^^-62. 

28. Divide f»*-.a by iaHl. 

29. Divide 8arya-*— 8ar»y»a-*— 6ar^y*a-7 by 2ar^ya-'— 3arya"'- 

30. Divide 15 ary—3ary—llar*y*+17ar*3^—6ar-y by 5x^y+ 

31. Divide l^ic^+J^^a^+Ma^aj^-JaaJ^-liaV+la* by f ooj- 

32. Divide 0-48aj<y— l-2y* + 2-49a^-f0'48a*— l-8ar»y2 by 0-4rf— 
0-2iB2y-0-7ajy2-|-0-8y3. 

33. Divide 20(a;+y)*— 46(a+y)^+84(<B+y)»«?^-78(a+y)2«»+64 x 
(«+y)«*-32«* by 5(a;+y)8-4(aj4-y)2«+5(ajH-y)«2_4^^ 

In this and tbe two following examples, a may be substituted for 
a; + y as a simpliiication of the envision; then, naturally, (x+yy=:a^^ 
(x+yy=:cfi, &c. ; but then in the q^uotient, the original value (a;+y) of a 
must be restored. 

34. Divide 2(aj+y)*-6(a;+y)^«-5(aj4-y)V+8(a;+y)2«8_4(a;+y)-j4 
+ 2s^ by 2(aj+y)^-3(a;+y)2«-|-4(a?+yy-5«8. 

35. Divide 8(aj + y)-8;8r-»- 16(a; + y)-7;^4_28(a; + y)-«;y-*4- 9x 
(a?+y)-*^«+9(a;+y)~*«r7 by 4(a?+y)-*«r-2-|-2(a;+y)-^«-«-3(a+y)-««r-4 

36. Divide 5a«+12a46^-12a?64-36H8a&5-3a3ft3-4aft6 by 4a8- 
2a?6-f-3a63-4&». 
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37. Divide a^-h3x*---2y^-|-4fBy2;2?+5ic3y-|-5ay--10a:?ya;^6a?» by 
3iB2— 2y24-5ajy. 

38. Divide Saa^ -16(^0^ +l0ad*x+Sa<fisD^'\-12I/^ai^-'20d^'^l5ahd^ 

39. Divide 1 2a«-- 3 la^ft 4.(2062- 29c2)a3 + (376c3+ 18c8)aH (15c*-. 
246c8)a-30c» by 3a2-4a6-5c2. 

40. Divide 6a?-|-&8aH6^(6-l)a~(6-l)c-6(6-.l)ca-i by (6-l)a 
+ 6(6-1). 



CHAPTER V. 

EQUATIONS. 

Two S3nnbolical expressions connected by the sign of equality, constitute 
an eqiuUion, The symbolical expressions themselves are called the sides 

of the equation. The several parts on both sides having the sign + or 

between them are called the terms of the equation. 

When merely two different forms of one and the same, quantity are 
joined together, as for instance 

(a±6)2=ui?+2a6-f62 
(a+6)(a-6)=sa2_jj8 

the equation is said to be an identUi/. 

Two different quantities may, however, be equated with a view to the 
determination of the value of some unknown quantity (a;, y, ^ &c.) by 
means of others that are known (a, 6, c, &c.). 

Any quantity may be considered the unknown. 

So to determine the unknown quantity in an equation, that the equa- 
tion shall be complete, or saiisfied, is to solve the equation. 

The equation a+bx=sie is solved by the value of a?=r-^)^ because, 
as is seen at once, 

a-|-6(^^j=c is an identical equation. 

Equations are classed according to their dimensions, that is, according 
to the degree of expansion of the powers of the unknown quantities. In 
general, an equation is said to be of the n*^ degree, when the highest ex- 
ponent of the power of the unknown quantity is n. 

a+bxz=e 

a-\-bx-\-ca:P-\-d3i^=:e 
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are examples of equations of the first, second, third, and fourth degrees. 
The last three are also called quadratic, cubic, and biquadratic equations. 

In every eqticUion, cmy term nuvy he Prcmaposedy wUh a ehamged sign, to 
the opposite side, without aUerimg the value of the eqiuxtion. 

For let the given equation be (A)+G=(B), in which (A) denotes the 
aggregate of all the terms on the left side, excepting the single term G, 
and (B) denotes the aggregate of all the terms on the right side. 

Then (A)±G+G=:(B)+G, 
that is, (A)=(B)+G. 

IfaU the terms of an equcUion a/re muUiplied or divided by one amd the 
same nwmber, the vd/uA of^ equation remains untdtered. 

As this is only an application of principles previously explained, no 
proof is needed. It must be remarked, however, that by means of the 
above, the terms of an equation may be cleared of fractions if both sides 
are multiplied by the L. C. M. of all the denominators. An equation may 
very often be simplified by dividing all its terms by some one quantity. 

If aU the terms of the equation 

are multiplied by 12, the least common multiple of the denominators 2, 3, 
4, 6, ,we obtain 

12-f 8a+9aj=— 10a+6aj, 
clear of firactions. 

The equation 64 — 32a; + 16a; = 9 6a;, when divided by 16 in all its 
terms, becomes 

4— 2a;+as=x6av 

a simpler expression. The coefficients of an equation may always be 
divided by their G. C. M. 

To soke amy equation of the f/rst degree containing one imhnoym 
quantity. 

Rule I. Clear the equation of fractions if necessary. 
II. Simplify the equation as far as possible. 

III. By transposition of the terms, bring all known quantities to 
one side, and all unsown quantities to the other side of the equation ; 
then by addition reduce the several terms to a single term on eadi side. 

IV. Now divide both sides of the equation by the coefficients of the 
unknown quantity, the value of which will thus be found. 

Ex. I. Let the given equation be 

^+ "7 6"= -fi- +~2 ^• 

Multiplying by 70, we have 

TOaj-f 60a;— 80— 42a;+42=56aj— 56+700— 35a;— 280. 
By transposition of the several terms we have 

70a;+60a;-42a;-56a;+35a;=80-42-56+700-280, 
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and by addition of the sereral termfl on both sides, 

67a;=402j 
then dividing both sides bj 67, we find a;=6. 

Ex. II. The solution of the following equation, 

6jf— i , b^ab 2tfi+b , abg-^b bx 

ox-— 4- = 4- — • 

2a ^ a 2a ^ a 2a' 

may thus be seen step bj step. 

2a?aj-6aj+ 6+ 26-2a6=2a2 + 6 -I- 2a5aj + 26— ftoj, 

2a2aj- 2a6a;= 2a2 + 2a6, 
CUB— 5a;=a+6j 
(a— 6)aj=a+6, 

a— 0- 

A few more examples, are appended to familiarise the student with the 
method of solution, <Scc. 

Ex. III. To find the value of a; in the equation 407—3=20; +5. 
by transposition, ^'^2x=. 5+3, 

2a:=8, 
dividing by 2, a;=f =4. 

This is proved by substituting 4, the value of x, for x] thus (4 x 4)— 3 
=(2x4)+5,orl3=13.. 

Ex. lY. To find the value of a; in the equation 

12 3 ^^"■8"'T* 
clearing of fractions, 1 Oaj— 32a;— 312=21— 52a5, 
transposing, . lOa?— 32aj+ 52aj=21 + 312, 
simplifying, . . . 30a;=333, 

833 
dividing by 30, .... a=— =11x0; 

which may be proved as before. 

Ex. V. What is the value of a; in (3a— a;)(a— 6)+2aa;=46(a;4-aj? 

multiplying, 3a2 — oaj— Zab + 6aj -|- 2(ix=:ibx '\-4ah; 

transposing and ) ^ aa:-36a;=7a6-3a?; 

simplifymg, J ' 

or because ooj— 3&B=(a— 36)a;, and 7a6— 3a^=o(76— 3a), 

.'. (a— 36)a;=a(76— 3a); 

J. .J. fl(76— 3a) 

diTidmg, «=-iZ34-^ 
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Ex. VI. Find the value of a: in the equation A^(a?-^ax+h)=x-{'p, . 
squaring both ndes, a? -fooj-f 6=052 + 2px+p^, 

transposing^ . aP—aP+ax-^^px^jP—h, 

or (a— 2p)x =:jp — b ; 

Ex. Vil. Find the value of a; in the equation 

13 ^ 

The successive stages of the operation are as follow : 

3081-26(18-|«)~33(34+4aj)-.117(aj-l)=0, 

3081-4684-^aj-1122-lla;-117a;+117=0, 

l£ia.-lla.-.117a.=:_3081-h 4^8 4- 1122-117, 
5 

i5iaj~128a;=-16G8, 

104a;- 640a;=- 8040, 
thatis, — 536a;=— 8040, 
or a:=15. 



Exercise XV. 

Bequired the value of a; in the following equations : 

1. 6-4a;=21-7a?. .9 I2l+3a;-6~^=ix-5|. 

2. da-2flj=:7^-f36-4iB. j^ j^ ^ 

3. aa;+6=c. "lO. ^--j-^=j— ^. 

4. ax^3b—2cx=:x—id. 6*— 90_160— 2r 

5. 9623- lla;=17a;+ 1223. "i""""?^' 

6. aa;+3a6-4cc?=6a6-4c(f+6«. 12. ?fzf=ff±?. 

7. 13J-^=2a;-8J. * " * * 

8. 2a;+7-f|a:=6a;-23. ^'^' 2^r3i""^-"- 

14. 5(8-a;)-S(60-5aj)-2(4-a;)+40=0. 

15. 7(a?-16)-9(37-aj)+2(lll-3aj)=3a;-|-8. 

16. o(a--«)=76(aj+a) + (a+6)(aj— 2a). 

17. ^aJ-l) + 39=}(a:+21). 

18. J(a;-|-3)-;}(63-a;)+i(a;-f5)=0. 

19. 9faj-6f(lia;-3f)-|-1000(6-|aj)=0. 

20. 3(33-|ra;)-5(8-Ja;)4.2(13— Aa;)=0. 

21. -^_-E^+r=0. 23. ^-7*^_^^__^5 

j»+^ P— y 5 10 4 8 

22. -^;;^ 6=2^. 24. __-+<»=_-c+(a+c>B. 
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25. 3-25a?-5007-flte0-2-.0'34a;. 32 ?f5±f_5-,i^ 



7*63* . , A/v 2x , o o/« * 



JT jr 



26. ^+100=^+3-86-,. ^3_ ^+«,=j,_«. 



ft-C 



27. aj=a+^+^. o^ a(d»+*») ^ar 
d de 34. -i^- '=:CtC'\"-r. 



d* ' d 



e» . ex , ax 



28- 7+T+y-^^*- 35. (£=^+«x=|zJ«+a+ft. 

29. f_l-f +3«6=0. 36. J+^+l+£^=fe 

30. '!5=6c+d+i. 37. «_*±f-(a-.a)x-=0. 

31. ^ ^=0. 38. ^-7a+Sb=0. 

ar-8 a*-4 '+4 

39. ^+a«-2«+te-6x!^5!?^=0. 

.f. a+3jf 7a— 5* „ 9^ x 5x 

Practical application of Simple Equaiiatu. 

Ex. 1. A wholesale brewer has 20 casks of beer at 8«. a cask ; how 
many casks at 3«. each .must he add to the first, that the mixture maj be 
worth 5«. a cask % 

SOLUnOK. 

Let ns Suppose that he must add x casks at ^s., then the worth of the 
beer added is 3a; shillings, while the value of the 20 given casks is 20 x 8 
= 160«. ; the worth of the mixed beer thus becomes (160 + 3x) shillings, 
and it consists of (20 +9;) casks ; and as it must be at 5«. the cask, the 
whole worth of the mixture is expressed by (20+^)5«. 

We have tiius the "equation : 

(20+a;)5=160 + 3aj, 
or 100-|-5a;=160+3a;, 
i.e. 5aj— 3a;=160-100, 
2a:= 60, 
a;=30, the number of casks at Zs, 

Proof. If 20 casks at 8«., which are worth 160^., are mixed with 30 * 
casks at 3«., which are worth 90«., 50 casks are obtained worth 250«. ; so 
that the price of 1 cask of this mixture is 250-$- 50 or 5«. 

Ex. 2. A father being asked how old his son was, answered : ** I am 
40 years older than my son, but in 2 more years I shall be six times as 
old as he." What is the present age of the son ? 

SOLUTION. 

Let a; = the present age of the son, then in 2 years his age will be 
a; +2. The father wiil be then, because he is 40 years older than the son. 
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x+i2, or also becftuse he is 6 times as old as the son, 6{x+2). Thus 
we have 

6(aj+2)=a;-h42; 

whence we find Ox + 12 =0+ 42, 

5aj=30, 

x=:6 ; thus the son is 6 years old. 

Ex. 3. A gentleman engaged with his servant for 9^. a year, and a 
suit of clothes, but after 5 months the servant \e% receiving U, only and 
the suit of clothes ; what was the worth of the latter I 

Let x£ == the worth of the clothes, 

Then wages for 12 months =:{9-\-x)£, 

«nd wages for 1 month ^^-nr^ 

.• . wages for 5 months = ^-^j5a= ^ ; 

but the servant was paid for 5 months only 2-^oc£, 

. 45+64P rt . 

clearing of fractions^ 45 + 5x= 24 + 1 2ai^ 

=3£ = worth of the clothes. 



• • 



EXE&CISE XVI. 

1. A certain number is doubled, and then multiplied by 4; further, 
15 is added to make up 135. What is it ? 

2. From a piece of linen a dealer cut off i and ^, and found that 
they were together 27 yards. What was the length of the web ? 

3. From another piece he sold ^ and j-, and had then 21 yards remain- 
ing. What was its length? 

4. Out of a purse j-, ^, a ten-pound note, and six sovereigns were 
taken, yet the purse was only half emptied. What did it contain ? 

5. One day ^ of the pupils in a school were absent, and on the follow- 
ing day ^ of the remainder ; it was observed that on the first day six more 
were present than on the second. What was the number of the pupils ? 

6. An old man being asked his age, answered: ''If I live 9 years 
longer, and can . add to the age then attained one fourth of my years, I 
shall be 100." How old was he ? 

7. If from a certain number 18 are subtracted, the remainder multi- 
plied by 11, and to the product 6 added, three times the original number 
will be obtained. What is it ? 

8. A number of apples is to be equally divided between two classes of 
7 boys each, so that each class shall have f of the whole and 10 more. 
How many will each boy have ? 

9. At 12 o'clock the hands of a watch are together; how often will 
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thej come together again, and at wliat intervab, during the next twelve 
hours 1 

10. A labouring man agreed to work 8 months for 10^. and a fat pig. 
By an accident he was hurt at the end of the sixth month, and his wife 
claimed the pig and 5L as his due. What did the pig weigh, supposing it 
worth 6d. a pound ? 

11. A man brought a quantity of eggs to market, and sold one half at 
3 for five farthings, the other half st 4 for seven farthings ; but in count- 
ing over the last he broke 20, so that each half sold for the same money. 
How many were 'there ? 

12. A web of linen 75 yards long was cut into two ^parts, so that one 
fourth of the largest piece contained 3 yards more than the fifth part of 
the other. How much was one piece longer than the other ? 

13. On a day just 12 hours long, a man asked:: What o'clock is itf 
and received as answer — Half of the time that has passed is just equal to 
one third of the lime remaining. What o'clock was it ) 

14. The number 451 must be divided into two parts, so that 14 added 
to the first shall equal the last when divided by the same number. 

15. Two boys were talking about their marbles, when one said : " Sell 
me a dozen of yours, then we shall have an equal number." ''No," replied 
his comrade ; ''I would rather bny as many of you, then i diall have three 
times your number." What were their numbers united ? 

16. Divide the number 237 into two parts, so that the one shall be 
contained 1 j- times in the other. 

17. £1170 ifl to be divided among three persons in proportion to 
their ages. B is i older than A, and C twice as old. What will each 
havel 

18. Divide the number a into three parts, so thafc tlie first is propor- 
tioned to the second aamto n, imd the second to the third . as j> to q, 

19. A company of dO persons consists of men, women, and children ; 
the men are 4 times as many as the women, and there are 10 more chil- 
dren than grown-up people. What is the number of each ? 

20. Find three numbers sudi that the second divided by the first 
gives 2 in the quotient and 1 in the remainder; on the contrary, the 
third divided by tJie second gives 3 in the quotient and 3 in the re- 
mainder : the sum of the three numbers must be 70. 

21. In a garden there were apple, pear, and cherry trees, currant and 
gooseberry bushes ; in all 51. The trees were 5 more than the bushes ; 
the cherry-trees 3 less than the apple-trees, and 2 more than the pear- 
trees ; the ourrants 7 less than the gooseberry-bushes. How many were 
there of each ? 

22. Atmospheric air is composed principally of 2 gases, oxygen and 
nitrogen, mixed in the proportions of one part of the former to four parts 
of the latter. How much of each gas is there in a room that is 12 feet 
broad, 14 feet long, and H feet high 4 

23. I have three vessels, two small ones and a large one. The first of 
the two small ones contains but -^ of the large one, and the second 
only /:| ; if I fill the second vessel and pour it into liie first, which pre- 
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Tiouslj contained nothing, 10 quarts must remain in the second. How 
many quarts does each of the vessels hold ? 

24. A farmer had a flock of geese and a flock of sheep, 432 in all. 
As he wished to give up keeping geese, he exchanged all he had with a 
neighbour for sheep, obtaining three of the latter for 32 of the former. 
When this had been done, he found that he had 200 sheep. How many 
geese had he parted with 1 

25. A man of pleasure fix)m his eighteenth year to the end of his life 
had spent f of his time in sleep, -^ in eating and drinking, i in taking 
walks, ^ at play, -^ on his sofa, ana during the whole worked but 2 years. 
How old had he become ] 

26. Pythagoras was one day asked to tell the number of his disciples. 
*' The half,** said he, *' are devoted to mathematics ; a fourth are inquiring 
into the mysteries of nature ; a seventh in silence discipline their minds ; 
and of women there are three, with the noble Theano at their head. Count 
them for thyself, Polycrates." 

27. A boy tending a small flock of sheep was met by a saucy fellow, 
who said to him, " Give me the half of thy 100 fat sheep." The shepherd 
replied, " If I had 5 times as many, and f and f and | as many as I have, 
and thine own woolly head were counted amo^g them, there would be 
but just 100." How many were there 1 



CHAPTER VI. 



INVOLUTION. 



It will be recollected that when a quantity is multiplied into Itself, the 
product is called a power of that quantity ; also that powers are denoted 
by indices or exponents. Involution, or the raising of powers, is only 
an application of multiplication to cases in which the factors are ^e same. 

To raise the power of a power of a quantity, multiply their indices to- 
gether. Thus (a2)3=a«, i.«. a^ x o^ x a^ or a^+2+2. 

The cube of a square gives the same result as the square of a cube, 
3x2=2x3 : and the fourth power of a quantity may be obtained by 
merely squaring its square ; the sixth by squaring its cube ; the eighth 
by squaring its fourth, &C The third power is found by taking the pro- 
duct of the first and second, that is, of the quantity itself and its square ; 
the fifth by taking that of the square and cube ; the seventh by taking 
that of the third and fourth, and so on. 

The second power of a"=a^*, the third power of (ajy)*=(a?y)**, and 
the jo*^ power of «"=«"'. 

If a binomial a+^ is to be raised to the n^ power, it will be denoted 
by (a+by. Were that form to be expanded, the result might be very 

D 
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lengthy according to the value of n, as may be seen from the following 
example ; 

(a; + y)4=ic* + 4a;8y ^ 6aj2y2 ^ 4a^ ^ y4, 

(aj 4- y)5 = a^ + 5ic*y + 1 0a?y2 4. 1 OayJj/S + 5ay* + 2^. 

It is evident from the above^ that the expansion of the second power 
of a binomial consists of three terms ; that of the third power of four 
terms ; that of the fourth of five terms ; and that of the fifth of six terms ; 
whence it may be concluded that in general the n^ expansion of a power 
will consist of w+ 1 terms. 

It may also be observed that the first and last terms have no coeffi- 
cients, or rather have the coefficient 1 prefixed ; for aP is la? ; a? ia Ijfi ; 
y* is ly* ; y^ is ly^, &c. 

It will further be observed that the exponents of the terms in each of 
the above expansions ascend and descend in a fixed order, and that y pre- 
sents an arrangement exactly the reverse of x, as the following analysis 
shows. 

J> • • • Of • • • •«/ r • • •*/ » 9 » St/ • • • «6 

y® . . . y^ . . • 3/^ . . . y* • • '. s^ • . . 3^ 

«* . . . a^y . . . j^y^ . . . ar^^ . . . xy^ • • • ^ j 

therefore it is easy to write down mechanically the expansion of the terms 
of any binomial, so &r as the indices are concerned. 

The coefficients may also be determined by fixed laws, as there is, in 
the development of their succession^ an order easily discovered and reduced 
to rule. 

Htde. To find the coefficient of any term, multiply the coefficient of 
the preceding, t^rm by the exponent of its leading quantity, and divide 
by the number denoting the place or position of the latter term. 

In the example of the expansion of the fifth power referred to above, 
the coefficient of the second term is 5, because — r- =5. The coefficient 

6x4 

of the third term is 10, because -5- =10. That of the fourth is also 10, 

because — |- =10. That of the fifth term is 5, because — -— =5; and 
that of the sixth term is 1, in the first place because it is a continual pro- 
duct of the second term given, and in the next place because — r- =1. 

The whole expansion would therefore be written thus : 

*fc . • •!» ... fl/ • • • . «« • » m » X ..flj 

y® . . y . . .y^ V^ V- • 3^ 

- 1 .. 5 ... 10 .... 10 .... 5 .. 1 



or, jfi-^Sa/^y-^lOa^y^-^-lOaPf+Sa^-^^. 



I 
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An expansion of the seventh power of {x+y) would stand thus ; 

a? ..a^ . , . jfi 0?* . . . . ic8 a? . . . x^ . ,sfi 

y»..yi. . . y2 ^ y4 f . . . ^..y' 

or, a;7+7aJJy^_21a:53^+35aV+35a8y*+21aj23/^+7ay»+y7^ 

And generally, an expansion of the n^ power of (a;+y), so far as the 
exponents are concerned^ thua i 

oj" . . . af -^ . . . af-' .... af-", <fec. • . . «"-• or afi 
y® . . . . y^ y^ y*, &c. . ► y" 

af . . . af~ V • • • af~y . . . af~y, &c. , . . . . y*, 

and with respect to the coeflScients, thus : 

1 of the 1st term af? 

Y of the 2d term ^"" V> 

^l^|:ii^ of the 3d tenn af^-y, 

^ . ^^ ^ -^ of the 4th term . - . ^ a5"- V, 

so that(a:+y)»=^+^ . a^-'y+i- ^ • a^^-y+p ^ . ^ • af'V 

If the terms- of a binomial are united by the sign — , the successive 
terms of the expansion will be alternately -f and — , Hence (ps—yY, ex- 
panded, becomes 

afi . . a^ . . . a;*....a)^.... o^ , . , .x^ , , aP 

y®. .y^ . . . ^ 3^ y* y*. .S/* 

+ 1 -6 +15 -20 +15 -6 +1 

aj«-6aj&y+15a^3/p»-20a;^y«+15aj2y4-6ay^+y«. 
In general the w*** power of (a+ft) is represented thus : 

If the terms of a binomial are accompanied with coefficients, these 
may immediately be raised to the power required by the terms to which 
they are affixed. 

The 4th power of 2a +35' is thus expanded : 

16a4 . . 8a? . . . 4a2 2ai . . (2a)» 

(36)0.. -361 ... 962 ... 2768. ,8164 
1 • .. ,. 4 6 4 1 

16a'*'+96a«6+216a262+216a68+816*. 
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The foregiMng rule will applj also to trmomiak and mnUanomiab, if 
they be first turned into binomials. For example, a-\-b+c=za-\'(P'^c), 
and is thus expanded : 

{a+(6+c)}2=a2+2a(6+c)+(ft+c)2=a?+2a5+2ac+62+26c+c2. 

3a52+6aJc+3ac2+6»+362c+3ic2+c». 

Exercise XVll. 

1. Write down the second power of the product of a> 6, and x; the 
third power of five times the product of j> and q. 

2. Write down the fonrth power of five times the product of 2, h, x, 
and y. 

3. Write down the second power of the quotient of a divided bj h; 
also the second power of the quotient of the sum of o^ 6, c^ and d divided 
by CL 

4. Write down the sum of a and b, added to the product of c and d; 
this quantity divided by the difference of a; and y ; the whole raised to the 
fourth power. 

5. Write down ten times the Second power of a added to b, 

6. Write down in the fourth power the product of a in the second 
power, and b in the thiid power. 

7. The square ofp added to tiie cube of ^ is to be written down in 
the fourth power; also the quotient of « in the third power, divided by r 
in the second power, is to be raised to the fourth power. 

8. Write down the sum of the squares of a and 6; also the square of 
the sum of a and b ; also the difference of the squares of x and y divided 
by the square of their difference. 

9. Write down the difference of the third powers of x and y divided 
by the third power of their difference. 

10. How must we write the square of the sum of a and 5 added to the 
square root of their sum f 

1 1 . How must we write the product of the sum ofp and q in the second 
power, and the square root of their sum f 

12. Write down the cube root of the product of a, the second power 
of b, 15, and the square of 6; minus c. 

13. Square 16; 25; 36; 72; 95; 99; 101; 125; 176; 189; 199. 

14. Square 3a6; 15*2^; Ubcd; 3aV^. 

15. Square 6aPy; 2^aic; SaaPys^; iah; ^xy^; 3^6.; 5aa^. 

16. Baise a? to the 2d, d^, and S^ powers. 

17. Raise a to the n*^; a? to ihep*^] a' to the 3d, 6***, ^md p*^ powers. 

18. Raise af to the m^, p^, and «^ powers; a?f^ to the m*^ power. 

19. Expand 3(a^c)2; 16(a?6c)2; (I6(^bcf; ll(a%»«*)2; (llaPy^xi*f. 

20. Expand (6 x 3)2 ; (12 x O^f ; 1 6.(4 x 3^^ 1 1(2 k 5f^ 1 2(3 x 2 x 4)2 ; 
16(3x5x4)2; and (16x3x5x4)2, 
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21. Expand {axahy-, {hxa?yy; I0(3xx5xf', 12(4ayx2»y)2; and 

22. Expand (10 + 5)2; (20+5)2; (30--.5)2j (50 + 5)*; (60-5)2 
(120 + 5)2; (130+5)2; and (UO- 5)2, in algebraical form. 

23. Square a+6; a— 6; a— 1; a+1; »+y; «— y; a— 1; »— 3 
05+2; aj+3; 6+c; audc+c?. 

24. Squarea;+2y;2a;— y; 3+y; »— 4; x— 6; 2a;+6y;a— y; 4a;— 5a 
6a+76; xy-^yz, 

. 25. Expand (a-6)2; 3(a+c)2; (a-a;)2; (3a-46)2; (5aj+4y)2; and 
3(ajy— 6a;)2. 

26. Expand(a+6+c)2;(5+c+rf)2.^a;+y+«)2;(a-6-c)2;(6-c-rf)2; 
(«-y+«)2. 

27. Expand 4(yS+aj)2; -4(a;-y)2; 16(a+6+c)2; 12(-a+6-c)2; 
4(3a-4y+5«)2; 8(ia-i6-jc)2, 

28. Expand (a;+y)2; (y+«)3; (a±b)^ 

29. How much is (a25)2; (a<lfiy; (a"6*)2l 

30. Howmuchis(2a2)»; (3a«)«; (-3a»)»; (-4a4)M 

31. How much is (aa)»; (-a"62)»; (a^^c)*; (6«)»f 

32. Howmuchis(-3a86c»)4; (2a46»-c)»; (2a?6"c*»)*1 

33. SimpUfy {((a-)")'}'- 

34. SimpUfy {((a— )-)'}•• 

35. SimpHfy (-3/^2^)^ (2}a-6")7. 

36. SimpHfy (-a)*" and (-a)*'+^ 

37. Expand (2a?-.36)4; (3ac-2W)*; and (2(^-362c)«. 

38. Expand (a2 -62- c2)«; (7a2-3a6+ 462)3; and (2a-16-5c)». 

39. Expand (a+6+o+(0*. 

40. Baise l±x to the 11^ power. 

41. Expand and give the 3d term of (a+6)^ 

42. Expand and give the 5^ term of (a+6)^'. 

43. Expand and give the 6*^ term of (a— 6)*®. 

44. Expand and give the 6^ term of (©2— 62)i2 

45. Expand and give the 9^ term of (2a6— cd)^^. 

46. Expand and give the middle term of (a— 6)*^ 

47. Expand and give the middle term of (3a?c— 56^^2, 

48. Expand and give the two middle terms of (a— 6)^^. 
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CHAPTER VIL 

EVOLUnOK. 

EvOLunoK is the reverse of Involntion. It ib the extraction of roots; and 
the rules for it are obtained from observation of those employed in the 
raising of powers. 

Supposing the following numbers to be squared, 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
we have 

1, 4, 3, 16, 25, 36, 49, 64, 81, 100. 

Let the square roots of these be taken, and we find that 

VI, \/^, \/9, \/l^> V^fi^, \/3^> \/49, \/64, \/Sl, \/100, 
give 1, 2, 3, 4, 5, 6, 7, 8, 9, 10; 

and V a x az=a^, .% ^ is the square root of a?; 

•/ axax a=:<ifi, :, a is thc^ cube root of a?; 

V c^ X c^=c^, :. a^ is the square root of a*; 

•/ a^ X a* X a^=za^, /. a* is the cube root of a^. 

As a^ is the square root of o^, be cause (a ?y^=ziifi, so o:^ is the cube root 
of a^, because (aj^=a^; a^/o^^zizc^, V16a®ft^=2a%, Ac.; hence the root of 
a simple quantity is found by dividing its index by that of the root re- 
quired. 

But if the index of the quantity does not admit of exact division by 
the index of the root (as a^c^, where 3 cannot be divided by 7), then the 
root cannot be found, and its extraction must be indicated by writing down 
the quantity with the sign \/ before it, along witii the index of the root 
sought. Such quantities are "denominated irrational or surd quantities. 

An even root of a positive quantity is either positive or negative, and 
has a double sign (+); ^^ o<l<^ ^oot of a quantity has the same sign as the 
quantity itself ; andTau even root of a negative quantity cannot be found. 



Ex. V^=±|5 ^±27«?J»=+3«6.^ 



But when we have a surd quantity similar in form to V— 32ic*y*=. 
—2x1/, we may take the negative sign from under, and place it before the 
radical. 

The quantity would then be written — V32aj*y*; so also >y— a?= 
— Vo?; ^x^^—^y^^=3iP'\'^' We cannot do this with the even roofai 
of negative quantities (such as \/'-cfi; ^—16), which must remain under 
their present forms. Such expressions are called wwgi/ruvry or impoatibU 

* For the prooft of these rules, see pp. 13, 14, 20. 
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quantities, and will be treated of hereafter. They differ from Binds in this 
respect, that they have no real value, while surds do possess real values, 
although they are incapable of exact determination. 

j^9^= ± 3atW= ± 3a26. 

If a simple algebraical quantity has a numerical coefficient, its root is 
extracted by the ordinary operation of arithmetic; but if the quantity is 
resolvable into two or more simpler quantities, their roots must be found 
and multiplied into each other : the product will be the root required. 

Exercise XVIII. 

1. Find V«'i \/^i VV^^ ^^ V^- 

2. Find ^~^', V^; V«^^ V«V 



12 



3. Find V(«+^)^i \/(»-^)^ y/^i^+y'y; s/i^+vYi^-yf' 

4. Find ^'ifi^i >y^=^^y"; ^1?^. 

5. Find >^«; V(»+^)*3 ^^W^j 4^-ar^3^. 

6. Fmd y^; V^; A/^^; V b^' 

7. Find /y/f,; ^/^; V(^^£' 



8. Find M2a«.«6^x^); VC^X?^)' 

It has been said before, that ' The square -of a binomial consists of the 
square of each term, together with twice the product of the two terms.' 
From this the rule for the extraction of the square root is derived. 

In Y/a:^+16x+64, the square root of the first ienxi is a;; taking its 
square from the whole expression, 16a; +64 remains; mentally dividing 
16a; by 2a;, the double of the first term, we find the root of the second term 
=8; multiplying this number 8 into the double of the first term, and into 
itself we have 16a; +64; whence the square root of 0^+16(6+64 is found 
to be a; +8. This is usuaUy expressed thus : 

2 ^ 

^* g 16a;+64 

16a;+64 = 16a;+64 

The square root of (4^3+1 2a5+16ac+ 952+24^;+ 16c?) is found in a 
flimilar manner. 
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2a -^/(4a2^-12aJ+16ac-f9&2-f.246c+16c^(2a+36 + 4c 
J. 4^ 

+ 12a6+16ac+962 
= 12a6 +9^2 



36 




2a+36 
2 




4a +66 


4e 



16ae +24^+16c3 
16a<;+246o+16o> = 16ac i-246c+16c2. 



From these examples may be deduced the following rule. 

Evle. In the extraction of the square root of any compound quantity, 
arrange the terms as in multiplication or division, then the first term will 
be a square of some quantity. Find that quantity, and set it in the quo- 
tient as the square root of the first term ; next square this root, and place 
it under the first term of the dividend and subtract. Bring down the two 
following terms, double the part of the root already found, and write it 
down to the left as the first portion of a new divisor. By it divide men- 
tally the first term of the new dividend; the result is a second term of the 
required root, which must be set in the quotient, and also annexed to the 
new divisor as a second term. Multiply the new divisor by the last found 
term of the root, and subtract the product from the first remainder. To 
the new remainder bring down the two following terms of the compound 
quantity for a new dividend, and proceed until the quantity is exhausted ; 
or, if there be a remainder^ the operation has no limit except the degree of 
accuracy required. 

Ex. a^'\-4:a^x-^6c^3i^+4aa?+3i^(a^'^2ax+aP 



+ 4a8aj-|-4a^ 

2a?+4aaj+i^ '+2^^iaa?-\-a^ 

-h2a?ic2 +400:8 -ha:* 
• • • 

For fiorther illustration we give the following examples: 
Extract the square root of 9a2— 26a*-f9a'-M6— 12a*-f-44a?— 40a. 
Arranging the terms, we have 

V(9a»-12a»-26a*+44a»+9a^-40a+16)(8a»-2a»-6a+4 
(3o8-2a«)2- 9ag-12gft+ 4a* { - 12a»+2(3a') J » -2a« 

. -30aV2(3a»)--5a 
(Sa'-2fl^-5a)2- 9fl<-12gg~26a*-H20a»+25a» 

24a»-J-2(3a')»4 
(8i^-2a^-.5a+4)»« 9a^-12a»-26a«+44a»+9a«-40a+16 . 
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After having arranged the terms according to the descending powers 
of a, the square root was extracted from 9a^, which gave 3a^ as the first 
term of the root; next, having divided —12a* by twice the first term of 
the root, the second term — 2a^ was obtained. Now, the square of the 
sum of the two terms found was subtracted from the multinomial, and the 
first term of the remainder --300^ divided bj twice the first term of the 
root, by which the third term —-5a of the root required was found. 

To find the fourth term, the square of the sum of the three terms of 
the root found was subtracted from the multinomial, and the first term of 
the remainder 24a^ again divided by twice the first term of the root^ or 
6a^, by which the fourth term sought, 4, was found. 

As now all the terms of the multinomial had been brought into the 
operation, the woric was at an end ; and as the square of the sum of the 
four terms found just equalled the multinomial, it thence appeared that 
the quantity was a perfect square, and that the union of the terms found, 
3a^— 2a?— 5a-f4, was the root required. 

In practice, the above operation may be considerably simplified, if we 
remember that 

(a+&+c)2={(a+6)+c}2=(a+6)2-H2(a-f&>-hc»=(a+6)*+(2a+2ft+c)o, 

(a+6+c+c?)3={(a+6-fc)+rf}2=(a+6+c)2+2(a+6+c)c?+<^= 

(a-h6+c)2 + (2a+26+2c+rfy. 

The square of a multinomial of n terms consists of the square of the 
n— 1 first terms, increased by the product which is obtained when the 
sum of twice these w— T terms and the n^ term is multiplied by this n^ 
term. Hence, if the quantity from which the square root has to be ex- 
tracted is diminished by the square of a quantity ofn terms, it is sufficient 
if, after having first diminished it by the square of ti— 1 terms, the above 
product is subtracted from the remainder. The working of the preceding 
example according to this will be as follows : 

^(90^- 12a»-26a<+ 44a?+ 9a«-40a+ 16) (3«»-2a'-5a+ 4 
(3a»-2a?)3= 9fl«- 12a» + 54tf« 

-30«*+44a»+9a^-40a+ Iff 
(6a»-4a?-5a)x -5a- -80a<+20a»+25a» 

24a3-16a^-40a+I6 
(6a»-4a?-10a4-4) x 4- 24a»-16fl»-40a+ 16 



The mode of extracting the roots of numbers is the same. The num- 
ber is divided into periods of two, commencing at the units' place, because 
from the square of the units, tens come ; from that of the tens, hundreds; 
from the hundreds, tens of thousands ; &c. 

If the square root is to be extracted from 70225, the number is thus 
pointed off: 7,02,25. We first take in hundredths the nearest square 
root from 7 ten-thousandths, which is 2, or 200. The square of 200 or 2 
hundredths is 40,000, or 4 ten-thousandths : this is subtracted from 70225, 
when 30225 remains. We next take the double of 200, and divide the 
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remainder bj it mentally, to see how much the second number of the 
tenths will amount to. This amounts to more than 7 tenths, but because 
the remainder contains, besides twice the product of the hundredths and 
the tenths, also the product of the units with both, and their squares, one 
or two less must generally be taken. Here it amounts to 6, or 6 tenths. 
The double of 200 multiplied by 60, plus the square of 60, make together 
27600, and this subtracted from the remainder 30,225, leares 2625. If, 
now, the double of 260, — ^the sum of two hundredths and six tenths, — ^is 
taken, we see directly that the units of the root amount to 5 ; for dividing 
2625 by 520, the nearest multiplier is 5, and if we now multiply the double 
of 260, or 520, by 5, and to that add the square of 5, we obtain just 2625, 
from which we see that the square root of 70,225 is 265. This may be 
thus expressed : 

200 V7'02'25'(200+60+5=265 

_A 40000 260 

400 • 2 

60 30225 



520 

24000 Th 3600= 27600 5 

2625=2600+25 



or, omitting <the ciphers, 

2 V7'02'25<265 

2_ ^ 

* 6 302 26 

_6 2 

276 276 52-5 

2625 5 

2625 2625 



Again 



V72'84'ir04'09 (85347 
8x8= 64 

884 
165x5= 825 



5911 
1703x3= 5109 



80204 
17064x4= 68256 



1194809 
170687x7=1194809 



• • 
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In the above examples no remainder is leiib ; but in most cases the 
sqaare root is found only approximately, and decimals to the hundredth, 
thousandth, ten-thousandth, ^c. part, appended according to the degree of 
accuracy required. As an instance of this let the square root of 235 be 
found. 

V2'35'-000000(15-329 
1x1= l_ 

25x5= 125 



1000 
303 X 3= 909 



9100 
3062x2= ^124 



297600 
30649x9= 275841 



21759 



EXBRCISE XIX. 

Extract the square roots 

1. Of 256, 4096, 61009, 582169, 956484, 57198969. 

2. Of 68492176, 25836889, 236144689, 1607448649. 

3. Of 780811249, 1420913025, 285970396644. 

4. Of 41605800625, 48303584206084, 12088868379025. 

5. Of5, 13, 22, 96. 

Exercise XX. 

Extract the square root 
1. Ofa2+2a5+6^ 2. Ofa2-2a6+62. 

3. Ofa?-a6+^. 4. 0{a?+2x-\^l. 

5. Of/«+6/V+9a:8. 6. Of ^+2a4»3+^. 

7. Of^62-|a6c2-|-ic^. «• Oio^'-c^+ia;^a?. 

4 o tf 

9. Ofa*"-f2a*af-haj**. 10. Of a*"— 4a"+»-|-4a*'. 

11. Of^-^+^. 12. Ofa»+2a6+2«c+6»+26«+A 

13. Of 9aj2-30aaj-3a2aj-f 25a?»-|-5a8+r- 

14. OiAa^+Sa^+4:a^aP+Ul^aP+l6alPx+le¥. 
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15. Of 9a?-6a6.4-3Oflkj-f6a6+6^-106c-2W+25c2-|-l0crf+e£2. 

16. Off+6a;-17ic2_28a8+49aj*. 

17. Of9aj*-3aaj8+66iB»+^-afta?»+62a?. 

18. Of |aV-|[a6a:8«+|a2ftaJ?;22+62aj2«2_4a2^aa3^.4a?62^^ 



EXTEACTIDN OF THE CUBE BOOT. 

m 

We have already seen how binomial& and multinomials raised to a 
given power are developed in a certain and fixed order. (a4-&)^=a*-f' 
3a^&+3a&^+&^, and this expansion consists of the third power of each 
term, three times the product of the square of the first term and the 
second term, and three times the product of the square of the second 
term and the first term. The same order takes place in every develop- 
ment of power to the third degree, as well in binomials as in multinomials. 
The last may, by brackets, be reduced to binomials, and thus subjected to 
the same rule. (a+6-fc)»={a+(6+c)J»=a?+3a^(6-f c) + 3a(6-f c)3+ 
iji)'\-cfy which apparently takes another lorm when it is fully expanded, 
and tiie different results collected and arranged according to the order 
of the alphabet ; although in reality it exactly resembles &at of a bino- 
mial. This invariable form enables us to find out the cubic root of multi- 
nomials and numbers. 

The method of working cube root is best illustrated by the solution of 
a few familiar examples^ Let us examine the quantity a^ + 3a^6 + 3a6^ + ^, 
the cube root of which is known to be a+&. The cube root of the first 
term we find by inspection to be a; if the cube of a be subtracted from the 
whole quantity, 3a?6 + 3a62-f &» -^jji remain, in which, as the second term 
of the root is h, must appear, according to what has been already stated, 
three times the square ofthejvrst term, mvUiplied into the second, plus three 
times the first term multiplied into the squa/re of the second, plus the cube of 
the second term, Now, we find these quantities contained in the above 
remainder; hence we place b as the second term in the root, subtract, and 
nothing remains. 

We will give the example worked at length, and examine the mode of 
operation. 

a? + 3a26 + 3a5H ft*(a + i 
3a+b 3a2 a» 

(3a+6)6 3a26+3a^+^ 



3a?+3a5+52 3a^b-^Sab^+l^ 



Take the cube root of a*, which is a, and tripling it, set on the left of 
the first remainder j then multiplying it by ct, we obtain 3a^. Use this as 
a trial divisor to find 6; annex b to 3a, which gives 3a+6; multiply this 
quantity by b, and set the product (3a +6)6, or 3a6+5^, under the BaP; 
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add tbem up, and multiply the sum 3a^-|-3a5-hW by b, whidb gives 
^b+3ab^+l^f the quantity required. 

Again, to extract the cube root from 

8af« + 48ir*y+60*y-80«y-90*y+ 108«y»-27y" 

Sjfi+ixy 12*« 48«*y-»-604f*y«-.80«V 

+ 24a?V+16«2y' 

12*« + 24iv+16^ 48jf»y+96*y+64«y 



6;p»+12«y-3y2 l2jr*+48aiV+^8jpy -364f*ir'-144«y-l9ary+108«y»-27y« 

-18^^2-36V + V 
12jr*+ 4&F»y + 30 jf^y^- 36 V + V -36«4yS« 144aJ»y»-«0^+ 108«y»-27y». 



If the student carefully examines this last example, he will find the 
divisors formed as in the preceding one, and so on when the root contains 
a greater number of terms. 

The mode of proceeding in the extraction of the ctibe root of any given 
numerical quantity presupposes a luiowledge of the third power of at least 
the nine numerals. 

Number, 1, 2, 3, 4, 5, 6, 7, 8, 9. 
Cube, I, 8, 27, 64, 125, 216, 343, 512, 729, 

Further, l^, lO^, lOO^, lOOO^, 

equals 1, 1000, 1000000, 1000000000. 

Let it be observed from these figures that the cube root of a number 
having one, two, or three digits is a number of one digit, and that the 
root of a number with four, ^e, or six digits is a number of two digits, 
&c. ; hence we dot every third figure of a cube, beginning with the units : 
the dots show the number of digits in the root. 

Suppose we have to find >^1953125, the operation is as follows : 



1953125(125 
1 



32 



365 



^00 
64 


953 


•364 


728 


43200 
1825 


225125 


45025 


225125 



From which it will be clearly seen that the numerical process corresponds 
exactly with the algebraical, given in the preceding paragraph. 
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Exercise XXI. 

Find the cube roots of 

1. 12167, 884736, 405224, 2460375, 11089567. 

2. 1191016, 17173512, 49836032, 40353607. 

3. 64481201, 8000000, 74088000, 318611987. 

4. 340068392, 6372783864, 7256313856. 

5. 111980168000, 115145914625, 189^70074963. 

6. 113028882875, 8108486729. 

Find the cube roots of 

1. a?+3a?6+3a«»2+^- 

2. a3-3a?26+3a62_&3. 

3. a^+6aP+l2x'\-S. 

4. 8a?-84a2a;+294flKB2_34Caj». 

5. a^-6car>+12cV-8c3a?. 

6. a»--6a«-+V+12a*+'aj*'-8a?a^' 

7. 8-12aj*'-^+6ic*— «-aJ^-*.' 

10. aH3a26+3a2c+3a62+6a6c+3ac2+53^.55?c+36c2+c8. 

11. 27««— 54as& + 63a2;2!4_44aV+21aV-6a*«+a«. 

aV , 8« V 8jsg 8ao»y» eo^cV 8g»y <>»« 3fl<^y* 



CHAPTER VIII* 

GREATEST COMMON MEASURE^ 

When one quantity is exactly divisible by another, the- latter is said to be 
a measure of the forme». Thus I5a^c is a measure of 4:5cfih^c, a— 6 of 
0^-52, a+6 of a?+63,&c. 

Such expressions as 4t5a^l^c, a^^P, and a* +6*, which are capable of 
being thus divided, and which are therefore products of two or more fac- 
tors, a^e called' commensurable quantities; while those which cannot be 
measured but by themselves and unity are called ineommensurable quan- 
tities. The divisors of mononriafe, such as Zabc, 15a62a;, 13ajy(a+6)c*, 
are seen at once. 
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When two or more monomials or binomials are divisible by the same 
measure or divisor, this is said to be their common measure. When they 
have more than one common measure, the product of all the common 
measures forms the greatest common measure. If, for instance, we have 
6c^l^{x-'b){x-c), 3cfibHx-'b){x-^c), and I5c^ip{x-b) {x-d), the com- 
mon measures are 3, d% 6^, and x—b ; and the product of these, or 
3a^b^(x—b)f is the greatest common measure of the given quantities. 

It is often easy to find the greatest common measure of two quantities 
when each consists of a single term : thus the G. C. M. of o^b^c and 
ai^d^ is (it^c. But when the greatest common measure of multinomials 
is sought, they must be resolved into their component factors, if such can 
be found, and the G. C. M. of these taken. For example, for 4a^y^+8a^y* 
+ 4ajy* and 4sc*y— 4aj^y*, we may write 

4a5*^ + Saj^y® -f 4a5y* = 4ajy2(a^ + 2asy -|p 3^) = ix7^(x +y){x+y), 
4aj*y — 403^^* = 4a^y(a^ -- y^) = iay^y(ps + 3^) (aj— y). 

These simplified quantities- have the terms iasy and x-hy common to 
both, wherefore 4ajy(a;+y)=4a32y+4a^ is the greatest common measure* 

If, as in the case of 6a!^b+12l^c and 5b^—5(^, which may be resolved 
into 2, 3, b{a^'\-2bc), and 5(6+c)(6— c), tihere are no like factors, a 
common measure cannot be found. 



Exercise XXII, 

Find the greatest common measure 

1. Of 12ic4-12a^aKd4j»8 + 8aj2y+8a^+43^. 

2. Ofda^y+lSaPy^+dxy^ODdiea^y-iexy^. 

3. Of 6aJ«6-668 and l5cfi--30a^b+l5alP, 

4. Of I2x^y—27y^ aaid Six^y-\-24:aPy^+ISxy^. 

5. Of SOahaP-USa^ and UibcaP-360bcxy+225bcy^. 

6. Of 5cux:+ Idcby—Sbx— 15by and I0ax+15ay— lObx-^ I5by, 

7. Of a?*— y* and a^— y*. 

8. Of aj*— y* and a;*— y*. 

9. Of6a^--62/6andl5a^~15y8. 

10. Beduce to its lowest terms .^|^ . 



11. Beduce to its lowest terms — J^ „ . 



12. Beduce to its lowest terms — ^ .^1 .^^ ^ * 

As it is not always easy to resolve a quantity into its factors, and then 
find their common measure, we are obliged to have recourse to another 
method, which will now be explained. First, however, it must be ob- 
served, that in seeking the greatest common measure of quantities, all the 
factors which are common to both may be taken out, for the resulting 
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quantities will still have divisors in common, if tliere are any. The com- 
mon &ctors are thrown out only to simplify the operation. For instance^ 
in cfi+2a%+ai^ and a^+cfib—c^b—dl/^, the factor a may first be separated 
fiN>m both expressions, and then a^+2a6+5^ and a^4-a^6— a6— 5^ sub- 
mitted to the process referred to, the common measure found being after- 
wards multiplied by a. Again, from Qa^s^mn—Qj^zhnn and 5afiy^-^5aPf^, 
in the first, Qz^mn may be separated, and in the second, dae^t/^, because 
these have no common measure; then a^—y^ and a^+j/^ are obtained 
for further examination. 

To find the greatest common measure of two polynomials, after they 
have been simplified as above, and arranged according to the powers of 
some common letter, diiride the one by the other, and the last divisor by 
the last remainder, until nothing remains; the last divisor will be the 
G. C. M. Or, if there is a remainder incapable of being resolved into 
common factors, the quantities must be considered prime to each other, 
or incommensurable. In commencing the division, that quantity in which 
the index of the conmion letter is lowest must be taken for the divisor, 
and the other for the dividend. Both divisor and. dividend should be 
abridged, wherever possible ; sometimes, also, the one or the other may 
be multiplied by a new quantity^ to Dacilitate division : neither of these 
changes at all affects the G. 0. M. 

Ex. Required the G. C. M. ofja^+aPy—xy^—y^ and a^^9^f'-2y^. 

dividing by y, — oj^y + Saj^y^+ajy*— 2y*=s 

dividing by 3y, Sa^y— 33^= 

aa-.yj) «a3^2ai2y +ajy2-2y» (--a;H-2y 

2^y — 2y» 

2aPy — 2y» 



From the above operation, it appears that o^— y^ is the G. CM.; and 
on proving the work we find that the quotient from the first expression 
divided by o^—y^ is x-\-y^ and that from the second «c^H-2y2, which are 
again resolvable into common factors. 

In proof of the principles upon which the G.C.M. depends, the follow- 
ing are appended : 

I. If A=aM, B=6M, C=cM, D=c?M, in which a, 6, c, d are whole 
numbers, and M, A, B, C, D any like quantities, then 

A+B+C+D=(a+6+c-|-^M. 

Froof. As M is contained in the quantity A a times, in the quantity 
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B b times, in the quantity G e times, in the quantity D d times, so M is 
evidently contained (a+6+c+£^) times in the sum A+B+C+D; and 
therefore 

A+B+CH-D+..,=(a+64-c+c?-|. ...)M; 

and hence a quamtity which 18 a mecuiire of several gucmtUtea ia also a mea- 
awre of the sum oftheae quomiiiies. 

II. If A=aM, B=6M, and A>B, when A, B, M are any like quanti- 
ties, and a, h whole numbers, then 

A~B=(a-6)M. 

Proof As A>B, t. e. aM>6M, evidently a>6; and we are justified 
in adding a=&4-^ in which re is a whole number. Further, let 

A— B=D; then A=BH-D (1) 

Because a^h-{'Xf therefore aM=(6+a5)M=6M+a;M; 

i.e. '.-aMszA, 6M=B, .-. A=B+a;M . . (2); 
consequently by (1) and (2), B+D=B-|pa;M ; 
subtracting B from both sides, 

B+D-B=B+«M-B; 
L e. D=xM, orA— B=iBM. But a=6+aj; 

thus, by subtracting h from both sides, a— 6=&+a;— 6, i, e. a^h=zx; 
consequently 

A-B=(a-6)M. 

Hence a qucmtUy which is a meaeture of two qaa/ntitiea is also a measure 
of the differeince of these qaarUUies, 

III. If A=aB, B=5M, in which A, B, M are any like quantities, and 
a, h whole numbers, then A=Ma6. 

Proof, Because, by the preceding supposition, B=6M and A=aB, 
.•, A=5Ma j but a5=^, .'. A=Ma5. 

Hence, when a quamtiiy M^ «9 a fMosu/re of a quamitUy B, the qua/ntity 
M is also a measure of every mvUiple of the quantity B. 

Also, when the quantity M is exa^y divisible in B, a^id B in A, then 
M is always exactly divisible in A. 

IV. A number which exactly divides the remainder and the divisor also 
exactly divides the dividend. 

A number which exactly divides the remainder and the quotient also 
exactly divides the dividend. 

A number which exactly divides the divisor and the dividend also ex- 
actly divides the remainder. 

A number which exactly divides the quotient and the dividend also 
exactly divides the remainder. 

Proof If the divisor is denoted by d, the dividend by D, the quotient 
by q, and the remainder by r, then clearly 

"D^zdq+r, and subtracting dq from both sides, r=D— d^. 

E 
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y. In drnding lor the G.C.M. of two whole nnmben, the last divisor 
is not onlj a common measure of the two quantities, but it is their Q.C.IL 

Proof. Of the two quantities M and N, let N be contained in M a 
lames, and let R be the remainder; also let B be contained in N 6 times, 
and T be the remainder; and let T be contained in B e times, without any 
remainder; then 

N)M(o 

aN 

6B 

Y)Il(c 
cY 



0. 
M=aX+R; N=6R+Y; R=cY. 

As Y is a measure of cY, it is so of R, and also of 6R, or of 6R+ Y; and 
also of N, and of aN, or aN+R; and also of M. Therefore Yisd mecuvre 
oflAand^', and it is also their G.C.M. ; forR=M-aN,Y=N— 6R, and 
a measure of M and N, or of M and aN, must also be a measure of M— aN 
or R, and also of &R, and of N— 5R or Y; or every measwre ofM. and N 
£9 oho a measure ofY, Hence the greatest measwre is also a measure ofY, 
and Y is itself a measure ofM and N ; therefore it m/ust be the G.C.M. 

Where the G.C.M. of three quantities is sought, first find that of two 
of them, and then the G.C.M. of this and the third quantity ; or if of four 
quantities, first find that of three of them, and afterwards the G.C.M. of 
Ihis and the remaining one. The last measure found is the G.C.M. of all. 
For instance, let M, N, R be three quantities, Y the G.C.M. of M and N, 
and Z that ofY and R; then Z is also the G.C.M. of M, N, and R. As any 
common measure of M and N is a measure also of Y, therefore any measure 
of M, N, and R must also be a measure of Y and R ; also any measure of 
Y, being equally one of M and N; therefore any measure of Y and R is 
also a measure of M, N, and R; whence the G.C.M. of Y and R is also 
the G.C.M. of M, N, and R 

Exercise XXIII. 

Find the greatest common measure 

1. Of 6a:8 + 6jcy2-6ic2y-6y8 and I5a^+30sx?f+l5y^. 

2. Ofa:?+3ajy-l(y and4a?2-.7ay--2y2. 

3. Of 3a? + l6aiP-\-2lx+20 and 5a? +23aP-{-20x+ 32. 

4. Of 12a*6+18a?62-12aM-186*and 10a^+5a?6-155». 

5. Of 6a*+10a5+12a3+206 an^ 3a*+5a%+5a* + 5a5+12a^ 
+206. 

6. Of gn^-f 3n/?^<?*— 2njp5*— 2w3^ and 2wijp^5*— 4fn^— wi^g'-h 
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7. Of 6a?-17a6+1262, 6a?>-17a%+22a62-156», and 10a?-23a6 
+1262. 

8. OflOoo*— 15flWjV+l^«flc^3r^+13aa?y»— 21aay+10ay*and206a^ 

9. Of 6ar>--4aj4--lla:3_3aJ8_3a.«i and 4a;*+2a:3_i8aJ8+3a.«5. 

10. Of 2a;*-3flc8-28iB2+75ic-91 and 10a?»-41aj2+43a;-77. 

11. Of 36a2iB8-18a2a6_27a?aJ*+9a?aj8and 27a2a6-9a?a:3_i8aJJa;4. 

12. Of 26a* +2^a? +46*0?, 26a«+66*a?»--46*a?, 26a* + 262a* -h864a2^ 
and 262a*-26(62-l)a4+262(262-l)a^+468a?. 

LEAST COMMON HX7LTIFLE. 

When one quantity is exactly divisible by another, the former is deno- 
minated a multiple of the latter. Thus 5a6 is a multiple of b, 5a, 5b, a, 
and a6, because all these are contained in 5a6 without a remainder; 
(«a+n6) of « and (a+6); sc^— ^ of rc+y or a?— y; &c. Hence such ex- 
pressions as 5a6, na+n^, o^—y^, in regard to tiieir divisors, are called 
common multiples. 

To obtain the common multiple of any numbers, it is only necessary to 
multiply them together; for naturally this product may be divided with- 
out remainder by any of the given numbers of which a multiple was re- 
quired. It is evident, however, that the lecuA common multiple would not 
be thus obtained. The product of 4a, 66, 9a62c, and 12a6c2 is 2592a^6^c^; 
but all the quantities are divisible into the far simpler expression 36a62c2. 
This arises from the circumstance, that among the g^ven expressions there 
are some which have a common factor that need appear no more than once 
in the multiple. All are divisible in it ; hence much multiplication may 
be dispensed with. 

For single terms we have the following rule. 

RiaU. First find the L.C.M. of the numerical coefficients, then multiply 
that by the highest powers of the letter factors which are in each of the 
given expressions. 

If it be required, for instance, to determine the L.C.M. of ^a^bd, 
6cfil^c, 15a6c2, and 20a^6oe^, the L.C.M. of the numerical coefficients is 60; 
and as in all the expressions a rises no higher than the third power, 6 and 
c no higher than the second, and d is without any exponent, or rather has 
unity as its exponent, the least common multiple will be 60a^i^4^d. In 
the same way, we find that the least common multiple of 40aa;, 15a26, 
2i(a+by, 20(a-6)a;, and 6a36(a-|-6>?»y is 120a86(a-|.6)2(a-6)ar2y. 

When the given expressions are pol3rnomials, we must first find out 
their common measures, if any, resolve them into their original factors, or 
reduce them to their simplest forms, and then apply the preceding rule. 

Suppose a^ + 3a;-f 2, sc^— a;— 6, aP—l, afi+l, and sc2+2a;4-l be given 
to find the L.C.M., we perceive that the two first are divisible by x-^2, 
which x-\^2 is no divisor of the remaining expressions; that a;-hl is a 
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divisor of ^— 1 and a:^+ 1» and also of^-f 2as+l. Now place the &ctorB 
found in brackets, and instead of the given expressions write 

(aj+l)(aj+2) 

(aj-3)(a;+2) 

(a^+l)(aj~l) 
(ic2-«.+ l)(a.-l) 

.(aj+l)(a;+l)or(a-|.l)2; 

and as all these factors are now indivisible, the general rule may be fol- 
lowed, and we find as the least common multiple required, 

(ajH- l)2(aj+ 2)(a;-3)(aj- 1) (aj»-a?H- 1). 



Exercise XXIV. 

Find the least 'common multiple 

1. Of 6a5aj2, Sab^ex, dabc^x^, I5ha?f, and 20ay«. 

2. Of 4a?(a:-y), 6alP(x+yy, and Wc{iK?--f). 

3. Of 27aa?», 18ajy«, 126«3, a^-y^, and aj^-j^. 

4. Of 0^ + Say H- 15^, a:? + 3ajy, and Zxy^ 15^. 

5. Ofa?-h5a6+663, a? + 2a6, and 2a6 + 662. 

6. Of flf(^63, 4a»o + 8a?6c-12a52c, 6a86H-18a262-.6a68-1864, and 
6a3^+18a62(^+66«(^. 

7. Of 8m2?i2--8m^ 12w2-.12n?, em^+lOwm-f-^n^, 3m^+5mn+2n^, 
m^ — - wwi + wi — - «, and w»2 — 1 . 

8. Of 6a^--5aj— 6, 3a:2_aj2_ga._4^ 10a^-21a;H-9, 3ar^-a;-2, and 
5a:8 + 7ar^-aj-3. 



CHAPTER IX. 

FRACTIONS. 

An algebraic fraction is nothing more than a representation of division. 
The denominator is the divisor, and the numerator the dividend. 

Algebraic fractions maj be divided into Proper, Improper, Mixed, and 
Complex. 

Proper fractions are those the index of whose letter of reference, ac- 
cording to which the numerator and denominator are arranged, is higher 

in the denominator than in the numerator, as -s — —^ — -^ 

When the letter of reference has an index higher in the numerator 
than in the denominator, the fraction is called improper, as . 
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Mixed fractions are those which consist of whole and fractional terms. 
Of this sort are 

Complex fractions are those in which either the denominator, or the 
numerator, or both, are fractional or mixed terms* For instance, 

2a-36+— . • 2a+36-— 



The following are improper fractions : 

^00 .A 
V A' 0' ^^0' 

wherein A represents any algebraical tenn. 

1. The expression y is nothing ebe than an algebraical whole quantity 
under the form of a fraction. 

2. The improper fraction - is evidently no^Atn^, for we cannot conceiye 

of any number, positive or negative, whole or fractional, which multiplied 
into itie divisor A would reproduce the dividend 0. 

d« The improper fraction - represents an indefinite value ; for what- 
ever value may be given to the quotient -, the product of this quotient 
and the divisor will give again. Let it be observed, however, that 
whenever an algebraic fncdon must be ^ because the numerator and the 

denominator contain a common factor which =0, this fraction will not be 

always indeterminate, when the common factor is Left out of both numerator 

fl*— 1 
and denominator. If, for instance, we have ^^,, And assume that a=l, 

the expression equals g, because the numerator and denominator contain 
the common fiu^tor a— 1=0 ; but if this is left out of both, and we write 



a- 



'— instead of f^-(i?±iE±ll(fL=l) 
then the expression obtained for a=l becomes Ij-. 



If we have " , or ^ ^^^^ ~^ *^®^ ^7 assuming that a; = y=:2;, 

and omitting the factor which is common to the numerator and denomi- 
nator of this fraction, the first becomes determinate, the last indeterminate. 
Let the reader try this. 
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4. The signification of the fractional expression ~ may be manifested 
thus : Suppose a series of fractions 

d 4. A ^ ^ A . 

r 0-1' 0-01' 0-001' 0-0001' 0-00001' 

of which the values are A, lOui, lOOi, lOOOJ, 10000^, 100000^, ike. 
we see that by leaving the numerator unchanged, and making the deno- 
minator ten times smaller, the value of the fraction is increased tenfold. 
However far we may proceed in this way, and whatever magnitude may 
be assigned to the fractions, a denominator greater than wUl always be 
retained; whence we conclude that whenever the denominator really is 
0, the quotient must be of infinite magnitude. This infinite magnitude 

is represented by the sign oo, and we thus have - = oc, - = oc, ike. 
from which immediately follows — =0, — =0, &c. 

00 00 

The improper fractions -j, -, and — , are of great importance in esti- 
mating the values of algebraic computations : hence it is of importance to 
understand thoroughly their force and significance. 



REDUCTION OF ALGEBRAIC FRACTIONS. 

To reduce FracHona to their lowest terms. 

Rule, Divide both numerator and denominator by their greatest com- 
mon measure : the result will be a numerator and denominator prime to 
each other, and therefore in their lowest terms. 

" ^"^ **^® 105^6?' 4a»-96« > ^^ ^»4-12^+44^-f48 ' ^<^ ^hall find 

that the numerators and the denominators are respectively divisible by 
lobe, 2a— 36, and as^-|-6a;+8, and therefore 

910*60 ]3ax7a60 \ta 



\Qhab<? Uo X labe \be ' 
4<r»-12a6-f96» 



_ (2fl-86)(2a-3&) _ 2a-86 - 

"" (2a +-36) (2a - 36) " 2« + 36 ' 



4a3~963 

jg»4-9j?' + 26jr4-24 _ (jr4-3)(j?»+fer+8 )_ dr + 3 
«8+12a!» + 44dri-48"~(df + 6)(«3+6ar+8)""ar + 6' 



Exercise XXV. 
Eeduce to their lowest terms 

^ 396a»6(jP-y)« « 95(j>«-y«) 

^' 891a6(*-y)3* ^' 114(«8+y»)' 

2 ^-^ A U^-.ia2jc+3a5 

9a<+9a8-18a»* 7«*+7*-210 * 
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63a»+40a»-14a*-7a+2* a<^-2a*o-4a«A»+8a*63o+46»-8^V 

ar*— jf-20 J. aj»— <)<M»^16o 

To reduce one fraction to another of a giren numerator or denominator; 
for example, to reduce the fraction ^ to another having the denominator C. 

Bitle, Multiply both numerator and denominator of the given fraction 
by C, and divide the results by the denominator of the given fraction ; 



,, A AC AC4-B 


In the same way, 
A AC C 




B""BC""BC+A' 



If C is a multiple of B and =BQ, or |=Q, then ^=^^^i that 

is, to reduce a given fraction to another, the denominator of which is a 
multiple of the denominator of the one given, divide this multiple by the 
denominator of the given fraction, then the product of the numerator and 
this quotient will be the numerator of the fraction required, and the c^ven 
multiple will be the denominator. 

Further, it is evident that to change a given fraction into another, the 
numerator of which is a multiple of the given fraction, the above process 
has only to be reversed. 

EXEBCISS XXVI. 

1. Reduce -^ to a fraction having a?— 6^ as denominator. 

2. Beduce ^ to a fraction having d^^cd as denominator. 

3. Beduce •= — r to a fraction having iaP^Sl as denominator. 

To reduce a whole number to a fraction of a given denominator. Di- 
vide the whole number by 1 or unity, writing the expression in fractional 
form; then multiply both numerator and denominator by the number 
given. If a+ 6 is to be reduced to a fraction of which c is the denomi- 
nator, we should have 

I r «+* (a+byo 

or, of which b is the denominator, we should have 

a + b ab + l^ (a-\-b)b 

An improper fraction is reduced to a whole or mixed quantity by di- 
viding the numerator by the denominator, and appending the remainder, 
if any, to the quotient in the form of a fraction. Thus 
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Exercise XXVII. 
Beduce to mixed fractions : 

On the other hand^ every mixed fraction maj be reduced to an im- 

proper one. A+^ may be regarded as the result of an operation in 

division, in which A is the quotient, C the divisor, and B the remainder. 
As the dividend is obtained when the quotient is multiplied by the divisor, 
and the remainder added to this product, so the dividend or the numerator 
will be equal to AC + 3, and we have 

A . B_ AC±B 

from which we derive the following rule. . 

Eide, To reduce mixed to simple fractions, multiply the whole number 
by the denominator of the fraction, and add in the numerator. This sum 
divided by the denominator will be the fraction required. Thus we have 

3 fl' + ^ _. 3a(a-6)+(flg+&2)3o»-3a6 + fl8-Hy _ 4o»-3fl6 + ft^ 
"• a—b a— 6 a— A a—b ' 

and 3a r=~"^ ^ = T~T = 1 — • 

a— 6 a— 6 a— 6 a— 6 



Exercise XXVIII. 
Beduce the following mixed to simple fractions : 

1. a+^. 5. a^-2x+l-^-^ 



a 



*»-3* 



2. a-^^. 6. a?62-a^H-64_?!£[z25!. 

b a + b 

3. a-2b-^^. 7. 17«^y+«^^^ 

Because the quotient multiplied into the divisor produces the dividend, 
A 

B" 



we have, if ^=Q, 



A A 

QxB=A, or-^xBr=A, andgXnB=7iA, 

applying this to fractions, we observe : 
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I. Whenever a firaction is multiplied bj its denominator, the product 
ig equal to the numerator of the fraction. 

II. Whenever a fraction is multiplied by anj multiple of its denomi- 
nator, the product is equal to the same multiple of the numerator. 

We have thus the means of reducing all complex fractions to simple 
ones. If we have 

a + 



«?-6» "•**• 



a — b 

to reduce to a simple frttctional expression, we must multiply the nume- 
rator and denominator by the least common multiple of the denominators 
a+b and a— 6, which is here evidently (a-|-6)(a— 6). Thus this becomes 

"(a«-A*)(««-62)-(«»+^Ha+6) ' 

which expression after development becomes 

2a»-a»&- fl»_ (a-&)(2a3-ha5 + &>) _ (6-a)(2fl«-fa6-f&>) 
^bia-t-bf -b{a + by " 6(a + A)« 

Note. In the reduction of this fraction it will have been observed that 
instead of ^cfi—cfh—l^, we may write a^—l^'\-c^'-a%^{a-~h){a^'\'ab^ 
62)-|-a?(a — 6) = (a-6)(2a2 + a6 + 62). and that because -^=11^, by 

changing the signs we have written (&~a) in the numerator insteEid of 
-(a-6). 

Exercise XXIX. 
Let the following complex fractions be reduced to simple ones : 

1. > *. ■• i, — .^— i.^... 

Lastly, there remains to show how fractions may be reduced to others 
of an equal value, having a common denominator. 
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Bale, Find the least common multiple of the denominators, and mul- 
tiply each numerator bj that factor which is obtained on dividing the 
least common multiple bj its denominator, for a new numerator; the 
L. C. M. being of course ^e common denominator. 

to a common denominator. We find that lSOaJ^a:^y(a-\'xy{a—xf is the 
L. C. M. of the denominators of the given fractions. Let this be divided hj 
^a^x, the denominator of the first fraction : the quotient is ^5a:^y(a+xy x 
(a-^xy, and multiplying the numerator and the denominator of this frac- 
tion by it, 

p 45pj?'y(o-Hjp)'(g— J*)* 

If, frirther, the L. C. M. found is divided by each of the denominators 
of the following fractions, the quotients will be 

30a(a+cB)(a-ar)2, 20a?a^(a +«)(«- a), 12aaj2(a--a;)2, and 9cfiix?{a-{-xy. 
and proceeding with these as above, we find 

q 80ya(a-fjp)(a— jpy 

r __ 20roV(a + jr)(a— Jy) 
dy(«^-.vr») *" 180a«d*y(a + *)V-*)*' 

All the given fractions are thus reduced to a common denominator, 
without the value of any being changed. 



Exercise XXX. 
Reduce to fractions having a common denominator : 

1. =-5—. -T-j-i TT^i and 



^ l€? la^b 17A» 84 , 17a 

2. 5 — f Tmr. n^ — -.• . and 



Zoff 12j?V ^^^ *— y* «+y' 

3. -s — ri, : TTSi and 



4. — L- 2 , 3 

«»-4' *S-4* + 4'*" ^-^x--^' 

f, a—b a + b ab a' , J» 

^- jzi' 5^:3' *3-i' *a+2*+r ^^ S^TeTTs* 

6. 20-4 ^^^ a.4 



2a8-a26-6» 4a»+a4«-4»* 
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ADDITION AND SUBTRACTION OP ALGEBRAIC FRACTIONS. 

In the addition and subtraction of algebraic fractions^ wliich operations 
are only the reduction of the sums and differences of fractional expressions 
to a more simple form, we have two cases to consider. 

I. When the fractions have the same denominators. 

II. When the denominators of the fractions are various. 
In the first case it must be recollected that 

a + b + o-^d a. *,«,«' 

P P P P F 

a— 5 a b 

P "P ? 

and ^=*=^±^i:f=«-*_^+^-l,- (see p. 20) 
P P P P P P ^ '^ ^ 

and from a consideration of the above we deduce the following rule* 

Etde. To find the sum or the difference of fractions with oommon 
denominators, find the sum or the difference of their numerators, and 
divide it by the common denominator ; or, add together all the numera- 
tors, and under the sum place the common denominator. 

For example, if from the sum of the fractions - — and -t , the quan- 

i~-j? 1— jf 

tity ~ is to be subtracted, instead of 

fijr 1 Sir— 2 6«— 5 



following the rule, we wrife 
In the same way, 

flg-H&g (a-by^ (a+by fl» &«__ <^ + ftg~(a»~2a&-i-6g) + (ii«.f2a&-t-^)-f fl»-^ _ 
p p p p "p P "" 

ifi + fi-ifi + 2ab-lP + (fi + ^b+l^+cfi'-l^ _ 2a^ + 4ab _ 2a(a + 2b) 

P "^ P P ' 

Every fraction, the numerator of which is a multinomial, may thus be 
considered as the sum of two or more fractions ; consequently, it may be 
resolved into several fractions, each of which has a term of the multino- 
mial as ntunerator, and the common denominator as its denominator. 

Thus: 

8a + 2 3a , 2 „ , 2 a + A a . b 1,1 

=—4— =3+-; -T-=-T+-r=T+-; 

a a a a' ab ab ab b a' 

ji»-2a*-3jft'4 _ tf» 2a^ 3ar 4 a^-% fl ^~^ 

y-1 y-1 y-1 y-1 y-l= y-T y^l ^ 

afi 2«> + 3dr— 4 



y-1 y-1 



= &c. 
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To make the resolution possible in some cases, and to facilitate it in 
others, it maj be advisable to add a term to the original fraction, or sub- 

tract one from it. Had we, for example, ^_^ then it equab 



J?(jr+y) jy » aey 

t»— y)(«+y) d?*— y*""*— y 3^—f 

same sum from it, we should obtai& 

Ndte, It would, however, be a great mistake to suppose that when a 
fraction has a multinomial as denominator, it may be resolved in a similar 

waj. At a glance, the student will see that if for - — he were to write 

^+-, each of these fractions would be greater than the given one. 

When algebraic expressions contain fractions of different denominators, 
these must first be reduced to a common denominator, and then the rule 
applied. For example, take the quadrinomial 

( h\ ^ 2g'+y _ y 

to reduce to a simple form. 

As the fractions are to be brought to a common denominator, first 
find the least common multiple, which is 4a^— 6^. Now, instead of the 
whole number a— 6, we may write 

4a2-63 ^ 



also. 



ah _ aK2g + ^) 
2a-6" 4«3-6» ' 
2og-hfi» _ (2a^ + ^(2a-ft) 
2a + 6 4a?-63 ' 

, and 



(a-ft)(4ii«-y) gft(2g4-^) (2a«-Hg»)(2a-&) ^ _ 
4aS_^ "»■ 4a2-62 4a«-68 4a»-6»" 

(a~6)(4a»-fi«)-t-aft(2a+ft>-(2aHy)(2a~6)-fl» 

And this would be the solution of the example, had we not to inquire 
whether the fraction can be reduced to a simpler form» We see that the 
first and third terms of the numerator have (2a— 6), in common with the 
denominator; and for the second and fourth terms, instead of a5(2a+&) 
—6*, we may write 2a^b+ab^^l^, or, by adding and subtracting al^, 
^^26+2062-062-63, that is, 2a6(o+6)-62(oH-6), or (2a6— 62)(o+6), or 
- 6)(o+6)6. 
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The fraction found thus becomes 

(a-6)(4a»-^4.(2g^6)(a-l-6)&-(2o»-t-^(2a-6 ). 

4a»— ^ •• 

and as all the terms of the numerator as well as of the denominator are 
divisible by 2a— 6, it resolves itself into 

2a + /> "~ 

2a + 6 '~2a + 6"' 2«Ta* 

The preceding operation, performed according to the rules for fractions 
in conmion arithmetic, would be as follows : 



a— A 
T" 



4a?— 62— common denominator 

(4a2-62)(a-6)= + 4a^-4a?6-a^+68 

-^T? -(2a^6)(2a?+ft2)=-4a?+2a?6-2aft2+68 



ft9 



4a2-6» 



-1x68 = -6» 



-2a62+6« 
Sum = 



4a2— 62 
which may be easily reduced to 

-^2g-6) _ -y g^ 

as we have obtained before. 

We add another example of mixed terms, which will, however, require 
no further explanation. 

Bequired the sum of 

a+i^-^— (6-c)x-a2=-ti?6 + a2c 

a-^+^^ (6+c)xa2 c= ii?64.a2c 

2a-^ lx-262c = -.262c 



Smn of the fractions =2^Z^^=^^I^). 
As the sum of the whole numbers is 4a, the whole or required sum 
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EXEKCISB XXXI. 

Required the sum of 
1 * o«^ y 2. ^, -?^, ?, -^ and -^. 

1. - and -. a' a' «r flr a 

^ ««+/;» ,(a + 6f_(a2:£'_?f ^. 

^' "J+2r'^T+26" « + 26^fl + 26 a + 26 

'^' ?T2p"^a^ + 2S"*" a«+263 fl«+26? ' 
o a a Q -— - 

10 -+- 11- -+j+\- 

-^ jif z-x g'-2yg-hy» ,7 ^ ^ 

16. 7;:];-^ ?::i^- "• 3;r-8 4^-9 

5 3 2 -iQ 3a^-4y 2^-6y 

^^ 13.^-1^ 7 ,11 «o 7^-3ar + 6 7^-Hl 17 

^^- F=3?"^ir::^+^- (7^-3)3 (7^-3)'^7*-3- 

91 2 dr , 4x ^ 

25. (a-6)+— --^^- ^Z^—- 

4 3 2 1_ 

26- ^ZT + 2*-3 4^+3 o'+V 

3a« 3a^ + 2&» __ Ba^ ^ Zab-I^ l7c?-\-1al^ 

^'^' 6(^^" 2(I+« "■2(a+6) 6(a-6) "*" 6(a2-&2) ' 

28. w— wH and wi + w— — j— j- 

20. 2«^-^+S^. 3<.-H^-^-S^. and 5K5-2a)+£=5. 
30. 5«+£, 36-S, 6(»-26)-g^. and 2«-66+2^. 
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MULTIPLICATION OP FBACTI0N8. 

The common arithmetical rule, that the product of two or more frac- 
tions is equal to the product of their numerators divided hy the product of 
their denominators, is applicable to the case of algebraical fractions. 

If, for instance, we hare to multiply the fractions 

ACE. 

B' D^ W 

.'• 

in which A, B, C, &c. represent whole terms, we will show that, according 
to the above rule, their product s 

AxCxEx Ac 
BxDxFx &c. 

To prove this, suppose that 

A C E . 

*=!' y== D' * = F' *®- 
then 

Baj=A, Dy=C, F«=E, &c. 

As, now, the products of equal quantities are equal, the product of the 
first members of these equations will be equal to the product of the last ; 
so that 

BxDxFx kcxxxyxzx &c. =sAxCxEx &c.; 

and diving every member of this equation by B x D x F x &c. we obtain 

. AxCxEx&c. 
xxyxzx gc.= p T^ „ — T-- 

*' BxDxj:' X &c. 

which proves the rule. 

The multiplication of algebraic fractional expressions is thus reduced 
to the multiplication of whole terms ; but before proceeding to the appli- 
cation of the given rule, it is of consequence to inquire whether any of the 
numerators of the given fractions contain a factor which is also to be found 
in the denominators of the remaining fractions, and which may thus be 
omitted. If we wait until the multiplication has been performed, the com- 
mon factors may still be detected in the numerator and denominator of 
the product; but it is much more expeditious and convenient to omit at 
the commencement. 

If, for instance, ,^ ^ is to be multiplied by ^--^ — j, then proceed- 
ing according to rule, we find their product to be 

and the G. C. M. being found, we discover the factor which the numerator 
and denominator of the new fraction have in common ; but a little consi- 
deration will show that the given product may also be thus written: 
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If, now, x+l tod a; +2 are thrown out of the numerators and the do- 
nominators, we obtain a much more simplified product : 

Again : 

yC^-y') 82ay(3jr-2y) 2(y-Jr) _ _8^f~yy . 
8^y2 ^ 35(jf+y) ^3*-2y 5j?y ^ 

for 7(aj2-y2) being equal to 7{aj+y)(a;-y), and 7(a;+y) being a factor of 
the denominator 35(ps+y) of the second fraction, it may be thrown out, 
and also 8a^and $x—2y; whence the given product becomes 

"^^6^ 1 " «y ^ 1 &ry ' 

If one of the factors of a multinomial is integral, it must be considered 
as the numerator of a fraction whose denominator is 1 or unity, and dealt 
with according to the preceding rules, 

a a c ao 

h d s h d sbd 

a;x-x-=rrX-x- = — ; 

c e I c e ce 

If one of the factors is a mixed quantity or a complex fraction, it must 
be reduced to a simple form* and the general rule applied. 

Smce a+o H r = T~k == :r~i.> 



and 



- a»+62 («-6)(a + 6)-(a»+l») 
a— r = TTT = 



2fi» 



a + ft a4& a + 6' 



the product of the given quantities will be 

2a2 _2^_ 4agftg 

As we have seen how the product of several fractions may be reduced 
to the form of a single fraction, we will now show how a fraction may be 
resolved into its several terms, 

1. f5i=f»x^=^x^=^x^x^=aJcx-5-=,&c 

seyz aey z xz y « y z xyz 

2. ^=jpgx-=iwx-=^x~=2?grx-=, &c 

3. -■ = -x-=aXr-=, &c 

he h ti Ic 

M a 1 

4. -=a;x-. 
y y 
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The last form of a resolred fraction is very often employed. We write 
ixa, or ia, instead of |^; j-X ^2, or JV^, instead of—; ^a{3^-^/5), 

instead of ^^^--k — > &©• 



Exercise XXXII. 

» 
Required the products of the following : 

^ 3o2 7ft3 Haft 2(g~ay ^^ 36 

^- JZs ^ ^36* «»-a« ^ 336» ^ 2a* 

7. X :. • 

x—a *— 6 



66(0+6) ^9a?6(o + rf)»' 



c— <2 a + 6 c-^d 



,- 2(g-y)^ i(a'ty) ■ 9(*«-»«) , 3(>-y)« 

'M'-i}^!'-;}^'-:}- . 



DIVISION OP FRACTIONS. 

Here we need only show how the quotient of two simple algebraic 
fractions is to be derived. 

For this purpose, suppose 

»=g, andy=^; 

then 

Ba;=A, and Dy=:C. 

If now both terms of the first equation are multiplied by D, and those of 
the last by B, we obtain 

BDaj= A X D, and BDy=B x C ; 

F 
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iind because eqiial quantities divided by equal qnantitieB give eqnal quo- 
tients, 

""5 — ±l±r = — X- 



BDj^ AmD 
BDi,""BxC 
But 

BD» 
BDy 
therefore 



«+y=5 



An embodiment of thii in words producea the following rule : — luTert 
the divisor, and proceed ae in multiplication. 

Suppose the given quotient is put under the form of a complei frac- 
tiofl, then 

A. 
A C B _ AxP _A D 
B*D~E~BxC"~b'^C' 



If we have ^ to divide j~^ the operation is 

If the terms are mixed or complex, it is better to reduce them to 
simple fractions. The two following examples will sufficiently illustrate 



1. Divide a+x by «— ^r? 




a^-2«»+j»'~"«i-2^+j*—(*. 



As every division, by reversing the form of the divisor, may be re- 
ilnoed to a process of multiplication, so, on the contrary, every faction 
nay be reduced to the form of divisiwi. 
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Instead of — =- x -=- x -=3 x -=- x a5=: &c., 

ededdoaocd 

• . ad be a e 11# 

we may wnte, ~-*-7> or z-^'y or 3-S-7, or ::;-»-—, &c. 



d b' 



ed ab' 



Instead of ^=-xa = aX7we may write t-»— , or a-s-6, &c 



6 6 



Exercise XXXIIL 



Eequired the quotients of the following : 



1 a a 
b y 



5. 



2. 
4. 



Soft 



15«3 






6«y • 9(«+y)* 

• • . . "4~ k TZ. — 



€. (a2+a6)-f 



a+6 



08+6* 



8. 



«+y 



jt+y' 



«2+3jry ' 8jr2+«y* 



9. {i+J}-.{u|}. 

13. 2EH.fl + *£Y 



10 8aV ^ 5aV-7aV 
* 8fl-2y • 15fl3+nay-14j^ 



u. 



3^Jy* 
10(a+6)8"*'25(a+d)?' 



6*8y» 



17. 
18. 



6ag&+3aj^ 
bc-bd 



Bahc+Zca^ 






Exercise XXXIV. 
Miscellaneous Exercises. 

1. What is the value of (3a2+452) x (a+6)2, if a=2 and 6=3 1 

2. What is the value of the preceding, when a=|^ and 5=|J 
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3. Wliat is the value of (3a2-2a5+462)x(a+26)2, if «=2 and 
6=31 

4. What is the value of {|(a;+y)T-Jajy} x(a3^— y^), when a5=l and 
y=}1 

5. What is the value of i^l3-a) + 17x^-13a2(ia-l), when 

a=6and6=i? 

6. What is the sum of 5a?—dxy-{-5y^^ Toy— 42r^, 3aj2-|-7ajy— Sy^, 
4a?y~8a2-73/*, and 12a?-2y2+3ay? 

7. What is the sum of 2a\ Sa^V^, -ia^, -5¥, 7d^^xy, -Sa^b^, 

8. What is the difference of l^—2;^y■\■Zxi^'\■^!k^—Zp^q^\^li^>^xy 
and 14ir«y+7y8-l()p2^+7^V«y+4wi*-3iB81 

9. Subtract ^as^— 2ajy— y^— 3a264-10a6c4-26a5— :6y from xy^wy 
+ 3aa:+5a6c-2a26+ 6a^2- 1 V. 

10. What remains if frem the sum of Ua^--2dl^V^+61A'-^a?fy 12aj2y2 
-.8a4+7a86-3a262+2a68, 12a*-3a36+46*, and 3a* + 2a262 is subtracted 
4a262_llaJ34.2aj2y2 + 564, .3a*-2a262+5a?6-86H4a~2y2, 12a63-3a262, 
I0a68-2ajy^ and 16a*-3aj22/2+564? 

11. Simplify i<j-^aj-(}a-|a;)-(36+ yaj-Ja). 

IJ. Beduce to the simplest form 3a!;^y— 2ajy2+a^— ^— (3y*— 2a^y 

+ 3ajy2„jB8) + (4aj3+2aj2y)4.(4ay2-3aj»+2y8-10a:2y)-(5aj2y-4y8 + ^^ 
-{7a^-3a;8-4y»+'2«:2y)^(12a:y2^62^.3jc8_3aj2y)_(3v^_10a^- 
4a^2y+6y3). 

13. How much is \{a'\'xfa^sfi x -K»+y)(«+«^)*«V x - V(»+y)^' 

14. How much is (}a*-fj*y +4aV--fa2y3+ia3^+f3r*) X -i|^V» 

15. What is the product of 7iB*-2a?^y2-3ay+4y4 and 3a?8— 2a^y 
+ 4aJ2/2^.2y3] 

16. And of aj2+«y+y^ aad^— a?y+2/^1 

17. And of o^+aJ^y+ay^+y* and tii?—a?y-\-xi^—f^% 

18. Simplify (Ja^2+3aa;-5a2)x(2ar^-aa;-ia2). 

19. Divide 12a*-31a46+(2062--29c2)a8+<37W*+18c8)a?+(15c*-- 
546c»)a-30c» by 3^-4a5-5A 

.20. Beduce to products of two factors 

A=(aa;+ 6y)2 + (ay —605)2, 
B=(aa:4-6y)2+(ay— 6aj)2+a;3c2^2r^^^ 

C= (oa + 6y + czf + {ay-hxf + {aa--cxf + (6«- cy)2, and 

D==(aa;+6y+c«+t^)^ + («y--6a;+ct;--(&)2+(a»— 6e?— ca+d'yy' 
+ (av + 6«— cy — docf, 

21. Beduce to its simplest form the expression 

Y=f(a^+aj-l)(a?-aj+l)-K«^--2)2(2iB8-.3)+|a:(a;-5)(aj+4)(a;+l)- 
i(9a?-.13a;+10)(4a;+5). 

22. Bemove the brackdis from 2y {56(a2-62)-2a{4a?-5y8(«2-y2)}i • 

23. Give the product of ((»'+6«—c') and (a'— 6«+<f). 
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24. Divide a?ft*-a2^c-6a262c2^ 50^8^2 _|.2ayc»-a6(j*-&*c2 + c« by 

25. Divide 2iB*+2aj'3^+4aj'^— 3a^y— 33^+*— 6yaf by 2a;''— 83^. 

26. Divide |a45-lf^62+lK^+A«^*-^* ^7 iab-2V^. 

27. Divide fa8-^^+K^-A^ by |a2-f62, 

28. Divide (afi-l) by (a-l). 

29. Dividetotlie4»''tenn(l— a-)-i-(l— a;). 

30. Simplify 3a^b-{-3al^+ac-{-bc. 

3 1 . Simplify a* + a?2y2 + y* and a;* + ^y^ — o^y* — y*. 

32. Simplify 2a^-4fl • 

33. What is the O. C. M. of -48a?^+120a;-72 and 12ar>-48ar«+ 
60a?- 24] 

34. What is the G. C. M. of 6a«-6a2y+2ay2-2y» and 12a?-15ay 
+ 3y21 

35. SimpKfyj^+g^+g^-ji^y 

36. Simplify ^,_^_^_26c *^^ a^-6»^26c-c» ' 

37. Beduce the following complex fractions to simple ones : 

«• (T £ a b 



b d f % a— 6 a+6 

I , , and , . 



P_ P P^ 

38. Also -2- and ^ ^"'•^ , 
P P P 



a + v a + v a+2v 

89. What is the sum of a+ft+^, a-^+/^i^ and 2(»-^-..^-j1 

40. Subtract 4^ from ,'*'^, . 

41. Add i ^ ^ 



42. Multiply a-2J+? by j^, and a>-y+^ by «-^. 

43. Divide a»-6»+H5^ by a-b+'-, and ''*'~f •'!'»^~'^ by 

^ 1. 



44. What is the value of «=6p2j-f 2^, when |>=|(a+6) and q= 

45. What is the value of y=*^l=^, if a?=5^i^? 

b ' 3a 4-20 

46. What is the value of 5ft^+10ft»+ 1063+56+1, when h^s-Lt 
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47. What is the value of the expressions ^^ ^"^ and ■^•*-^+^ 
if a:=y1 *-|^'(*-y)'^^ *»-y. • 

a sf; P*n^*^^9;^-^ o£12a8+8a2^4-9a?c+6a^-4a62-35acand 
6a3+4a26-9a2c-2a62-6a6c+362c1 

50. If in the following expressions, 

rai-b c + d-] ja+b c-rfT 

we substitute ^^ for x, what is their value 1 



CHAPTER X. 

^QVATiova— (continued)^ 

Exercise XXXV. 
Required the value of a; in the following equations : 

1. «+(3a+56-7c)=4a+3i-4c. 

2. 2=a;+ 0-76544. 

3. 6-789-a;= 16-665. 

4. a— (2a— 55 + 6c)=a+26— 3{j. 

5. ;>+2«-:(3g+4r)=a?-(7r-6fi>. 

6. c+3a--ic+25=2a— (6-c)+46. 

7. 7-{7+{7-(7+aj)}}=7. 

8. 6 : x=^d, 

9. a; : l-357=002468. 

10. a;: — 8|=— 9}. 

11. 9i^:-a;=-5i. 

12. a?+a?26+a52+^=Stf. 

13. a?-53=(a-6>;. 

14. mx+n=ip. 

15. ^±;?=J. 

16. 7-77=2-48a;-ll-4996. 

17. w^— ww?=w2— naj. 

18. l|a-99H^=4|-~7|av 
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19. faj+15— fiB+29=0. 

21. Ia:-j+|aj-l=3%-hi^-.ii-.i4aj. 
• 2 3^4 5^6 7^8 d 10" 

23. X : (a+aj)=^ : 5'. 

25. l_i.+4_i.=7_8 +10- " 

3« 6<r 9« 12« 

26. — m=n+x. 

p+q ^ 

27. a-^±:?=:6-2i:?. 



28. 2J-{3|-(4J-4ia5)}=6j-.(7|-3fa5). 

29. i{f{Hi(a^+3)+4} + 6}+8}=l. 

30. 71-(13-4-2-5a;)4|=39-7625-(0-45+8ic)9. 

Af 56—60 , c, 5d-~4a Sb-^Bn 5n—4o ^c-^Aa 

32. 2-i±f=l-?^, 

33. a'b-^^ a6»-*-i^. 

6 a 

34 2jr-3 4jr-9 _ 8jf-27 16x^81 9 
' 15 20 ■" 30 24 W 

^^- -i7 — I^ :5--=2o + -. 



36 



• 3-(^-^) = ^-10. 



q7 * _?-.?-fe±l 
^'* fTi 3""3 !+«• 

38. {x+2) : {20-a;)=(aj+20) : (46-a?). 

39. (5aj-7) : (4aj-2)=(15aj-125) : (12a:-^97>. 

40. {(a2-ft2)a._a5} {a--(a+6)»}=;{(a4.6)3aj+a6} {6-.(a-5)aj}. 

41. (8-3a;)2+(4:--4aj)2=(9-5a;)2. 

42. {(a2-62)a.-l}2_|.{2a6a-l}2={(a?+62>B+l}2 
. 1+3* 9-ll*_,.(2^-^ 

*^' 6+7* 5-7* "" 26-49«»' 

^^- «3«^-2 : ^^1^=1170.-28. 



45. 



1-2* 5-6* „ l-8*» 



;-4* 7-8* » 21- 



3-4* 7-8* » 2I-52«+82*8' 
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46. — h 



*^- 2 ^ 2x-7 = 6 • 



48. 



4j*+i+3««+2 . 2«"+i+x« , ^, . «M-s+24x' 



24 "^ 2x-l -*^'+ 8 



Further application of Equations of One Unknown Quantity. 

Ex. 1. Two gunners throw shells from different mortars. The first 
had thrown 36 before the second began, he also throws 8 while the latter 
is throwing 7 ; but the second uses as much powder for 3 shells as the 
first does for 4. Required how many shells the second must throw before 
he has used as much powder as the first. 

Let the required number be x; then the first fires within the time ^x 
shells, and altogether (36 + ^a;) shells. As the number of shells that can 
be thrown by equal quantities of powder increases in the same propor- 
tion that the quantity of powder necessary for every shell decreases, 
the number of shells is in the inverse ratio of the quantity of powder 
used for every shot. Because the second for 3 shells requires as much 
powder as the first for 4 shells, the quantity of powder that the second 
uses for each shot is in proportion to the quantity used by the first for 
each shot as 4 to 3. 

X : 36+^a; reversed =4 : 3, 

or a? : 364-fa;=3 : 4; 

and as in a proportion the product of the extremes is equal to the product 
of the means, we have 

4aj=108 + ^a;, 

or a;=:189 shells that the second must have fired. 

Ex. 2. A man meets three beggars, and to the first gives the half of 
the coppers in his pocket, and 1 more ; to the second he gives half of the 
remainder, and 1 more ; to the third also he gives half of what he has left, 
and 1 more; after which he finds he' has but 3 coppers remaining. How 
many had he at first 1 

Let the number he had be . ' . x 



theik he gives to the first beggar 

and he has remaining 

to the second he gives ii^—l)-\-l, or 

and he has remaining 

to the third he gives i(iaJ— f)-f 1, or 

so that he has remaining at last 

As he had 3 coppers remaining, 

then Ja;— J=3, 
or 05— 14=24j 
a=38. 



ia;-l 
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Exercise XXXVI. 

1. A sum of money is put out at 6} per cent interest. In bow manj 
years will the interest amount to 1| of the capital 1 

2. At what rate per cent is money lent when the interest for 19 years 
amounts to 1-^ of the capital 1 

3. There are 1911 acres planted with oaks, beeches, and pines. If 
of the pines there are 104 acres more than -^ of the space covered by the 
beeches, and the oaks are spread over 90 acres more than ^ of the beech 
land, how many acres are there of each ) 

4. How large was that capital, the interest of which for 8 years 
amounted to 1914Z., when it bore 3} per cent in the first year, and i per 
cent every following year 1 

5. A capitalist has invested -f of his money in railroad shares, i in 
land, and the rest in mining operations. The first yields him 13 per cent, 
the second 9 per cent, but the third is a loss to him of 3 per cent. Sup- 
posing his income to be 888Z. a-year, what is his capital ? 

6. A capital of 4800Z. after a certain number of years amounted to 
6972Z. i of the time it was out at 3i per cent, ^ of the time at 3} per 
cent, and the remainder of the time at 4 per cent. How long was it out? 

7. A merchant sells two parcels of goods: one for 880Z., the other for 
720Z. He allows 1 j- per cent more discount on the former than on the 
latter, and takes 1389/. ready money for both. What was the rate of dis- 
count on each parcel 1 

8. The capital employed in a business yielding 50 per cent clear profit 
doubled itself in 5 years, although 895Z. were taken out of it every year. 
What was the sum originally invested 1 

9. There is a number composed of 6 figures, the last on the left hand 
being 1. If the 1 be placed first on the right hand, the original number 
is tripled. What is it ? 

10. There is a number composed of 6 figures, such that, when the first 
(which is 2) on the right hand is placed last on the left hand, the new 
number formed is but ^ of the original one. What is it ? 

11. Of what number is the lO**' part 13 more than the 17*** part> after 
18 has been taken from the whole ? 

12. If I multiply a certain number by 7{^, subtract the product from 
4^, and divide the result by 1^, I obtain 1|^. What is the number 9 

13. A farmer is obliged to sell 60 oxen for want of fodder; his stock 
is enough for 14 weeks only instead of for 20. How many oxen has he 1 

14. In the first of two rooms which stand together there are four times 
as many people as in the second; but if 13 go out of the first into the. 
second, the latter will have in it H times as many as the former. How 
many are there in the first room 1 

15. Six little hamlets. A, B, C, D, E, F, lying along one road, and at 
the following distances apart — namely, A from £,{-;£ frx>m 0,-^^', C 
frt>m D, I; D from E, |; and E from F, j- of a mile — erect a school at 
their joint expense, and wish ta have it constructed between C and D, so 
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that the sum of the distances from A, £, and C shall be the same as the 
sum of the distances from D, E, and F. At what distance from C must 
the building stand f 

16. A father is 30, his son 2 years old. After how manj years will 
the father be 8 times as old as his son, and after how many years 5 times 
as old 1 How many years ago was the father 57 times as old as his son t 

17. A mother is now 6 times as old as her daughter, and in 5 years 
will be 3^ times as old. How old is the mother now ? 

18. Pour persons go by the same train from four successive stations, 
A, £, C, and D, to the same place, E. A is 19 miles from B, B 3 miles 
from C, and C 5 miles from D. On comparing costs, it appeared that the 
person from A had paid as much as the three others together. What was 
the distance from D to E 1 

19. A woman carried her spun yam to be woven into linen. The 
weaver said to her, ''If you want 10 ells more than 100, you must bring 
me 9 hanks more; but if you will take 10 ells less than 100, I can give 
you 9 hanks back again at once." How many hanks were there ? 

20. If into an empty cistern 20 gallons of water flow every 3 minutes, 
after a certain time it will be filled within 40 gallons; but if 52 gallons 
flow into it every 5 minutes, within the same time 72 gallons will have 
flowed over. How many gallons of water must be admitted into the cis- 
tern per minute in order that in the specified time it may be filled to the 
brim ? and how many gallons does the cistern contain ? 

21. By working 10 hours a day a mason would finish as many more 
than 888 cubic feet of work weekly as he now does less than that quantity 
by working only 8^ hours daily. How many cubic feet does he finish now 
per week ? 

22. A merchant gains 8 per cent when he sells his oil at 36«. the jar. 
How much per cent does he gain or lose when he sells the same jar at 32«. 1 

23. When the price of goods is p, there is n per centage profit. How 
much per cent is gained or lost when the price of the goods is y 1 

24. Two friends 78 miles distant from each other agree to meet at a 
^ven spot between their places of abode. Both set off at the same time ; 
the one travels 5^ miles per hour, the other 7^. When and where will 
they meet f 

25. A messenger going a certain distance every day is' despatched on 
a journey; 5 days after his departure another man is sent, who to catch 
the first within 8 days is obliged to travel 2^ leagues more per day. How 
many leagues does the first travel daily ? 

26. Two messengers start at the same time from A and B to meet 
somewhere on the road between these places. The one is able to perform 
the distance in 6^ hours, the other in 9f hours. At what time will they 
meetl 

27. Two bodies are set in motion at the same time and in the same 
dfrection from two points 18 feet asunder. The first moves over 5 feet in 
6 minutes, the second over 7 feet in 8 minutes. After how many minutes 
will the distance between them be 15 feet I 
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28. How often aiid at what times will both hands of a watcb stand in 
a direct line and opposite to each other 9 

29. A hare chased by a hound is 90 leaps in advance, and always takes 
5 leaps in the time that the dog takes 4. If 7 leaps of the hare are equal 
to 5 of the houndy how many leaps must the hound take to catch the hsure ? 

30. A cistern can be filled from 3 taps: from the first in 4 hours, from 
the second in 10 hours, and from the third in 15 hours. In what time 
will the cistern be filled if all the taps are kept running together ) 

31. There are three sluices to a certain reservoir : two for inlet, and 
one for outlet. When the reservoir is empty, it can be filled in 1 j- days by 
opening the first sluice, or in 1 j- days by opening the second sluice ; but 
if the reservoir is full, it can be emptied in } day by the third sluice. In 
how many days would the reservoir be filled if all three sluices were opened 
together 1 

32. Two bricklayers have undertaken to do 34 rods of brick-work to- 
gether ; their comparative industry is as 4 : 5, and their strength as 10 : 9. 
How many rods ^oU each man do ) 

33. Eight horses in 7 weeks so grazed 400 square rods of land that 
they not only ate off the fodder preserved on it, but also the grass that 
grew in the meantime. In the same way, 9 horses grazed 500 square rods 
m 8 weeks. How many horses could be kept thus for 12 weeks on a 
meadow of 600 square rods I 

34. There are two steam-engines for draining a mine. One raises 
11 hhds. every 5 minutes from a depth of 465 feet, the other 31 hhds. 
every 10 minutes to a height of 264 feet ; the two together are of 53 horse- 
power. What is the horse-power of each 1 

35. A man has to pay 2007/. in 5 months, 3395/. in 7 months, and 
6740Z. in 13 months. In how many months should the whole sum ot 
12,142Z. be paid equitably? 

36. A man has three sums to pay : 1013/. at the end of Bi months, 
431/. four months later, and the last sum four months after that. What 
is the last sum, if he pays all three in 6^ months ? 

37. A man has 1980/. to pay in 5i months. He pays 440/. at the end 
of 3 months, 550/. 1^ months later, and 770/. 2 months later. How long 
may he keep the remaining 220/. in hand i 

38. A man has a certain sum to pay at an appointed time; but he 
agrees to pay it in 4 equal instalments, between each of which •)- of the 
time is to elapse, and each instalment is to be 100/. more than the pre- 
ceding. What is the sum ) 

39. For a joint speculation A gives 200/. for 4 months, B 160/. for 6 
months, and C 120/. for 8 months; the profits are 136/. What is each 
man's share 9 

40. Three carriers receive 6/. 168, A took l^ tons 10 miles, B 12 
cwt. 15 miles, C 1^ tons 8 miles. What is each man's share 9 , 

41. Four farmers hire a piece of grass-land for 9/. A puts a number 
of cattle on for 12 weeks, B 11 more than A for 10 weeks, and 50 for 
13 weeks. If; now, C pays 4/. 17«. 6<i, how much ought A and B to pay} 
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42. What numbers must be added to 3 and to 7 to make the ratio of 
the sums equal to the ratio of 3 and 4 9 

43. What number must be subtracted from the numerator and deno- 
minator of the fraction ^ to make the value of the fraction equal to f ? 

44. What number must be added to or subtracted from the terms of 
the proportion 33^ : 355 in order to change the ratio into 21 122*^ 

45. What quantity must be added to a and h, or subtracted from them, 
to make the ratio of their sums or differences equal top iql 

46. A messenger going from A to B finds, after he has been some time 
on the road, that the distance he has accomplished bears to the rest of the 
journey the ratio 2 : 3, and that when he has gone 8 miles further the ratio 
is 6 : 5. How far is A from B ? 

47. Three gamblers, A, B, and C, play at cards. A brought 101. with 
him, B 57/., and C 29/. After play was over, A's money was to B's as 
1 : 3, and C's to the winnings of A was as 3 : 1. How much had C won 
or lost 1 

48. In 255 lbs. of a vinous spirit, water and alcohol are mixed in the 
proportion, by weight, of 2:3. How much water must be distilled off to 
make the proportion of water and alcohol =3:17? 

49. Two numbers, which together make 70, are in a certain ratio to 
each other. That ratio is reversed when 14 is added to the one number 
and subtracted from the other. What are the numbers ? 

50. If I take a certain number of shillings from my purse, and dispose 
them in the form of a square, 25 more are needed to complete it ; but if 
I take two from each side of the square, I have 31 too many. Required 
the number. 



liquations with Two or more Unknown Quantities. 

When there are two unknown quantities in an equation, an infinite 
number of pairs of values will satisfy it. If 5a;+4y=50, x may have the 
value of 6, and y the value of 5 ; but x may also have the value of 2, and 
y the value of 10; and in both cases the equation 5a;+4y=50 holds good. 
Yet although two unknown quantities in one equation may have so many 
solutions, if there is a distinct and independent equation for each unknown 
quantity, one pair of values only will satisfy both. If, in addition to 
5aj+4y=50, we have also 4a5-|-5y=49, we can by means of the two equa^ 
tions determine the true value of x and y ; viz. x=.Qy y=5. 

The equations 5a;+4y=50, and 4a5+5y=49, which are thus satisfied 
by the same pair of values of x and y, are called sirrmUarijeous equations. 

Every unknown quantity must have a distinct equation ; four un- 
knowns would require four equations, each expressing a relation to the 
unknown quantity different from the others. 

Two equations of the first degree with two unknown quantities are 
commonly expressed thus : 

aa54-iy=c, and a'x+Vy=c\ 
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in which the coefficients a, h, c, a\ h\ <i express known quantities j while 
X and y^ the unknown quantities, represent the same value in both. When 
that value is found and substituted for x and y^ it is supposed to make the 
two equations identical. 

There are several ways of solving simultaneous equations containing 
two unknown quantities, but all resolve themselves into methods for so 
combining or so multiplying the expressions that one unknown quantity 
may be severed from the other, or ^Imiinaled ; in which case, of course, an 
equation with one unknown only remains. 

I. Convert the coefficients of the unknown quantity sought to the 
same value in both equations : this may be done by multiplication or 
division, as is most convenient. For instance, 

1. 2x+ 5y = 48 3aj+4y=44 

3 2 



6aj+15y=144 6aj+8y=88 

next subtract one from the other, 

6a;T+-15y=144 
6aj+ 8y=: 88 

7y= 56, .-.^=^=8, 
and substituting 8 for y, the v^alue of x is easily obtuned. 

2. 5x^3y= 90 2x'\- %=160 

2 5 



10a;-6y=180 10aj+25y=800 

subtracting as before, 

10aj+25y=800 
10a;— 6y=:180 

31y=620, .\y^^=z20; 

then by the first equation a;=s — r^= — 7 — =30, 

• 

The value of x might also be found by multiplying the first equation 
by 5 and the second by 3, and then adding the products, when y iiv;ould be 

removed, and we should have 25a; +6a;= 450 +480; whence a;=^=30, 
as before. 

3. f+|=16, or cleared effractions, 3a;+2y=96. (A.) 
f-|=2, „ „ 9a;-5y=90. (B.) 

From 3 times A subtract B, and we have 

lly=198, or y=lil=18, and a;=??=^=20. 
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4. |— 12=:|4-8, or cleared effractions, 4a;— 96=2y+64. 
— r^ + - — 8 = ^^^ — 1-27, or cleared of fractions, 

do 4 

12«-|-12y+20«— 480=30y— 15aj+1620. 
Simplify the two equations, and we have 

4a;— 2y=160, and 
47a;-18y=2100. 

Subtract 9 times the former from the latter, and we have 

lla;=2100-1440=660, .-. a?=60, 

and y=^^^=5a; -80=120-80=40. 

II. Determine the value of one of the unknown quantities in one of 
the equations, and substitute this value for the same unknown quantity in 
the other; thence will arise an equation involving only one unknown 
quantity. 

1. Let x-\-y=.a, and hx=cy ; 

the first equation gives x^a-^y. Substituting this value for x in the 
other, we obtain 

h{a—y)—(yy, or c^—hy^rcy^ or 6y-+-(;y=a6; that is, (6+c)y=a5, 

and y=; — . 

Now, substituting the value of y in the equation a;=a— y, we have 

ttb ah + cus—ab ag , 

~ 6 + 6 + ""i + o' 

2. 3x~^-i(y-i^)-24=0, 

9(aj+y)-40=48-2(a;-2/). 
Beducing these equations to their simplest form, we have 

4a;-|-y=96, and .lla;4-7y=88; 

separating y from the first, we obtain y=96— 4a;; transferring this value * 
of y to the second equation, we obtain 

lla;-|-7(96-4a;)=88, or lla;4-672-28a;=88; 

that is, 17a;=584, or a;=34-^. 

If we substitute now this value of x in the equation for the value of y, 

we have 

y=96-4x34^=-41^. 

III. Determine the value of the same unknown in terms of the other 
in both equations, and put these values equal ; proceed for the other un- 
known quantity as before. 
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Let x+y=12, and 5a;+3y=50; 
tnmflpoBxng y and Zy, we have 

03=12— y, and 5a;=:50— 3y, or «= — ^^ 

Equating the two values of x, we have 

12-y=^!^, .-. 60-.5y=50-3y, 

from which y=:'^=5y and a?=12— y=12— 5=7. 

Or by II. 05=12— y. Substituting this value in the second, 60— 5y 
must be written instead of 5x ; whence we find 

60— 5y+3y=50, or y=y=5. 

Or by I. Multiplying the first equation by 5, we obtain 

5x+5y=z6d, 

whence subtracting the ) 5^^ 3 50, 

second equation, J ^ * 

2y=10, 
y = ^ =5, as before. 

Simultaneous equations of three unknown quantities are solved by re- 
ducing them to two equations involving two of the unknown quantities. 
This is done by eliminating one of the unknowns from any pair of the 
equations^ and the same unsown from any other pair. Having so reduced 
the three equations to two, proceed for their solution by tibe methods 
ah-eady given. 



Exercise XXXVII. 



1. a-|-y=«, ) 
x—y=id, } 

3. 7nx-\-y=zp, ) 
nx+y=p. ) 



5. l-543689a;-y= 1-543689, 1 
rc-0-8392867y=0-8392867. J 

a+b a—b a+b' 

X y __ 1 

a + b a—b a-^b\ 

x-\-a-j-^^^z=zl+na, ) 

11. 0-077ic=0-66y-2-1516, 
0-053y=008a;+ 0-0842 



:} 



2. a+lty=26^,l 
4|y-ic=44ff . J 

4. 2fa;- jy=116, ) 
l|aj-y=40. i 
6. *+5143__„- 




10. 1209i=60a;4-77y, ) 
24a;-35y=-152i./ 

12. lloj=Hy+4A, ) 
4ijc=iy-21^, J 



60 
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13. (a+6)a;— (a— %=4a5, ) 

14. (a+6)a;+(c-25)2=(6+c)y4-a(a-45), > 
(a-c)a;-a(a+6-c)=56c-4c2-262-(6-c)y. / 

15. 10{.+9{,-8(.+ 7)}}=6,| 1^- ^^^^aitrf =''^''1 



17. (5a;+7y):(9a:+33)=31:21, ) 
(lla:+27):(7a;+5y)=19:ll. J 



19. (a+26)a;^(a— 2%=6a<;, ) 
(a+3c)y— (a— 3c)a;=4a6. J 



21. 2a; :y=29: 14, 

y+^x+e 



_ 4y»+13jy-iar» [ 
■" 4y-3«-l 'J 



23. 3a; 4- 5y=: 161,^1 
7a;+22;=209l 
2y+«=89. } 

25, 2a;-fy=93-Ja;-iy^. 
7x'-5z=iy+x^S6, I 
ix+iy+iz=5S. J 



27. 1.1 

i+i 

« z 



i + i 

y « 



:a, 
c. 



= 6, V 



29. 2jrf3y __g 
6(*-«)"" *' 



10£-3* 
4x~2« 



-2^- J 



18. m _ n 
n+y tn—J^ 



20. (a;+l)(3^-2)=(3-a;)(4-f/)-l 



22. 



(a:+l)(3^-2)=(3-a;)(4-i/)-n 

2g-3 3jr-4 5 ' | 

4^""6y-7'"2(4y-5)(7-6ary -^ 



1— «+y «+y-l 3' 

1 3 

4 



1 



+ 



1 



1— «+y— 1— *— y 

24. 53-|a;-l«=y- 109, 
ia;+iy=26, 
5y=4;2;. 

26. 2a;+6y-7«=-288,^ 
5x-y+3z=:227, 
7a;+6y+«=297.. . 



28. 2___5_ + i. 

J- + 1+H: 

4jf^y^« 

6* y i* 
30. jy _^ 



=12tJ^- 



y« 



ejf + dff 

JfZ 



^^m. 



= 91* 
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Exercise XXXVIII. 



!• In an assembly of 4S persons, a motion was carried by a majority 
of 18. How many voted for, and how many against it 1 

2. One boy said to another, ^' Qive me 6 of your nuts, then I shall 
have 3 times as many as you." ** No," was the reply ; " Give me 2 of 
yourSj then I shall have 5 times as many as you." How many had each 1 

3. A tinker has 2 pots to sell, with but one cover for both ; if he sets 
the cover on the first pot, it is worth as much again as the second ; but if 
he sets the cover on the second pot, it is worth H more than the first. 
If each pot is worth lOd, less without the cover, what should each cost 9 

4. What fraction has the value of ^ when the numerator is increased 
by 1, or the value of ^ when the denominator is increased by the same 9 

5. Find a fraction of the value of 4 when numerator and denominator 
are increased by 1 ; but of the value of i when both numerator and deno- 
minator are diminished by 1. 

6. A and B embark a capital of 10,000^. in a business yielding 7j- per 
cent profit. A leaves his money in it 1 year and 3 months, B leaves his 
2 years and 11 months. If the profits are equally divided between them, 
what should each have invested 9 

7. The sum of two numbers is 47, their quotient 5, with 5 remainder. 
What are they 1 

8. Find two numbers, the sum and quotient of which are a each. 

9. If I divide the smaller of two numbers by the larger, the quotient 
is 0*21, and the remainder 0*04162. If I divide the larger by the smaller, 
I obtain the quotient 4 and remainder 0*742. What are the two num- 
bers) 

10. If I divide one of two numbers by the other, the quotient is a— 5^, 
and the remainder b-j-b^; if I divide the second number by the first, the 
quotient is 6— a^, and the remainder a+a\ What are the two numbers 1 

11. A father said to his son, " Seven years ago I was 7 times as old 
as you, and in three years from this time I shaJl be 3 times as old as 
you." How old were both father and son ? 

12. A certain capital put out at interest at a given rate per cent has, 
at the expiration of 8 years, increased with the interest to 6486^. Had 
the same capital borne 1 per cent higher interest, in 5 years it would have 
increased with the interest to 6051^. 5a. What is the capital, and what 
the rate of interest 1 

13. Said A to B, '* Sell me | of your interest in this concern, that my 
share may be worth 100^." " No," replied B; " Let me have ^ of your 
interest, then my own share will be worth 100^* How much had each ? 

14. A man had two vessels, and in each a certain quantity of wine. 
To make them equal he poured out of the first into the second as much as 
was already in the second j afterwards he poured again out of the second 
into the first as much as was remaining in the first ; and lastly, again out 

o 
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of the first into the second as much as was still in the second At the 
end, there were 80 quarts in each vesseL How many had there been at 
the beginning 9 • 

\5. What wOuld be the solution of the preoeding question, were the 
process to be once more repeated, and at last n quarts remained 1 

16. The sum of 3 times one number and 7 times another is equal to 
58; 7 times the first number and 3 times the second is equal to 42. 
What are the two numbers ) 

17. Find two numbers, such that the first is to the seoond as their 
sum : 5, and as their difference : 3. 

18. What would be the solution of the preceding question, if fnr 5 and 
3, the general signs a and b were substituted 9 

19. A man has two vessels full, and one empty and larger than each 
of the other two. To fill the empty one, either the contents of the first, 
together with a fifth of the contents of the second, are necessary, or the 
contents of the second, together with a third of the contents of the first. 
The three together would contain 1440 gallons. What would each hold f 

20. Two bodies are distant d feet. If they are moved towards each 
other with equal swiftness they will meet in m seconds ; if they are moved* 
however, with the same swiftness one after the other, they will meet aftier 
n seconds. How many feet must each body, move over in a second 9 

21. Two bodies, B and C, approach each other from two points, distant 
d feet. If B sets off t seconds sooner than C, they meet in m seconds 
after the departure of C ; if, however, C sets off u seconds sooner than B, 
they meet in n seconds after the departure of B. How many feet does 
each of the bodies move over in a second 9 

22. Two merchants^ A and B, have been engaged in speculations 
together at three different times. In the first affair A lent his capital for 
4 months, and B his for 5 ; the profits were 3458^. In the second aJSur 
A lent his capital for 7 months, and B his for 4 months ; the gain was 
3591/. In the third affair A lent his capital for 9 months, and B his for 
11 months; the joint profit was 76511. Supposing that both men have 
profited to the same amount in the three affairs, what capital did each 
employ 9 

23. To a certain metallic compound weighing 300 lbs., and consisting 
of 2 parts zinc, 3 parts copper, and 4 parts tin, 200 lbs. of another com- 
pound consisting of the same materiaLs were added. In an analysis of 
the mixture of the two compounds are found 3 parts zinc, 4 parts copper, 
and 5 parts tin. What were the proportions of the 200 lbs. aidded 9 

24. A &rmer has a certain number of oxen, and fodder for a given 
number of days. If he sells 75 oxen, his fodder will last 20 days longer, 
but if he addis 100 more to his stock, the fodder will last 15 days less time. 
How many oxen has he, and fodder for how many days 9 

25. A man has three garments made of the same size. In the second 
he uses 3 yards more than in the first, because the cloth is 2 qrs. narrower ; 
the third, on the contrary, requires 4 yards less than the second, because 
the cloth is 3 qrs. broader. How much doth is wanted for the first gajr- 
ment, and of what breadth9 
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26. Find two numbers whose difference is a times, and product b times 
as great as their sum. 

27. Find two numbers whose sum, differencOi and product are in the 
ratio of 5 : 1 : 18. 

28. Four gamblevB play four games at cards with each other. In the 
first game A, B, and C win, and each as much as he possesses ; in the 
second game A, B, and D win, and again, each as much as he possesses ; 
in the third game A, C, and D the same ; and in the fourth game B, C, 
and D. When they count their money thej find that each has d«. ^d. 
How much had each before he began ? 

29. In each of 7 baskets there is a certain number of apples. If out 
of the first basket I put into all of the others as many as each preyiously 
contained ; again, out of the second into all of the others as many as each 
previously contained, and so on, unto the last, th«pe will be the same 
number in each, yiz. 128 apples. How many were in each basket before 
the division ? 

80. Find n numbers of such propttties, that if the first parts with as 
much to all the others as each of them consists of in itself, and the second 
gives as much to all the others as each of them then consists 0^ and so on 
to the n^, at last n numbers shall arise all equal to a. 

GENERAL THEORY OF POWERS. 

A. Powers with Positive Whole Exponents. 

1. A power with a positive whole exponent is a product of as many 
like factors as the exponent contains units. Thus df" designates the n^^ 
power of a; t. 6. a product of n like factors, each of which is a. 

2. The root of the n*^ degree of a quantity A is a quantity which, 
when raised to the n*^ power, produces the quantity A. If a*= A, then a 
is called the n^ root of A, and would be denoted by a=/^A ; n is called 
the exponent of the root. 

3. To mvkvphf powers oftha sa/rrie qwmtity tve must add their indices, 

For a"* is a product of m factors, each of which is a; and a* is a product 
of 71 factors, each of which is a; •*• a'*.a* is a product of m+n factors, 
each of which is a. Such a product is a^^\ 

4. By (3) we obtain a'^.a^.a^. a«=a'"+-+'+«. 

5. If m>w, then a'"-i-a*=a'"~*. 

For, according to (2), a*^, a^=s:a'"^"*^asa^j said ,\ by the prindple of 
division, a*-*-<i^=«r~". 

6. {abcde Y^aTh^d^d^d^ .... 

For, by (1), (a6cc?...V=(aioJ...)(aJorf...)(a&jcf... )...., in which the 
number of factors {ahcd . . ,)=in\ but as, however, in every product the 
order of the factors may be changed at will, 

.'. (o&o;?. ..)"saaa... 666. ..o(M;...c&;^...=:a*6Vc^..* (1) 
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For, bj (1), y =5.5. 5.5...= gjj^;, in whiok the number of 
factors in both numerator and denominator = n; •*• f ^J = - . 

8. (a»)»=a-. 

For, by {1), (»")•= a", o^. a"- a"* . . ^ in which the number of factors 
a" is w; 



9. And hence (((«*)•)»)«= a"^. 

10. If m is diyisible by n, then 

For since m is diyisible by n, then — is a whole number: and because now 

n 

m=nf^\ and by (8), {a?)*=a*w=a", -". (2), aF= v^a". 

11. These six formulae embrace the whole theory of indices^ and are 
therefore to be carefully noted : 

I. «P . a*=a""*^- 
II. a"-i-a*=a"~*. 
III. {abcd...Y^arh*<fdr.... 



^a\* «• 



V. (a")*=:a"". 
VI. ^ar:=c^. 

B. Powers with Negative Integral Exponents. 

12. We have seen that a'-^-a'rsa""", m being = or > w. Now, if we 
consider a case in which m < n (as in o^-j-a^), we shall obtain a*~'=a-^, 
an expression in which the exponent is negative. 

Since now o^^H-o^ss^—jrs-^ , .•, 0"*=-^. 

Hence, if it liie required to transfer a power in the numerator of a 
quantity into the denominator, or one in the denominator into the nume- 
rator, it may be effected by changing the sign of its index. 



f=a.J=«6-';5=a-.i = «-6- 



13. If m or n is negative, or if both are negative, 

«" . a^s:a'^^* 
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(i.) Let both exponents be negative, then 

— 1 .1 

.-. a-. a-=4: • 4"= -1^^= «-—=»«-> + «->. Q. E. D. 

(ii.) Let now one of the exponents, m, be negative. 

(1) lfm>n, let m=w+ A; 

« • «• 1 -A 

a" . flA a^ 
But — A=— »— A-|-w=r— (w+A)+w=(— »i)+w; 

.• • a— . a»=at— J+", Q. E. D. 

(2) Itm < n, let n.=wi+ A. 

Then a»=a»+A=o« . a^ (3) • »-» . a»= i-. a»=:2!=:?!Lf!f =a^ 

But A=— m4-m+A=— ni4-(m+A)=(— m)H-w; 
. • . a— . a»=at^»J+». Q. E. D. 

(3) When m=w, »-* . a*=a-'* . »*=---.»"=— =:l=a®=a^-"J+*. 

14. For all positive and negative values of m and n, 

a" -+■«"=: a"~*. 
For, by (13), a"^» . a»=a— +»; 

.•.by the principle of division, a* ■+■»*=:»"*"•. 

15. Again, (abed . . .)"»=a-»6-»<r-»c?-» . . • 

For (oJcd. . .)-=(^j^. = a..K'^..(6) =^- ^ • 0^ • y • .=«-6-<^"'^-- 

17. When m and n are both negative, or when only one of them is 

(i.) Let one of the exponents, m, be negative. 

(1) («-).=(l)- = ^, (7) =^ (8) =«-=«<-)-. 
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(2) « being negatire, (a-)-=^ = -L (8) 
(n.) Both the exponents being negative : 

18. If the index of the root n is positive, and Is contained in m, 
then 2 

For since m is divisible by n, then - is either a positive or negative whole 

number, .•. by (17), (a*)*=a"(«)==a*; .•. (2), d^=s^a\ 

19. Every power which occurs as a factor in the numerator or denomi- 
nator of a fraction may be removed into the denominator or numerator 
respectively, without altering the value of the fraetion. 

For -^=-isrir=sr:;(l3) = 



B Bo-* Ba-*^ ^ Ba-«" 

B? *"Ba»a-«^ B«» V*'^^ "" B ' 

B "^ Bg« "" Bg» ^ ^ "" Bg»* 



Bg-" Bg-"g* Bg^ ^ ^ B ' 

C. Paw^n with Fractional Exponents. 

20. If n is positive, m positive or negative, and p positive, then 

For {^a^y^a^(2), «/a")'» = ((^a~)-)' (8) = (a-^sa-* (8) (17), 
(>^a-)'*=(>^a'"')'*, 

21. If m and 9i are divisible by ^, then 

^a^z=,^a^'. 

For (nH-i?)p=w, (tn ■+•;?);?= w, .-.by (20), •l5^a«+'=^-^V«^"^^'=^«" 

22. By what haa preceded. 

And also, if m and n are divided byp, 

« iii-f» 
" a?=aa»+* (20)(21). 
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23. ></a6cde...=s:-^a.</6.^(j.>^rf..-(6)(2). 

25. ^ar . >^a'==>7ar«+'», where » and g are positive, and m and p 
may be positive or negative. 

For by (20), ^a-=^a-« ; ^a'si^a*** ; 

.-. ^/a«.^a'=;ya"«.15^a"'=;ya"«+^ (23) (13), 

26. a*.a«=ia* «. 

.•.by(25), a«.a«=^a". -^a'=>7«*«+'*=a "• =»"« "•=«" '• 



27. From this (26) it clearly follows that 

• ' r £ »+£+r + * 



28. By means of the last propositions the multiplication of quantities 
with fractional indices is easily efected; e,g. 

= a* . oT^ . cT"^ . a* . a*, 

and adding the indices we obtain ff ; and .'. the product of the quanti- 
ties is a^=^a . 

29. From (26) it follows that 






m » M ai » • 

30. (abcde . . . y=:a^b*c^d'' . . . 
For, by (7) (15) (23), {ahcde . . . )* ==^(a6cefc ...)*« ^{oTb^if'dr . . . ) = 

» » M » 



31. (0 =T- 



According to (8) (16) (24), 
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32. If n and q are positive, bnt m and p either ponilye or neg;aidve, 

For, by (2), -;y(a'*)««=a"» ; 

'and (^(^«-)'r=((^«/a-)')«)" (8) =((^a-)')- (2) = (^a-)'"= 
(«/»-)•)' (9) (18) = (a-)' (2) = a" (8) (18) ; 

••• (•^•"•)"'=('y(v'»")')"*J 

and it follows also that !^a'^z=(^{^a'')'. 

33. (a»)r=a«f. 

B7(32), (a^)-,=^(></a")'; a^=>;7a-»; ^(-^a-y =>;;/»•«•; 

34. Again, ^(a»)=a'». 

» Ml Hi 

For, by (33), ^{a*)= («•)»=: a**. 

It will be seen by 13, 14, 15, 16, 17, that the fonnuks contained ia 
section 11 hold for quantities with negative exponents. They are equally 
applicable to quantities with Jra^icmal exponents, and therefore they are 
general, and embrace the whole theory of indices. 

We will here add a few examples for practice. 

Exercise XXXIX. 
Express with fractional indices : 

1. ^a, </a^ (V«)», {^a)\ 

2. >i^^^, x/S?6^, </S^, ^'^. 

3. xy/y", {^ay, >y^6^, ^M?. 

4. .^^, a<>yy)», ^^, V^ 

Transpose the powers (1) into the denominators, and (2) into the 
numerators : 

^ ^1 ^, j^ 2a 4^ W 2^ 

^ «» 8«» Zabo Jf^ g_ 
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Exercise XL. 
Express with sign of evolution : 

1. xk, (3aj)l, (4a)f, (76)^ y». 

o ** jriyi Mbi am x^ 

Exercise XLI. 
Express with sign of evolution, and with positive indices : 

2. a;~t, «%"♦, a5"tyT, aSy"l. 



a-* ' y-»jr-i* «->' «^*y-«jr-*' 
i a~* *-| of-f a-i 

6-i' y-\' ^1' &-«• 

Exercise XLIL 
Powers of the Powers of Quantities. 

1. (a-)s (a"-)?, (a*)-?, (»"*)"». 

2. (a%*)* (a»6-M)-* 

^- ?^= • 

Ex* Multiplication : 

a3+ajfy4H-a5*y+ajV 
— ajJy* — a5*y — flB*yl— y2 

^^ ^^ i . -y2 
Ex. Division t c^-2^'^-(^^^+2b^b-i-(^a--^). 
oi— W) a^— 2dl5*— a*5*+26H (o8— 2dl 

—2akIA +2m 

— 2aiM +25H 
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EXEBCIflB XLIII. 

1. Simplify 2^:;{77+3^:^+3^^-..;?^. 

2. Simplify {(H«?6V)i}*. 

3. Simplify 2 V 2\^2 V2V^. 

4. Multiply 2a'' 3W + 4c» by 2a + 3M + 4:ci 

5. Multiply (aJ+61) by (a»-M), and 5ai-6M by a*-7a-«6. 

6. Multiply a-i6-*-2a-tt«o by at—a-lft. 

7. Multipfy (i!^*-(f^by (^*+(^. 

8. Dividey-2a*6»-al6*+2a*M by ai-6i 

9. Divide a*6i by a^ib^^e, and co* by da}, 

10. Divide al6f-caTW-fa5»-f |<wH6* by (»*M- jaW. 

11. Divide 5aH-41a«6+42aAJ2 ^y ai-.76a-i 

12. Divide a»-» by ai-». 



CHAPTER XI. 

8TJRDS. 



Numerical and algebraic expressions of the form \/3, /^9> \^18, /^l +0:?, 

^a^-j-aPyf \/So?, whose root cannot be exactly detenninedy are oalled 
irrational quantities^ or surds. 

These quantities may be expressed by employing fractional indices, 
thus: 3*j 9t; ISi; (l+a;?)*; (aj»+aj2y)i; (3a;*)i. 

We have seen that a negative number can have no square root^ and 
that no number multiplied by itself will result in a negative product. . Such 

a term is called an imagina/ry or imp ossible quantity; 0.g. y'— 16, \/— y^. 
Thus, what shall we assign for the \/— 16 1 It cannot be -f 4 or — 4, for 
the square of each is +16; it cannot, in fact, be any number positive or 
negative. Hence the square root, or any even root, of every negative 
quantity cannot be expressed by any speeies of quantity with which we 
are acquainted. When, therefore^ we write down an impossible quantity, 
\/— 16, v/— y^, we simply declare that the square root of —16 and — y^ 
is no possible number. When we square one of these quantities, it is evi- 
dent we obtidn the negative qua ntity of which we attempted to take the 

root, y/zrT^xsf^^--\% \/^x v^^=-y'- 

Though these roots cannot be exactly determined, it will be readily 
perceived that the operations of addition, subtraction, multiplication, and 
division may be performed with them under their mt/rd form. 

It is frequently required to put a rational quantity in the form of a 
surd. Thus, 

x=zs/aP=z^a?, 3=V9=^27. 
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We see, from these examples, that in order to put a rational quantity 
in the form of a surd, we must raise the given quantity to a power whose 
index is the number which indicates the root, and place the sign of the 
root over it. Similarly a quantity partly rational and partly surd may 
be placed under the form of a complete surd, by raising tiie rational part 
to the power whose index is the number which denotes th^ rooti and placing 
beneath the sign the product of this power and the surd part 

Ex. V2=\/16xV2=\/32j 2.y52s=-^8x 4/25=^200; 

And, conversely, a quantity under the form of a surd may frequently be 
resolved into one partly rational and partly surd, by separating the quan- 
tity below the sign into such factors, that the root of one of them may be 
obtained, which will be the rational part 



Ex. V32=:V'16x2=V2i '^200=;>^8x 25=2-^25; 

When the quantity below the root is reduced aa low as possible, the 
surd is said to be in its most rational terms. 

Ex. V45=V9xV^=V^i -^128=>^y64x>^J/2=4>J/2; 
.^P=>^512=>y256 X >^2=4.^y2; 



Exercise XLIV. 

Express in the form of surds : 

1. 3*, 4*, 5"*, (J)"*, with indices whose numerator is 1. 

2. 5, 6, 7, 8, with indices i and |. 

3. 2i^, with the index *. 

4. 5!i?y and \(a+b), with index i. 

Place the following nnder the form of complete sards: 

5. 2V3; 8V*; I-2*; tv^f 
«• KA)"*; *^*; s-s"*; s-^*- 

7. 2.4^^ »(f)-*; 4V«J ^y/^i «(2«y)-'J («-6) (<#->»>■*. 
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Beduce to their simplest fonn : 

8. V54; V7«; V^6; V128. 

9. 9V48; 4/128; -^686; 4^54. 

10. 2^448; Vi; Wil ^^h 

11. 9»; 12*; (61)*; (Si)"*. 

To add or subtract Surd quantities. 

Rule, Beduce them to similar surds, and add or subtract their coeffi- 
cients. 

Similar surds are those which have the same quantity under the same 
radical sign. Thus 

9>^3 and 5^y3 ; 3a?\/y and Bxyjy. 
Ex. Find the sum and difference of v^243 and \/27. 

V243=V8rx3=9V3, and s/21:=i^%xZ^Zs/Z\ 

.*. adding coefficients of 9\/3 and 3\/3, we have 12i^3; 

and subtracting, we have 6^/3. 

Exercise XLV. 

1. h^a-^c^a-d^a-, 3^5+ 17-^5- 12>^5-7</5. 

2. {18V7-V6+10>yil-3>^J/13}-{6V7-2V6+V^ll + 
21^/3}. 

3. V2^+\/54-V6; V8-7\/18+5V72-V^0. 

4. 7^y54^-3>^yl6^--y2-54/128. 

5. 2y^4+y^60-V15+Vf 

6. V12 + 2^27 +3V75- 9^48. 

7. 8Vi-i\/12+4V27-2VA- 

8. 3>^81 -2^24 +V28 + 2^/63. 

9. 12>^i+3VA. 

10. v55?-vSo?+\/S^. 

If the quantities cannot be reduced to similar surds, their sum or dif- 
ference is expressed as in simple unlike quantities, bj placing the proper 
sign between them. Thus, to add 6^/a5 and 9\/y, we write 6\/a5-f 9y^y ; 
to subtract 4y^6 from 7v'c, we put 7\/c— 4\/o. 

To multiply and divide Surd quantities. 

Rule, (1.) If they are surds of the same dimension — i,e. have the same 
radical sign — ^find the product or quotient of the surd parts ; this, joined 
to the product or quotient of the rational parts, with the common radical 
sign between them, will give the product or quotient required 
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(2.) If they are not of the same dimension, make the surd indices equal, 
and proceed as in (1.). 

(1.) Ex. V7xV6=\/42; ^27-.^6=</V=3v'^i; 
(2.) Ex. V«x^J/y==«*xy*=a*xy*=4/^x</^=4/a^- 



Exercise XL VI. 

1. a^xxb^xxcA;yx] 4x2-^3x^72. 

2. 5>/3 X 7>/| X \/2 ; cs/axds/a. 

3. ^ax></6; V2x-^3x^5. 

4. </4x7-y6xiAy5; (>/5+2V7 + 3V10)x2V5. 

5. (2V6-3>v/5)x4>v/3-\/10; (V2 + \/3)x (2^2-^3). 

6. ^a-H<^6; c<^a-t-(f^6; a-H>C^6. 

7. a-t-Va; 2a52c8-H4>^a%?5. 

8. 4>^J/12-.2V3; (V72 + V32-4)-t-V8. 

9. (V6+4V18— 3-8>v/2)-j-V3. 
10. (V6+2V3-</18)-t.V6. 

jTo rationalise a given Binomial Surd; as a+\/b, or \/a+>^. 

aj2— y2= (aj+y) (a5— y). 

If a5=a, and y=i^yb, then a2_5=(flj^^5^(flj«_y^5^^ therefore, to 
rationalise a-^^yb, we must multiply it by the same surd with the sign 
changed. 

If 05= \/a, aud y = \/6, then a— 5= (\/a + \/6) ( V^~ V^) i V^ + V^ 
will therefore be rendered rational by multiplying it by \/a— -y/6. 

Any surd, therefore, of the form «±\/^> ^^ V^iV^^ ^^^^7 ^ made 
rational by being multiplied by a similar surd with the sign changed. 

Ex. Let S-^A^S and y^G— v^3 be the surds to be rendered rational. 
The multipliers will be 5— v^3 and ^6 + ^^/3, and the products will be 
25--3, or 22, and 6—3, or 3. 

If the surd is of the form f^a-^-^b, how shall it be rendered rational 1 

Now, (a +6 ){a —ab +& )=a+b; a —a b +6 will be the multiplier 
which will render ^a+^b rational. 



94 THS ELEM1SNTS OF ALGEBRA. 

Ex. What multiplier ifiU read^ ^4+2>iy3 rational) 
a=4, 6=24; .-. ^y4+2^3=^4 + ^24. 

,•. 4*— 4*. 24*+ 24* is the rationalising factor, and the product will be 28. 



EXERCMB XL VII. 

nationalise the denominators of 

1 3 12 



1. 
2. 



(2+V3Y (1+^2/ (6-v'21)' 

7 v^ 

(V8-2)' (2V5-3V2)* 



Simplify 



3 _i±i_. (8v'g-2v^2) 
(^2 + 3-/^)' (2V5-A/18)* 



4. 



4^a- ^6* 



To extract the square root of a binomial quadratic surd, as t+y/b. 

First let us demonstrate : 

1. That a surd quantity cannot be equal to one partly rational and 
partly a quadratic surd 

Let y/x=a+^b, then,«=a2+2flfr\/6+6, 

that is, a surd equals a rational quantity, which is Gontraryto the defini- 
tion of a surd. 

2. A surd cannot equal the sum or difference of two dissimilar surds. 

Let \/aj=v^«J2Y^6, 
squaring, x=ia+2A>yab+h, 
+ 2>/a5=(a+&--ar), 
-f >y/a6=|(a+ 6— a;), 

that is, a surd quantity is equal to a rational quantity, which is impossible. 

3. If there be an equation between rational quantities and surds, as 
a-\- \/h=:x+ \/yf then a=a?, and A^b=:^/y, 

If a is not equal to x, let it be greater than it hy p, then a=a5+p, 
and JC+jp+\/^=aJ+\/y> •'• P'^\/b=y/y; that is to say, a quantity 
partly rational and partly a quadratic surd is equal to a quadratic surd, 
which is impossible, by (1). 
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4. The product of two dissimilar surds is a surd. 

Let the product of \/x aini ^Jy be a rational quantity, say px, then 
p^a?:=zocy, .'. p^xz^y^ .'. p^^x^y/y, that is, y/x and ^y involve the 
same surd, which is contrary to the supposition of their being dissimilar. 
Therefore ^x x ^y, or ^/xy, is a surd. 

Now, to extract the square root of a binomial surd. The formula is : 

To prove this, suppose : 

or a+\/^=»+2\/ajy+y ; 
. •, a=zx+y, and j^^2y/xy, and by squaring, 
a^z=zaP-^2xy'^y^, h=^xy^ 
.-. a^-'bsza>^^2xy+y^:=:(x—yy, 

.'. x—y=A^a^—b=p. 
By adding and subtracting the two equations, x-\-y=a, x—y=p, 

we have 05=-^, and y=^^, 



... v^±^= V^± V^= V"-^^*± V 

If s/a+^yb^^yx+A^y, then ^a—^b=^x-~^yy. 

We have seen that a=a;+y, and ^yb=z2^xy ; subtracting, 



a— t/n^-^h 



So that binomial surds of the form \/a-\^^b must be equa:ted with 
V^± Vy> ^^^ P^ through a process similar to the above. 

Exercise XL VIII. 

l\/(7+4V3). 2. V(43-15V8). 

3. V(5-V24). 4. V(3-2V2). 

5. V(87-12>/42). 6. V(f+-v/2). 

7. v'(2 + \/3). 8- \/(28+V12). 

9. V(\/32— v/24). 10. V(3\/5+V4:0). 

11. V(n/18-4). 12. {jc-2-v/(a;-l)}. 

13. V{2a+2V(«2-62)}. 14. v{j+|V(«^-<^)}. 

15. \/(a5-f ajy— 2ajv'y). 16. i\/{ap— 2ay^(a|p— o^)}. 

17 //3«_L //12a3c2 4aV\-| 

18. V{2^-«&+f + \/(^^«^-8a^*H«^^)}- 
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Miscellaneous Examples. 
Beduce to their simplest form : 

1. VA> VH> <^A> 8vj-Wi2+4V2r-2VA. 

^- 'Vv 816'^- 1626*;' "VV 36« /_ 

4. Reduce ^{cU^cWd), ^{a^h-a^'^P). 

^ a-b / ao ■ j^ //j^+jgjfT^ 

6. Add together V'(«2/^+^3r'+^) and V(«^+^^+^)- 

Add together ^/(a^a; + 4aiB + 4aj), ^J{a? + lOar* + 25a;), and 
y^(ay8-8a;y+16cc). 

7. What is the difference between : 

^(52„c2) and (a+3)^(8162-81c2), 
3a2-^i?P+5</^*P and (6-t-c)^yaP, 
2y/n and 5V2S» ^^f and ^^6. 

8. Multiply (>y5-2>J/6) by (3^4-^36); (2^+g)/yj/^ by 

9. Multiply (5 + ^4 + 2^5) by V^ + V^^ (\/« + <'^^) ^7 
(s/a-c^h), (2Va + 3c>J/6)by(Va+4^6). 

10. Divide 8VlQi^by4VS?. >y(i^+3') by ^J^^C^-^^), 2/^/?^ 

11. Divide a^'\-2ab-\'l^—a?y by a+6--a5>/y, ay--a:?+y2 by >/ay 
-V(«^-y^)> 3Vl5^-V20 + Vlp-7 by 2V5. 

,o -w. . ,. J . . ' 9v/7 4 12 8-V/3 

12. Eationahse denominators ^-^^, -^j-^-^, ^^^^ ^^ ITlT^n^ 

a/is 7+^/50 18 + 8 a/91 2a/8-a/6 

a/10- a/5' a/12 + a/6' 3a/13-a/7' 4-a/2+a/6' 

13. Expand (2 + V3)^, (W7-i\/3)^ (c^ V^^ + 6V"35)2, 
(a?-36,yc2)^, {;^+3(;>+(?)V(;>+<7)}^ (&-|V^)^ (2i-4^5)*. 

14. Place the following under a single radical sign : s/{a?Z'^xyz\ 
^{l^c(P^^^), ^(16V2^), \/{2</(4^y26)}, V{V(4«H20a5+3562)}, 

15. Take the roots : s/{Q7 + s/i320), ^/{2a'-2 ^/{a^ - ^2) }, 
V(3V6+ V12), y/{x + xy2x^y\ V(6 +\/31) + VC^-V^l). 
V(2H+ 3\/66) + \/(2H- 3x/66). 
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CHAPTER XII. 

QUADRATIC EQUATIONS. 

Quadratic equations are those which involve the squa/re of the unknown 
quantity. 

They are of two kinds : 

1. Pv/re Quadratics of the form ai^— 16=0, in which the simple power 
of the unknown quantity does not appear. 

2. Adfected Quadratics of the form owc^-f Ja;— c=0, in which the first 
power of the unknown quantity is involved as well as its square. 

All the rules hitherto given for the simplification of equations apply 
equally to Quadratics ; indeed, it is not until a simplification has been 
effected that we can know whether the equation is simple or quadratic. 
Should the equation when reduced assume either of the above forms, it is 
a quadratic, and would be thus solved : 

(1.) iB2-16 = 0, 

ar2=16, 
Var»=V16, 

or X has two values, +4 and — 4 ; for either of these when put for x will 
satisfy the equation that a^— 16=0. 

Exercise XLIX. 
1. 5ar2-45=0. 2. 8a?2=185+15. 

3. aaP—b=c, 4. «:?+-=---. 

4 4 

5. '-^=10. 6. (x+2y==:ix+5. 

7. a!v/6+^=l+a^- 8. ^=^*. 

3 4 

But should the equation when simplified be of the form aaP +hx— 0=0, 
it is by the definition a quadratic, and its solution is not so obvious. 

(2.) aaP'{-bx—c=0, 
aa?-{-bx=ic; 

dividing by a,> a? H — x= - ; 

and putting/) for -, and q for -, aP-^px=q, Now, if we can add a quan- 
tity r to both sides of the equation, so that aP-^px-^r may be a complete 
square, we may reduce the equation to a simple one by taking the roots. 

H 
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To find T the quantity to be added in order to make a?+px a com- 
plete square. 

We know that in the square of a binomial ic^-f 2a^+y2 (the square of 
x-^-f/) four times the product of the first and last terms are equal to the 
square of the middle term. Therefore in aj^+jKC+r, 

so that if we add f | j , the first side becomes a complete square, 
and taking the square root 

the double sign being prefixed as before. 

We may here remark that every equation has as many roots as it has 
dimensions. A quadratic therefore has two roots. 

These roots are either real and different^ eqwd or impossible, according 
as 



Hence we obtain the following rules for the solution of adfected quad- 
ratics : 

1. Beduce the equation to its simplest form. 

2. Transpose the terms involving the unknown quantities to one side 
of the equation, and the known quantities to the other. 

3. To reduce the equation to the form aP-i-px—q^O, divide every 
term of the equation by the coefficient of aP. 

4. Complete the square by adding to both sides of the equation the 
square of half the coefficient of x. 

5. Take the square root of both sides, and, prefixing + to that on the 
right, we obtain the hoo roots of the equation. 

Ex. 1. i»24-6a;=27. Ex. 2. aP+20=12x. 

sc2+6ajH-9=36. .-. ic2-12ic=— 20. 

a;+3=+6. ic2-12a;+(6)2=-20 + 36=16. 

03=3 or —9. a;~6=-j-4. 

a;=10 or 2. 

Exercise L. 
1. a^-'2x=2L 2. aP-^6x=.7. 

3. ic2+2a;-35=0. 4. a?-8x=i20. 

5. aP + Q0x=:700. 6. ar2-8a;=-7. 

7. iB2~7a:+3J=0. 8. s(P-5lx=lS. 

9. 3ic2-2cc=65. 10. 20748-1 61 6aj+21i«2-o. 

11. 9Jaj-21||=ar». 12. Ufa- 3^0^= -4 If 
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Exercise LI. 



1. 15!*+ 15^+4728=0. 2. aP-Sx=U. 

3. 3aP+x=7. • 4. 11 8a;- 2^= 20. 

5, 80x+^+?l^^:;|^=18594-3ic2. 6. 



7 ^' _fi— ?2 ft 31_ 16 , ^ 

J. :r + 113 ,^18 + * 20x + 9 65 



9. _!L_ + ±Zi = - 10. 



*+l"^ * ~6* 6(3-«)~r9-74f 4(3-af)* 

11. ada;-aca?2=6ca;-6d 12. v'10a;+ll=44-5a;. 

13. 2x+^/W^=5. 14. a;+VSaT^=a. 

An equation of the formoos^+fta;— c=0 may be solved without dividing 
every term of it by the coefficient of aP. The side containing the simple 
quantity may be made a complete square by multiplying the equation by 
4 times the coefficient of aP, and then adding to each side the square of 
the coefficient of the simple power. 

The above equation by this method would become 

4a2ic2 + 4a5ic+63=62-|.4ac, 
and taking the square root, 2ax + 6 = -f >/6^ + 4ac, 

_--6±v^T4ao 

The advantage of this method is, that no fractions are introduced into the 
solution, which is frequently the case when the coefficient of oj^ is made 
equal to -f 1. 

The principle of this process may be thus seen : 

Making coefficient of aP in equation above, -f 1, 

ap+-x=-, 
a a 



and solving, we get «+--= — '*' ^^ , 



and multiplying by 2a, 2ax + 6 = \/62 4- 4ac ; 
squaring, ia^aP-\-iabx-\-IP=b^-]-4cac, 

an equation exactly similar to the one obtained by the above method, from 
which we obtain the value of x. 



Exercise LII. 
Given; 1. 3a2+2a;=40. 2. 6a?2+7a;=49. 

3. ex-30=3aP. 4. ^"''^^ ^"^ 



10-* 25—3** 

5. 8ar^- 7a +34=0. 6. 6iB2=37a;-66. 
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When a quadratic is reduced to the form aP-^px-^-q^O, the sum of 
the values of a; is equal to the coefficient of x with its sign changed, and 
the product of the values of x is equal to the third term q. 

Let a and (5 represent the values 



P=-ip-y/iP^-q, 
adding, a + /3 = —p j and multiplying, a/3 = j — f j — g j = q. 

Also in aaP -f ftjc — c = 0, aP 4- -x =0, = sum and = 

product of values of x. 

If a and fi be the two roots of the quadratic a^4-i«c+9'=0, then 
(x—a){x-^(i)=^a?-\-px^q. 

then «— a=a;+|— /y/j— ^, and x—(i=x+^+/^^—q, 
and multiplying, (a;— a)(iB--/3)=(a;+0 --^^— ^^= 

If therefore on inspection of a quadratic we see a quantity of the form 
03— a which will divide the equation without a remainder, we know one 
root of the equation, and by dividing by this we obtain the other root of 
the form x—fi. This remark applies to equations of all degrees. If a be 
a root of the equation, x^a will divide the equation without a remainder. 
Hence an equation of a cubic form may sometimes be reduced to a quad- 
ratic by dividing by aj— a, that is, by expelling from it one of the roots, 
and leaving a quadratic to solve. 

From {x—a)(x^li)=aP+px+q, it is evident that we can form an 
equation having the roots given. 

Thus, with roots 2 and —10, (a— 2)(iB+10)=a?«+8«-20=0 ; with 
roots i and f, (aj— |)(aj— f)=a?— a5+^=a 

Exercise LIU. 
It is required to resolve the following into their original factors : 
1. aj2+2a;-63=0. 2. 2ar2- 5a;- 228=0. 

3. 5aP-dx-S=0. 4. 2(3a?^-V6)-(3V2-4V3>c=0. 

5. 3aj2+a'>/^-10=0. 6. a5a^2-(a2_62)aj-.a6=0. 

7. 2aj2+3aa:+3a-2=0. 8. (w— 2>c2+3a;— (m-5)=0. 

9. 15^2- 16m- 1^=0. 10. 9m2-49=0. 

11. a?+tf^=:0. 12. abca?-a^l^xi-c^x--ab<fi=:0. 
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Exercise LIV. 
Form equations with toots : 

1. 5 and —6. 2. ^ and — f. 

3. 3 and —3. 4. 5 and — |. 

5. 4 and — f. 6. 2 + ^/3 and 2— V^- 

7. 3 and y. 8. 4 and — ff. 

Similarly a cubic, biquadratic, or equation of any dimension may be 
formed, given the roots. 

Thus the cubic whose roots are 2, 3, 4 is 

(a;-2)(aj~3)(aj-4)=a;3-9x2+26a?-24=0; 
with roots -- 1, 2, 7, 

The biquadratic whose roots arc 1, 2, 3, 4 is 

(aj-l)(a;-2)(aj-3)(a-4)=ar*-10a^4-35ic2-50aj+24=0. 

Form equations with roots : 

9. _3, -5, 8. 10. 2, 5, 11. 

11. 1, -2, -6, 7. 12. i, -A, -f. 

13. i, i, 1, 3. 14. 5, 4 + V7, 4-V7- 
15. 3, 3, -3, +s/^, - V^- 

The equations hitherto treated of have, after the reductions, assumed 
the form a^-^-px—q^^O, But all equations of the form x^**-\-px'*--q=0, 
in which the exponent of one of the powers of the unknown quantity is 
double that of the other, may be solved by the ordinary method of solving 
a common adfected quadratic. 

Since (a^+fY=ar^+;>ic--i-^, 

we have (^+2) — 7=^+iw^- 
By substituting this in the original equation, 

we have 0^+^ — ^— 3^=0, 

••• («^+fH+^' 

or ai"+|=+V?+^' 
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Or otherwise. A new unknown quantity may be assumed equal to the 
lower power in the given equation. The square of this new quantity will 
be equal to the higher power, and thus a quadratic of the form o? -f jwc— ^=0 
will be formed. 

Ex. aj«-6a:8=16, 

^8=8 or —2, 



05=2 or >^— 2. 

Again. Assume y=a^, then ^=a3*, 

and y'-^— 6y=16, 
y2-6y+9=25, 

y--3= + 5, and y=8 or —2. 

Having fou nd y, x is easily obtained, for a^=y, .'. x:=^\/y, •'• a;=>^8 
or 2, and s^"^. 

This method of substituting a new unknown quantity greatly simplifies 
a solution when the unknown quantity in the given equation is a com- 
pound one. 



Ex. 2a^«+V2a?*+l = ll. 

Adding 1 to both sides, 2i«? + l + V^^+l = ^2. 



Let y= \J2a? + 1, then ^= (233^ + 1), and the equation becomes ^ 4- y= 1 2, 
and solving for y, y=3 or —4. Now in order to find x, we must equate 
the values of y with 2aj2-|- 1. Taking the first value of y, we have 

2«2 4-1 = 9, whence »= +2, 

and taking the second value of y, 2a;^+l = 16, whence x=±^a^^-^. 

Exercise LV. 

1. a4-74a^«+ 1225=0. 2. x^-8=:7aP. 

3. a4-25aj24.l44=0. 4. 3Jar*+24ia?2=:5021. 

5. a4+62c2=(2&c+4a2)a^^. 6. 2{a-V(a2-a2)}2=ar^. 

7. ^-«^=14. 8. a^ + 6=l. 

9. |ic«-12(a:8-2)=0. 10. fiC«-90ic3 + 343=0. 

11. a*-2a^-l=0. ^ 12. 228 + V(a?»-18)=ar*. 

13. •;;7^^-aV(«^+^)=^»- 1^. x-^yx=^0. 

15. 2a;— >>/«^=45. 16. 3aj+V'^=52. 

17. {c^+l=^2+A^(aP+6), 18. (aj2-aJ«)2-26(aj2-a2)=c2. 
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20. -i^ = l. 



19. (HHl=(A)'-i*a:~(H^. — ,^1 

21. x>=2x^^-l. 22. _-^_ *5^a!+(m-»)»=0. 

23. (3a-25)(7a;+29)=0. 24. (a- V^)(iB-V■-^)=^• 

25. (a:~l|)(a;~4j)+(a:-7|)(aJ-10H)=129fH. 

1-4* 7*-25""28x-193' a-* a + af""a^-««' 

3^- 8^-7.f6 = H«'-i. 

ol. -5 — = — —. =ic^+oaj— 4. 

«* + 7«^ 4 ' 

Qo ^ I «-* 14/i*-5A(a + 26) . 2a-36 oo * 1 
32. a^-^—r-zzz r— \ - + -7n—^' 33. — 1=0-7 • 

34. (13aj2)2^(i2aj)2=52. 35. V^^=«'-l- 



36. ajf >/aJ = 20. 37. v/i=2a;>/l--ar2. 

38. aj— (a+6)v/«=2a(a— 6). 39. a;+a&=(a+ft)>/«^+2(a— 6)2. 

Quadratic Equations with Two Unknown Quantities. 

Many of these are very complicated. We will proceed to an examina- 
tion of the solution of the principal cases^ and add a numerous selection 
of examples for practice. The ingenuity of the student will suggest some 
method of solution in cases for which no definite rules can be given. 

The ordinary method of solution is to substitute in one of the equa- 
tions the value of a? or y obtained from the other equation. But, 

1. When the sum a, and the product 5, of two quantities are given, to 
find the quantities. 

Substituting the value of y from the second equation, the first becomes 

, b 

a32_-aa;=r— 6, 
as^ — 005 + Ja^ = ^a^ — 6, 

y=\aTs/{\a^-h). 

Or thus, aj2+2ajyH-3^=a2 

Aocy =45 

a2-2ajy+y2=a2-46. 
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From which and the first of the two equations, we have 

x+y=a, a— y= + >/(a2— 46), 

adding, a;= "- ^ ^ — ^=^±\/4*^""^> 

subtracting, y=*^— — —^ — ^=^T\/i^^~"^- 

2. From the sum of two quantities a, and the sum of their squares h, 
to find the quantities. 

Determining the value of y in the first equation, and substituting it in the 
second, we have 

2aP-2aa!=b-a^, 

4 



This example is easily reduced to the form of the foregoing one, and may 
be solved in a similar manner. 

Thus, aP + 2xy+y^=za^, and 2xy+h=za^, 

«'" * At 

ocyz=z——, And x-\-y=a. 

Therefore x+y=:a, and g;y= • give us the sum of two quantities and 
their product. 

3. When the difference a, and the sum of the squares of two quantities 
are given, to find the quantities. 

a— y=a, aP'{-y^=zb, 

Proceeding as in the last example, we get 

x=z.la±i^/W^, y=-ia±i^2b^a^. 

4. When the product a, and the sum of the squares of two quantities 
are given, to find the quantities. 

xyziza, aP+y^:=b, 
a?-it2xy-\-y^—b-\-2a, 
3?-^2xy^y'^:=ib—2ay 

X'\-y±=-±\/b-\-2a, 

x—y=^^^b-'2a. 



Adding, 2a;= ±\/b-\- 2a±s/b'-2a. 

and subtracting, 2y = + \Jb-\-2a T \/b — 2a, . 
from which^ by dividing by 2, the values of x and y are determined. 
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5. An equation of the form x-\-y=za, aP-\-y^-\-xy=zh, is thus solved : 

suhtractingy ajysra^— 6, 

so that we have an equation similar to that solved in case 1, x-\-f/=za, 

6. To solve equations of the form aj+y+a^^+y^—fl^^ as— y-f-a^— ^=6. 

Adding and subtracting, we obtain 

2ar^+2x=a+6, 
23r' + 2y=a-6, 

quadratics involving one unknown quantity, which may be easily solved. 

7. When the sum a of two quantities, and the sum b of their cubes 
are given, to find the quantities. 

Here, dividing the second equation by the first, and squaring the first, we 
obtain . 



subtracting, Zxy -=.€? — . 

But by the first equation x-\-y=.a\ therefore a;4-y=a, and ZQcy=d^ — 

give us an example whose method of solution has been shown in case 1. 

8. Given the sum of two quantities multiplied by the sum of their 
squares =a, and their difference multiplied by the difference of their 
squares =5, to find the quantities. 

(aj+y)(a^+y2)=a, 
(aj— y)(aj2— y2)_,5. 

Let aj+y=5, and ocy^=py 

then a?-\-y^-\-2xy=zs^, aP+y^=fP^2p, 
(a; — y )2 = a?^ + ^ — 2a;y = fi2 — 4p. 

Also because {X'-y)(x^'-y^)=:(x—yf{x-hy), it follows from the given 
equations : 

(a) <fi2_2p)=a, <s2_4p)-5^ 

52-2/>=^ »^--ip=-, 

O— jt 

subtracting these two equations we obtain «2= , and 5^= 2a— 6, there- 

o 

fore «=/^2a— 6. But aj+y=», .*. X'\-y=^2a—b, and (a) p = -^ — 

So that now we have the two equations x-{-y=z8, and a!y=zp, from which, 
since 8 a,ndp are known quantities, x and y may be found by case 1. 
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Exercise LVI. 



1. a?2+S^=13, I 

3. xi/=a, 



2. (13aj)2+2y2=l77, ) 
(2y)2-.13ar2=3. J 






6. (a?2+y2):(«'-2^)=25:7, 
rcy=48. 

7. a?+ajy=a>l 



} 



6. 14aj2- 122^3=120, 
8. ^^h/^=(a^hy, 



} 



9. 2(a;+4y-5(y-7)2=75, | 

7(a,+ 4)2+15(y-7)2=1075.» / 

11- (|y+(y-4)^=65, 
(^7+9=(5y-20)». 

13. (x+yY-2ii?=i9, ) 
3a?+4(a!+y)2=372.J 

15. ie+y=», 1 
17. 1 . 1_1 

ar y 5 

iFy""18' 
19. (ar^+23r^)(3a^«-4y»)=48,§ 
2aj2-2/8=7. 



} 



0^ 

10. /9V /^sV 



©"=(7)-'«' 



9_25 
J?"" y' 



12. (a!-2)(y-3)=l, 



*-2 , f 



--1 



y-3 
14. aj2^.y^^==336, 

16. a;-y=2rf, ) 



/^=336, \ 
/^=112. J 



18. (7+a?)(6+y)=80,t 



} 



} 



21. a!+y=40, "I 
a:+jr'=646. J 

23. a!+y=134154, 1 
^a!+v'y=468./ 

25. 1=12, 
ay 

«2y2 

27. a^-'f-\-x+y=0'375, \ 
a2-2^-(a;~y)=-125.J 



20. 6 : x=iy : 10, "1 
a— 2^=11. J 

22. (a;-4)2+(y+4)2=100, 

a;+y=14. 
24. 4 : x=y : 42, 



} 



^a^W 



42, 1 
=5. J 



-=12, ^ 

^=25. J 

=44,-1 
=30./ 

♦ Let * + 4=jBf, y — 7=»tt. Beteimine the values of x and «, and from these ar and y. 
t Put 7 + 4?=*, and6+y»«, § Put «3+2y3««, 3i^-V««. 



26. 12:tc=y:3, "1 
\/x-\-^y=i5.j 

28. (3a7+4y)(7ic-2y) + 3a?+4y=44, 
(3a? + 4y) (7a:- 2y) - 7a; + 2^/ 
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30. rr^— y*=m, ) 
y(a?+y)=n. J 



31. -a^4-6a:2/-V4-4a;-12y=4,T 32. rr+y=a> 1 

x2-.2a:y4.3y2-.4a.+5y=:53. J sfii-y^=zbj 

33. ^aj4-^y=12,l 34. a;-y=a, | 
a:+y=468. J a«— y8=6. ) 

35. a^-y2=14896, ) 36. V^+Vy=12J 

37. rr2y«.ay»=30, ) 38. 2{aP+y^){x+y) = l5xy, I 
a?^^x^^=zi50. 3 4(ar*-y*)(a:2-y2)=45a:2y2. J 

39. «x+5y=2(:^-y2),1 40. (2^-.l)(2y--l)f 1 ^^^^^ 



M;4-Jy=2(a52-y2),1 

_i g _ *'+y* ? 

p— y * + y j?y * J 






Problems producing Quadratic Equations. 

1. Find two numbers, one of whicli is triple of the other, and the sum 
of whose squares is 90. 

Let x=s one number, then 3a;s= the other, 

■ 

and a?+9aP=:90, or 10*2=90, 
.'. aP=^9, and 35=+ 3, one number, and ±9= the other. 

2. A man bought a certain number of ells of cloth for 240 francs. If 
with the same sum he had bought 3 ells less, it would have cost him 4 
francs an ell more. How many ells did he buy 1 

240 

Let 05= number of ells, then — = the price of one ell, 

and — r= h4, and solving, as=15. 

3. Divide the number 20 into two such parts, that the product of the 
whole and one of the parts may be equal to the square of the other part 

Let 2x=: the difference of the two parts. Now, 20 being the sum, 

10+a;= the greater part, 
10— x= the lesser part. 

By equatiox^ 20(10— aj)=(10+«)2, and solving, we obtain 

greater part, 10 -faj=10x/5- 10= 10(^5-1), 
lesser part, 10-0?= 30— 10^5=10(3- V^). 

From this we see that a number cannot be divided into two rational partfly 
so as to answer the conditions of the problem. 
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4. Divide the quantity m into two such parts that their product maj 
be »^. 

Let a;= one part^ then m^x^::z the other, 



and x(m—x)=:n^ ; solving, we shall obtain aj=^ — ^ —, 



. . m— 05= 



2 • 



Here we see that if 4n2 is >w2, the two parts are impossible, and there- 
fore the problem is impossible when the proposed product is >• the square 
of half the given quantity. 

Exercise LVII. 

1. Find a number the fifth part of which multiplied into the seventh 
equals 4235. 

2. If I multiply the number of shillings I have in my pocket by itself 
I shall get 132^. How many do I possess ? 

3. I multiply 3iJ- times a certain number by 8-68 times the same num- 
ber, and obtain 5239. Bequired the number. 

4. Find two numbers which are in the proportion of 11 : 13, and whose 
product is 7007. 

5. There is a number, the product of whose third, fourth, and fifth 
parts is equal to its sixth part. Bequired the number. 

6. Find three numbers in the proportion of J, ^, ^J, the sum of whose 
squares is equal to 10309. 

7. There is a rectangular field whose length is 3367, and breadth 37 
yards, and another of the same area whose length is to its breadth as 7 : 13. 
Find the length and breadth of the latter. 

8. Resolve the quantity a into two factors in the proportion of p to q, 

9. If 3 be added to a number, and 3 also subtracted from it, then the 
sum of the quotients obtained on dividing the larger number by the 
smaller, and the smaller member by the larger, is equal to 3^, What is 
the number ? 

10. Divide the number 20 into two parts, such that their squares may 
be as 1 : 2}. 

11. What is the side of a square, the area of which would be ^^ times 
larger, were the side lengthened 3 feet ? 

12. A square vineyard, in which the shoots are set at right angles, so 
that each pair is 4 feet apart, is to be so altered in arrangement that the 
shoots may stand only 3^ feet apart. If to effect this 8640 shoots are 
necessary, how many feet long is each side of the vineyard ? 

13. In a right-angled triangle the hypothenuse is 1000 feet long; 
required the sides, one of which is 3^ times longer than the other. 

14. If I add to the first factor of the product 6-52 a certain number, 
and from the second factor subtract the same number, I shall obtain as 
the product of the two new factors 35 times the number which was added 
to the first factor. Bequired the number. 
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15. What number added to its reciprocal gives 2-91 

16. What number subtracted from its reciprocal gives 6*09 1 

17. A looking-glass 33 inches high, and 22 broad, is to have a frame 
of uniform width, but of such dimensions that the areas of the frame and 
glass are equal. What must ])e the width of the frame in inches ? 

18. Two bodies start from two points, A and B (whose distance is 
910 feet), at a uniform pace, towards each other. If the first staHs 56 
seconds before the other, they will meet midway ; but if both bodies start 
at the same time from A and B, after 20 seconds the distance between 
them will be 550 feet. In how many seconds would each body pass from 
AtoB] 

19. There are two square pieces of ground to be planted with trees 
also in the form of squares. If on the first piece the trees are planted 5 
feet apart, and on the second 4^ feet, 11113 will be required. But if on 
the first the trees are planted 5^ feet apart, and on the second 6 feet apart, 
7816 will be wanted. How many feet long is each piece of ground ] 

20. The area of the floor of a room is 273 feet, that of one of the sides 
189, and that of the other 117. What are the length, breadth, and height 
of the room ? 

21. The contents of two cubic vessels are 407 inches, the height of the 
two together is 11 inches. What are the contents of each vessel? 

22. If I add 2 to the numerator of a certain fraction, and subtract 2 
from the denominator, I obtain the reciprocal value of the fraction. But 
if I subtract 2 from the numerator, and add 2 to the denominator, I shall 
obtain a number which, increased by 1-^*^^ will be equal to the reciprocal 
value of the fraction sought. What is the fraction ? 

23. A piece of cloth slirinks, on being damped with water, ^ in length 
and -^ in breadth. If a piece of cloth shrinks in area 5| square yards, 
and in circumference 4^ yards, what are its length and breadth 1 

24. A besieged town can hold out but 10 days longer ; if 120 men 
depart, and each receives daily ^ of a pound of bread less, the town can 
bold out 1 6 days ; it will be able to hold out for the same time if 200 
men depart, and each receive daily f of a pound less. Of how many men 
is the garrison composed^ and how much bread does each man receive 
daily? 

25. A certain number of labourers can remove a heap of stones in 8 
hours from one place to another : if there were 8 more labourers, and 
each carried every time 5 lbs. less, the heap would be removed in 7 hours : 
but if the labourers were 8 fewer in number, and each carried every time 
11 lbs. more, the heap would be removed in 9 hours, llow many men 
are employed, and how much does each carry ? 

26. There are two numbers whose sum is 63. If the quotient arising 
from dividing the greater by the less be multiplied by the greater, and to 
the product 20J^ be added, there will result a number the cube root of 
which will be 1 less than the seventh part of the greater number. Ee- 
quired the two numbers. 

27. A cistern can be filled from four pipes in 115^ minutes. It is 
found that to fill it from the second alone requires 4 hours longer than to 



110 THE ELEimrTS or AtOSBILL 

fill it from tlie first, 8 boon longer from tlie third, and 12 hours longer 
from the fourth. In what time can it be filled from the first 1 

28. A person bought coffee for S8$,, and sugar for a similar sum, and 
obtained of the ktter 90 lbs. more than of the former. He sold 29 lbs. of 
coffee, and 57 lbs. of sugar, and gained (at the rate of 20 per cent) on the 
whole 31«. How many lbs. of coffee and of sugar did he buj 1 

20. What are the contents of the greatest square whose circumference 
is n feet 1 

30. Four persons, A, B, C, D, have each a certain number of pounds. 
B has one more than A, C one more than B, and D one more than C. If 
we multiply the four sums together we shall obtain a product 1168/. more 
than D's pounds cubed. Required the sum possessed by each person. 



CHAPTER XIIL 

IHDETEBMIirATE EQUATIONS. 

A PEOBLEK is said to be indderminale or wrdimited when the equations 
expressing its conditions are fewer in number than the unknown quanti* 
ties. Strictly speaking, such kinds of problems are capable of innumerable 
solutions, but the integral solutions to which the question is commonly 
restricted are limited to a determinate number. To assist in the discovery 

of these solutions, suppose — =— an algebraic fraction in its lowest terms, 
X being indeterminate, and a, b, c any given integers ; then the least in- 
tegral value of X that will give — =— also an integer, will be found by 
the following rules. 

Divide the denominator c by a, the coefficient of the indeterminate 
quantity, and that divisor by the remainder, and so on, until a unit only 
remains. Write down the successive quotiento in a line, under the first 
of which place a unit, and under the second write the first; under the third 
place the product of the two second terms, plus the first of the lower line ; 
under the fourth put the product of the two third terms, plus the second 
term of the lower line ; and so on, until every term in the upper line has 
been multiplied. 

Then multiply the last number thus found by the quantity h, and divide 
the product by c ; the remainder will be the value of x required, provided 
the number of terms in the upper line be even, and the sign of (—, or the 
number odd, and the sign of 6-f ; but if the number of terms be even, 
and the sign of 6+9 or odd, and the sign of 6—, then the difference be- 
tween the remainder and c will be the least integral value of x, 

a is supposed to be less than c, and these two numbers prime to each 
other; for if they have a common factor by which b is not divisible, no 

integer could be assigned to x, so as to give — -- an integer, the reason 

c 

of which, and the rules preceding, will presently be Eeen. 
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Examples to illustrate the above. 



Q7-. en 

1. Let the fraction be — ^rr— , then the quotients set down in order 



will be 



256 



2, 1, 16, 2, 

1, 2, 3, 50, 103, and i?|i^=20, with remainder 30, 



which is the least integral value of x. 



2b% 



2. 



71x+10 
89 • 



3. 



377jf-250 
450 ' 



The quotients are 

1, 3, 1, 

1, 1, 4, d, and 5xl0=50=a:. 

Here the quotients are 

1, 5, 6, 

1, 1, 6, 37, and ^5^=20, with remainder 200=a:. 

4. To find the least number which, when divided by 17 and 26, shall 
leave remainders 7 and 13 respectively. 

Let Ny the number sought, =17a5-f 7, 
174.+7_13 17^-6 



then 



must be integral, and the least integral 



26 26 

value of a; by the rule =8, and .*. 17a;-i-7=143=ir. 

5. Find all the positive integral solutions of x and y in the equation 
9a:-hl3y=2000. 

Transposing and dividing by coefficient of x, we have 

in which, since x is integral, — -^ is also integral, from which the least 
integral value of y=5, and .'. a:=215. 

The remaining solutions will be found by adding 9 continually to the 
last value of y, and subtracting 13 from that of x. The solutions will be 
17 in number, as shown by the following table : 



a;=215 
y= 5 



202 
14 



189 
23 



176 
32 



163 
41 



150 
50 



137 
59 



124 

68 



111 

77 



98 
86 



85 
95 



72 
104 



59 
113 



46 
122 



33 
131 



20 
140 



7 
149 



Similarly, the least value of y and the greatest of x being found, the 
rest of the values will be obtained by adding the coefficient of a; in the 
given equation to the least value of y, and subtracting the coefficient of y 
&Y)m the corresponding value of x. Hence, if the greatest value of tl he 
divided hy the coefficient ofj, the remainder wUl he the least vahie ofx, wnd 
the guotierU + 1 toill give the number of solutions. 

6. Let 87a:+256y= 15410. Find the least positive integral value of 
X, and the greatest of y. 
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By transposition and division, as before, y= ^ — ^=60 f^^» 

from which, as in example 1, a;=30, whence y may likewise be deter- 
mined. We will determine these values, however, by a method on which 
the demonstration of the rules before given depends. 

It is evident, since the quantity 87a;— < (<=50) is divisible by 256, that 
its double l74iX—2t will also be divisible by the same number. But 256a; 
is divisible by 256, and if from 256a; we subtract 174a;— 2 «, the remainder 
82a; -f2< will also be divisible by 256 (whatever number measures the 
whole and one part of another number must measure also the remaining 
part) ; therefore if the quantity last found be subtracted from the first, the 
remainder 5a;— 3^ will be divisible by 256. And if, in order to diminish 
further the coefficient of a;, this remainder be multiplied by 16, and sub- 
tracted from the preceding one, the difference 2a; -1-50* will still be divisible 
by 256. In like manner, the double of 2a;-h50* being subtracted from the 

preceding, we obtain a;— 103<, a quantity still divisible by 256. But 

103/ 30 

-—.=20-1-—, .'. a;— 30 must be divisible by 256, and .'. a;=30, or some 

multiple of 256 -f- 30 ; but 30 being the least value, is the one required. 

We will illustrate this process by another example. 

Let the quantity be — ^^ — , then make <=651 ; it will stand as 

follows : 

From 1235a; 

take 987a; -f t 



1st rem' 248a;— t 
„ X 3=7443;-- St 



2d rem' 243a; -|- U 

3d rem' dx— 5t 

x48=240a;-240« 



99 



4th rem' 3x+2Ut 
5th rem' 2a;— 249* 



6th rem' a;-f493« 

X being without coefficient, let 493^=320943 be divided by 1235, and 
the remainder will be 1078, .-. a;-)- 1078 is also divisible by 1235, and 
.•. the least value of a; is 157. The method of working may be varied 
from the above, it being immaterial whether the last remainder or a mul- 
tiple of it be taken from the preceding one, or the preceding one from 
some greater multiple of the last. 

To determine whether it is possible to pay 100^. in guineas and moi- 
dores only. 

Let x=z guineas, and y= moidores, then 

21»+27y=2000, .-. x=^^-^=9o-i,-'-^. 
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This fraction being in its lowest terms, and the numbers 6 and 21 having 
a common measure 3, an integral solution is impossible. The reason of 
which depends on these considerations : whatever number is divisible bj 
a given number, is divisible also by all the factors of that number ; and 
any quantity which exactly measures the whole and one part of another, 
measures also the remaining part. 6y— 5 to have the result a whole 
number should be divisible by 21, and .*. by 3 (a common measure of a 
and c), but we see that it is not, and therefore the thing proposed is im- 
possible. 

Exercise LVIII. 

1. Find in how many different ways it is possible to pay 100^. in 
guineas and 17 8, pieces. 

2. A certain number of sheep and oxen were bought for 100^. ; sheep 
at 1 78., and oxen at 7L each. Bequired the number of each. 

3. The entertainment of a certain number of men and women at an 
inn cost 33^. ; each man paid 3«. ()d., and each woman Is. id. Of how 
many persons of both sexes did the company consist ? 

4. Find the least integer which, being divided by 28, 19, and 15, 
shall leave remainders 19, 15, and 11 respectively. 

5. Find all the positive integral values of x, y, z in the equation 
5ajH-7y+ll«=224. 

6. Find all the positive integral values of x, y, z in the equation 
17ic-|-19y+21;^=400. 

7. A person walks over a piece of ground measuring between 120 and 
130 feet long ; he finds by taking strides 3 feet long, there is 1 foot left, 
and by striding 4 feet each time, there are 3 feet left. Bequired the length 
of the ground. 

8. I owe a friend 2 guineas and a half, but have only crowns to pay 
with ; my friend has nothing but threepenny pieces ; how are we most 
easily to settle the account 1 



CHAPTER XIV. 

ARITHMETICAL, GEOMETRICAL, AND HARMOKICAL PROGRESSION. 

A SERIES of quantities proceeding by a common difference is said to be m 
arithmetical progression. Each quantity is called a term of the series. 

The general form of an arithmetical progression is 

a, a-\-df a-{'2d, a+M, a-\-id . . . . 

a the first term, d the common difference, they being either positive or 
negative. 



I 
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1. To find the n^^ term of an arithmetical series. 
Let u be the n^^ term, then 

Indices. Tenni. 

1 a=a4-(l — IH 

3 a+2c?=a-|-(3— l)c?, 

4 a+3c?=af (4— l)d 

From which it is evident that «=»+ (w— l)(i 

2. To find the sum s of the n first terms of an arithmetical series. 

Let a be the first term, d the common difference, then the n^ term will 
be a+(n— 1)«^ and 

8=za+(a+d)'\-{a+2d)^ (tt— 2c?) + (w— cf)+wj 

writing these terms in the revetse order, 

«z=w+(m— c?)-|-(u— 2c?)-f {a-^2d) + (a+d)+a, 

adding, 2«=(a+w)w> 

a=^!?>?={2«+(«-l)i}2 

We have now the two equations w=a-f(n— l)d^, and «={2a-f (w— 1)<;?}^ 

bj which, if three of the five magnitudes a, d, n, u, a are given, the re- 
maining two may easily be determined. 

Ex. 1. Find the 10th term and the sum of 10 terms of the series 1, 4, 
7, 10, &c. 

a=l,c?=:3, 71=10, then M=l + {(10-1) x3} = l + (9x3)=28, and 
ir=(H.28)xV = 145. 

Ex. 2. Find t^e fifth term and the sum of five terms of the series 6, 
4|, 3, <bc. 

Here a=6, c?=— f, n=:5, 

.-. w=6 + (5-l)x-f=0, and «=|{12+(5-l)x-f}=15, 

u being, as we have seen, =a + (7i— l)c?, and 8=z^^^=z\2a+{n^\)d}% 

Ex. 3. There is an arithmetical series the third term of which is 8, and 
the eighth term 23 ; find the series. 

The formula for the n^ term is a+(n— 1)6?, therefore we have 

a+2rf=8 (1) 

a+ 7^=23 . . .(2) 
subtracting (1) firom (2), 5d=zl5, 

.-. d=3, anda=8— 6=2. 

The series therefore is 2, 5, 8^ &c. 
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Ex. 4. Insert four arithmetdcal means between 17 and 32 ; that is, 
form an arithmetical series of 4+2 terms, of which the first shall be 17^ 
and the last 32. 

The problem will be answered if we find d the common differenoe. 

.-. 32=17+5<i 

.-. 5d=il5, and(i=3. 

The means inquired are 20, 23, 26, 29. 

Ex. 5. There is an arithmetical series whose 11th term is four times 
its 3d term, and the 5th exceeds the 3d by 3. 

a= the first term, (^= differenoe, 
a+10c?=4(a+2c?), .'.3a=2d, 
a+4c?=aH-2J+3, 
.-. 2c?=3, c;=li; and 3a=3, .-. a=l. 

The series, then, is 1, 2^, 4, 5i, &c, 

Ex. 6. Find 4 numbers in arithmetical progression such that their sum 
shall be 26, and the sum of their squares 214. 

Leta;= the second, and y their common difference : then the four numbers 
will be represented by x—y, x, x+y, x+2f/. 

Now by the terms of the question 

(a;-y)-f a:+(a;4-y)4-(a;+2y)=26 (1) 

(aj-y)24.aj2+(a.-f y)2+(aj+2y)2=214 .... (2) 

or 4aj?+4iBy-H6y3=:214; 
From (1), 2aj+y;=13, 

.•.4ar»-f4a:y+y2=169, 
(2) 4ar»+4a^-|-6y2=214, 

5y2=45, 
.*. y=3, and from (1) x=5. 

5—3=2, the first term ; and the four numbers are 2, 5, 8, 11. 

Ex. 7. Bequired the number of all the strokes of a clock in 12 hours. 

Here a=l, d=l, u=12, to find 8, 

By the formula, 1^+02+1^12-1)^^^ ^ ^ 6J-|- 71^=78, the number 
of strokes. 
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Exercise LIX. 

Find the last term and the sum of the terms of the following, given 
first term, common difference, and number of terms : 



1. a=z2, rf=3, »=17. 

3. a=2i, rf=|, w=100. 

5. a=f, rf=lf, w=13. 

7. a=:-6, d=i, n=30. 

9. a=^10, c?= — 2, w=6. 

Let the following solutions be verified : 
Given. Required. 



2. a=7, d=i, 71=16. 

4. «=}, c?=i, w=26. 

6. a=--7> rf=3, w=8. 

8. a=4, «?=--J, w=20. 

10. a=— f, <^=— I, w=25. 



a, 


d, 


Uy -^ 


a, 


d, 


Sy 


», 


n, 


8, 


^, 


n, 


8, J 


a, 


d, 


n, ^ 


«, 


d, 


U, 


a, 


n, 


U, 


4 


n, 


u, J 


a, 


n, 


u, - 


a, 


fh 


Sy 


a, 


u, 


8, 


n, 


^, 


8, . 


a, 


d, 


u, - 


«> 


d, 


«^ . 


«, 


u, 


8, 


^, 


u, 


8, ^ 


d, 


n, 


W, ^ 


d, 


n, 


8y 



> 



d, U, 8y j 



u 



8 



n 



M=aTf-(n— 1)6?. 
u=:-^±s/{{a--\df-\-28d}. 

Is 

w= — a, 
n 

s , (»-l)rf 
8=:ln{2a^(n—l)d}. 

u + a , (u + d)(u—a) 
'=-2-+ ^ • 

8=ln{2u^(u-l)d}. 



d= 



u—a 



^_ («-fa)(«-a) 
28— u—a 

«(n—tt)* 



7» 



=^±V{t+(^T}- 



n= 



2* 
a + tt' 



2» + rf /f / 2tt + rf \2 2*1 

^=-25-±Vi(-2s-j— }• 



^ a=u—(n—l)d. 
n 2 



j 2« 
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Exercise LX. 

1. The sum of an arithmetical series is 232, the common difference 3, 
and number of terms 25 : find the 1st term. 

2. The sum of an arithmetical series is 280, the common difference ^, 
and the first term 1 : required the number xof terms. 

> 

3. How many strokes do the clocks of Italy, which go on to 24, make 
in one revolution of the index ] 

4. What is the 20th term, and the sum of the 20 terms of the series 
whose first term is 7 and common difference — 2 ? 

5. What is the 20th term of the series 4, —3, —10, &c., and the sum 
of the 20 terms ? 

6. Insert 6 arithmetical means between 2 and —26. 

7. Insert 7 arithmetical means between J and —1. 

8. Insert 4 arithmetical means between 17 and 52. 

9. Find four numbers in arithmetical progression, such that their sum 
shall be 19, and the sum of their squares 121^. 

10. There are four numbers in arithmetical progression ;. the sum of 
the squares of the extremes is 272, and the sum of the squares of the 
means is 208. What are the numbers ? 

11. The base of a right-angled triangle is 12, and its sides are in arith- 
metical progression : find the other sides. 

12. The product of fire numbers in. arithmetical progression is 10395, 
and their sum is 35 : what are the numbers ? 

13. A debt can be discharged in a year by paying 4a. the first week, 
Ss. the second, 12a. the third, and so on : required the amount of the debt, 
and the last payment. 

14. One hundred stones are placed on the ground at a distance of 2 
feet from each other, the first 20 yards from a basket. How far does a 
person travel who starts from the basket and brings them one by one 
to it? 

GEOMETRICAL PROGRESSION. 

A series of quantities is said to be in geometrical progression when 
each t6rm of it will divide the next succeeding one ; the quotients arising 
from each division being the same. 

These quotients are called the common factors or ratios of the series. 

The general form of a geometrical series is 

a, a^, or^, or®, aa^, a/r^ , . . 
a being the first term, and r the common ratio. 



118 THB ELBKENT8 OF AI.OEB&A. 

I. To find the general or n^ term of a geometrical series. 



Indices. 


Terms. 


1 . 


a=^OMr^-\ 


2 . 


. ar=:ar^^, 


3 . 


. ar'^aa^', 


4 . 


, a7^=cu4-\ 


5 . 


. a^=za^\ 


m 
• • 


tt=ar*~\ 



2. To find the sum of the n first terms of a geometrical series. 

r*= (w-l-or^ + ar^-f o/r^^+ar^. 

Subtracting the former of these equations from the latter, 

r«— «=or*— a, (r— I)«=a(r*— 1), 



. • 



8= 



r-1 ' 

which is the expression for the sum required. 

These two equations, u=af*~\ and g=^^^^^=a-;^= _ , are the fun- 
damental equations of the whole theory of geometrical progression. 

Ex. 1. Find the eighth term, and the sum of the eight terms of the 
geometrical series 1, 2, 4, &c, 

a=l, rr=2, n=8. 

28 — 1 
Then m=1 x 27=128, the eighth term ; «=-— r-=255, the sum. 

Ex. 2. Find the nf^ term of (jx?-!/^), {x+y), ^, &c. 
Here a=a:?— v*, andr=4-^= j 






or f-^y r c^-y)'-i i 
^'^(^=P)-^-i(^-y)-iJ 



Exercise LXI. 

Find the last term and the sum of the terms : 

1. 1 + 2 + 4+ &c. to 7 terms. 2. 4 + 12 + 36+ &c. to 10 terms. 
3. 5 + 20+80+ &c. to 9 terms. 4. 9+15J+28i+ &c. to 7 terms. 
5. 6i+9f +15yV+ &c. to 8 terms. 6. 6 + 4i+3f + &c. to 6 terms. 
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Find tbe sum of the series : 

7. a=8, r=^, to 15 terms. 8. a^^, ^=fi to 11 terms. 

9. a=3, r=^, to 25 terms. 10. a=3^, r=^i9 to 8 terms. 
11, a=7i, r=|i, to 31 terms. 12. 0=5560, r=^, to 40 terms. 

Whtti r is a proper fraction^ the formula (2) maj be oonvenieutly 
•written 

o(l— f*)_^ a at^ 

Now, if the ratio r la less than 1, r" will decrease as n increases ; and if 
we suppose n to increase indefinitely, r* vrill become indefimUely smaU. 
constantly approximating, but never actually becoming 0. Hence we see 
that if we have a geometrical series whose ratio is less^an unity^ there is a 

quantity r— to which the sum of the series constantly approaches as n 
increases ; and therefore we say that the sum of such a series continued 
ad vnfinitwra is ^—* This expression is termed the Umit of the sum of 
the series. 

Ex. 1. Find the limit of the sum of the series 1 +^+-j^, &c 

Ex. 2. Find the limit of the sum of the series 11 +2^+^' ^<^ 
Herea=ll, and r=f, .'. 2=j3|=-^=V=14f 

A familiar example of a geometrical series continued ad inJmUfwrn occurs 

in the case of a recurring decimal. 

2 2 2 
Ex. 3. The recurring decimal '222 . . . =fo+i^+ioB ' * •' *^^ *^® 

sum of the series is , ^, =# : that is. the more terms we take of this series, 
the more nearly will their sum be equal to f. 

Exercise LXII. 
Sum up the following series ad infimUitm : 

1. l~|+~ &c. 2. 8+4+2+ &c. 

3.|-?+|-&c. 4. 1 + 1+J+&C. 

5. 40+17^^+711+ &c. 6. 9+6+4+ &c. 

7. 3-|+l- &c. 8. 2-'\\-^\\-^ &c. 

^- ^-3^3^- ^<^- 10. -H+;«l+ &c. 
13. -323232 14. -232323 



120 THE ELEMENTS OF ALQEBRA. 

3. Given tbe first term, the last term, and the snm of a geometrical 
series, tq find the ratio and the number of terms. 

In the fundamental equations wr=ar*"\ g= _ , a, w, 8 are given to 

find r and n. From the second we obtain r=-^. And to find n we 

obtain from both equations r"""*=-, r=-— -. But n being in the form of 

an index, logarithms must be employed to determine its value. We shall 
have 

log. r= '°«- ;-'"«• ' . 

log. r=log. («— a)— log. (a— m), 
,•. ^Ml!LZ-2Ml1^ log.(«— a)— log.(«--w), an equation in which n is the 

only unknown quantity. The equation gives w=l -f . — ._'__. « 

4. Given the number of terms, the last term, and the sum of a geo- 
metrical progression, to find the first term and the ratio. 

In equations w=ar*~"*, 8=z — ^, n, u, 8 are known, r and a unknown. ^ 
To find r determine a from both equations. 

Equating these, -^^ = rw — (r — 1 )5, 

w=r*w— r*~*(r— 1)«, 
(«— M)r"— «r*-* + w=0, 

-f-r— + -i-=0. 



8—U 8—U 

The value of r will then be determined by an equation of the w* degree. 
To find a value r in both the foregoing equations. 

;~Vtt s—a 

a \s—u; ' 

' u /« — o\*-i 

a \8—u) ' 

in which r again may be found by an equation of the n^^ degree. 

The following table shows the solution of every case to be met with in 
geometrical progression. 



Given. B'^quired. 

a, r, n, 






«= 



a, r, *, 

S w ^ 
a, n, 8y «« 

r, n, 8, J ^ ^= ^.,1 ' 



(a— W)^' — a(«-.o)"-^r=:0. 
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Given. 

a, r, w, 

o, r, u, 

CLf n, u, 

r, n, u, J 

r, n, u, -^ 

r, n, 8, 
r, w, a, 

a, n, u, 

a, Tif 8, 

a, Uf 8, 

n, u, 8, J 

a, r, u 

a, r, 8, 

a, u, 8, 



Required. 



> 



8 



a 



n 






*= 



rtt — a 



r-r 

«(r"-l) 



/^Ct= 



yji-i* 



S 



(r-l> 
r»-l 
a=rM— (r— 1)*. 

r" r'\ =0. 



r= 



a a 

S'—a 



s — u 



t—u 



i-7-'+-ii-=0. 



«— tt 



log. a 

^-- log. {a + (r- l>}-log. a 
log. r 

I j^_ Jog- «- log- fl . I 

log. («— a ) - log. («—«)"*" 

^_ log. «- log. {ru-(r- 1)8} 

log. r 



Exercise LXIII. 

1. How many terms of the series 1+2-f 4-f &c. must be taken to 
make 8191 ? 

2. The sum of the first and second of four numbers in geometrical 
progression is 15, and the sum of the third and fourth 240. What are 
the numbers ? 

3. In a geometrical progression of four terms the sum of the terms 
is a, and the sum of their squares b. What is the progression ? 

4. The fifth term of a geometrical series is 8 times the second, and 
the sum of the first and third 15. What is the series ? 

5. If a be the first term, and h the sum of 3 terms of a geometrical 
progression, what is the common ratio ? 

6. Insert four geometrical means between 2 and 64, and four between 
I and 27. 
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7. Place 11 temiB in geometrical progression between 1 and i» 

8. What ratio has a geometrical progression of 32 terms, whose first 
term is 5, and last term 80 ? What is the 20th term of the progression f 

9. The sum of an infinite series is }, and the sum of the first two 
terms is ^. What is the series t 

10. If four quantities are in geometrical progression, show that the 
sum of the extremes is greater than the sum of the means. 

HARMONICAL PBOGRESSION. 

Three quantities are said to be in harmonical progression when the 
first term is to the third as the difference between the first and second is 
to the difference between the second and third. 

a, b, c are in Har. Prog, when a : c=a— 6 : 5— <j. Four quantities 
are said to be in Har. Prog, when the first term is to the fourth term as 
the difference between the first and second is to the difference between the 
third and fourth. 

a, h, c, d are in Har. Prog, when a : d=(h—a) : (d—c). Any series 
of quantities is in Har. Prog, when any consecutive three are in Har. 
Prog. 

Hence it follows that in three harmonic progressionals a, h, c, any two 
of them being given, the third may be found, a, c being given, to find b. 

ah—ac^ac—bc, 

.*. b(a-\'o)=z2ac, 

6 2ao 






». e. the harmonical mean between two quantities is equal to twice their 
product divided by their sum. And from the same equation we obtain 

{a and b being given) c the third harmonic proportional, c=z- — -. 

Let a, b, c be in Har. Prog. ; then, by definition, a : c=a— & ib^c, 
and ah—ac^^ac—bc. Dividing this by ahc, we get — ^=r- — ; i.6.the 

difference between - and -r is equal to the difference between t and - : 

a *- be 

-, -T, - are therefore in arithmetical progression. 

Hence we may take, as an adequate definition of harmonics : — quan- 
tities are in harmonical progression whose reciprocals are in arithmetical 
progression. 

This property enables us to perform many problems with harmonical 
series. Thus, to find harmonical means, to continue a series, <&c. we take 
the reciprocals of the given quantities, and deal with them as with quan- 
tities in arithmetical progression. 

Ex. 1. Insert two harmonical means between 3 and 12. 

Inverting, -^ is first term and -X^ last term of an arith. series of 4 terms. 
The common difference is -—• ^. The arith. means will be ^ and ^. Hence 
the har. means are 4 and 6. 
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Ex. 2. Gontinue i» i? i to 3 terms each way. 

The reciprocals are 4, 6, 8^ an Arith. Prog, with common difference 
2. The series will be —2, 0, 2, 4, 6, 8, 10, 12, U. Hence the harmonica 
will be -i, 00, J, i, ^, i, ^ij, ^, T^ij. 

EXBRCISB LXIV. 

1. Continue to 3 terms each way the series 2, 2|, 4 ; 1^, 2, 3 j ^, 

2. Insert three harmonical means between 1 and f , and three between 
If and 8. 

3. Find a Har. third to 2 and 3, and a Ear. fourth to 6, 4, 3. 

The arithmetical mean A between a and c is — ?- ; for, by definition, 

il— a=c— -4, .'• 2il =«-!-<?, .•. ilss— — . 

The geometrical mean (7s=v^ac, for- =-, .*. O'^ssoc, .\ 0=sy/ao. 
The harmonical mean 27 is — % for a : csza-^H : ^— c, .•. H=: . 

J, ff, JST are in geometrical progression, for *^-^ : isjao^susjac : — ^. 

If Ay O, H are the Arith., Qeom., and Har. means between the same 
two quantities a and c, then A\a ^ 0, and G ^ H. 

^=^, (?=A/ac; .-.ifil is >(?, thena+o > 2 a/oc^ and a? +2ao+c2 

> 4ac, .-. a?— 2ac+c2=:(a— c)^ > 0, .-. il is > ff ; and in the same 
manner it may be shown that (r > J7. 

The three kinds of progression which have been examined may here 
be exhibited under one view. 

If a, 6, c are in arithmetical progression, j^=-. 
If a, h, c are in geometrical progression, j^=-. 
If a, 5, c are in harmonical progression, r— =-. 

Exercise LXY. 

1. Find Arith., Qeom., and Har. means between 8 and \. 

2. Find Arith., Geom., and Har. means between 18 and 2. 

3. What are the Arith., Geom., and Har. means between 2} and 4 ) 

4. Find a harmonical third to 6 and 8. 

5. Find a harmonical mean between —4 and 18. 

6. Find a harmonical first to 12 and 7. 

7. The sum of three terms of a harmonical series is l-f^, and the first 
term is ^. What is the series 1 

8. llie arithmetical mean between two numbers exceeds the geome- 
trical by 13, and the geometrical exceeds the harmonical by 12. Deter* 
mine the numbers. 
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CHAPTER XV. 

SATIOS. 

Ratio is the relation which quantities of the same kind bear to one 
another in respect of magnitude. 

Thus, if one magnitude is f of another magnitude, they are said to be 
in the ratio of 3 to 4. For if both the magnitudes be divided into equal 
parts, the former will contain three and the latter four of these parts. The 
expressions 3 : 4 and i both convey the same idea, i denotes that unity 
has been divided into four parts, and three of those parts taken. There- 
fore f:lor^as3:4;a:6 and - equally express a ratio, the fraction ~ 
denoting the multiple or part that a is of 6. 

The former term of a ratio is called the antecedent, and the latter the 
eonaequent. When a ratio is represented fractionally, the antecedent is the 
numerator, and the consequent the denominator. 

The quantity by which the antecedent must be multiplied in order to 
produce the consequent is called the exponent of the ratio. 

If a is > 6 in the ratio t> r is called a ratio of ffrectter inequcdUy, 
If a =5, - is termed a ratio of equality. 

When a >< 6, ^ is a ratio of less ineqiuiUty, 

The terms of a ratio may be multiplied or divided by the same num- 
ber without affecting the value of the ratio. 

frn A 3a am a 

. ^"^ 6=36' i;;=6- 

If to both terms of a ratio a : b the same quantity be added, the ratio 

will be diminished or increased according as r^ is a ratio of less or greater 

inequality. 



Let T be a ratio, and let the quantity x be added to both terms, then 



a+jf 



^^ ^ > or < ^, accordmg as 

b{a+*) ^ ^r ^ «(^+^) 

or as b{a-\'x) > or < a{b-\-x\ 
or as 5a; >• or < ax, 

or as 5 > or < a j 

that is, according as the ratio is one of less or greater inequality. 

Again, suppose to both terms of the ratio 4 : 9, 2 be added, the ratio 
will then be as 6 : 11, and ^ or |^ > ^ or f*. But if 2 be added to 
both terms of 9 : 4, then y or |f < J or fj. 
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Problems on ratios are solved by expressing the ratios in fractional 
form, and treating them by the ordinary rules of fractions. Thus, ratios 
are compared by reducing them to a common denominator, and comparing 
their numerator. They are reduced to their loioest terms by dividing both 
the antecedent and the consequent by their greatest common measure, 
and they are compounded by multiplying them together. 

The dupUccUe ratio of two quantities is the ratio of their squares, as 

The iripUccUe ratio is the ratio of their cubes, as o^ : 6^. 

The qu/idrupLicale ratio is the ratio of their fourth powers, as a* : h\ 

The subdMpUcale ratio is the ratio of their square roots, as ol : 6^. 



Exercise LXVI. 

1. Compare the ratios 5 : 6 and 4:7, 11 : 27 and 17 : 24, 7 : 16 and 
11 : 18. 

2. Which is greater of the ratios a-^-h : h and 3a : a6, 2a+ 1 : ^-{-^ 
and 4a-|-5 :5a4-4, Zx+2 xx—l and 5x—Z :a;+l> 1 :a;+l and x-^l : 
a?— aj-f 1. 

3. Reduce to their lowest terms the ratios 1296 : 1728, 990 : 1935, 
324 : 396. 

4. Compound the ratios 12 : 13, 8:3, 26 : 25, 75 : 64 j 32 : 9, 7:4, 
3 : 8, and 7 : 15 ; 7:11, 5:2, 3 : 7, and 21 : 2. 

5. Compound the ratios o^+aj? : cwj, 6^+y^ : hy, a? --a? : aa, and 
y^-V : hy. 

6. Compound the ratios a?— 3aaj+a^ :a^— aj? and (a— a5)(a-|-3a:) : 
a—Sx. 

7. Compound the duplicate ratios of 3 : 4, the triplicate of 2 : 3, the 
subduplicate of 16 : 81, and the subtriplicate of 64 : 343. 

8. Show that the ratio a+& : a^& is increased by subtracting x from 
both terms. 

9. Compare the areas of two similar triangles whose bases are 77 and 
91 feet respectively. (The areas of similar superficies are (Euc. vi. 19, 20) 
in the duplicate ratio of their homologous sides.) 

10. Compare the areas of two spheres whose radii are 8^ and 8 inches 
respectively. (Similar solids are to each other as the cubes of their like 
dimensions.) 

11. Jupiter is about 11 years in performing his revolution round the 
Sun : find his mean distance. (The time of a planet's revolution is in 
the sesquiplicate ratio [al : 6t] of its mean distance.) 

12. The mean distance of Saturn from the Sun is 900 millions of miles* 
In what Ume does he complete his orbit ? 
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F£OFOBTION. 

Proportion may be defined as the eqiuxlUf/ o/raUos. When two ratios, 

as a : i and c : d, are equal, that is, a : 6=0 : d, or t=^ a is said to have 

to b the same ratio that c has to d; or a is the same multiple or part of b 
that c is of c?. The proportion a : &=c : d is read Sk U to h cu cisto d, 
a and d are called the extremes, b and c the maovw. 

In any proportion the product of the extremes is equal to the product 
of the means. 

For if o : 6=c : d, then -=-, and multiplying both sides by €u:, — s= — , 

. * . bc=:ctd. 

And conversely, if the product of two quantities is equal to the product 
of two other quantities, the four are proportional 

For (by hyp.) ad=bc, and dividing both sides by 6c?, we obtain t-=^ 

.•. ?=r^ ,\ a :6=c : d. 

o a 

To find a fourth proportional to three given quantities a, b, o. 
Let tiie fourth proportional be x, then 

a : b=,c : x, 
and ax=zbc, .•. a;=— , 

and this is the algebraical expression for the Bule of Three in arithmetic, 
which is : Multiply the second and third terms together, and divide by the 
£rst. 

To find a third proportional to two given quantities a, b. 

As before, let xz= the third proportional, then 

a : b=b : x, 

ax=ct', .'. 03=—, 
' a 

i, e, the third proportional is equal to the square of the second term 
divided by the first. 

To find a mean proportional between two given quantities a, b. 

Let x=z mean proportional, 

then a : x=x :b, . •. ab=a?, . •. x-=.\Jcib, 

i. e. the square root of the product of two quantities is the mean propor- 
tional between them. 

a : a;=a; : b is called a continued proportion. 

From a\b=^c\d there may be formed eight different proportions, by 
transposing the terms, thus : 

a : b=zc : d, (1) 

by alternation of (1) a : c=^b : d, (2) 

by inversion of (1) 6 : a=c? : c, (3) 

by alternation of (3) b : c?=:a : c, (4) 
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by inversion of (2) c : aszd : b, 


(«) 


by equal ratios in (1) c: d—a : h, 


(6) 


by inversion of (4) d : 6s=<? : a, 


(7) 


by alternation of (7) d : easi : a. 


(8) 


If a :5=c : J; then 




1. ma : m6=snc : ^. 




2. Tna : n5=:mc : Tid. 




3 fL.*-£.^ 

m m fi » 




A abed 
m n m n 





1. Because a : 6=c : c?, -=-, and — =— , 

' a ma fur 

. *. ma : m6s9ic : nd. 

2. Because -=^, and^=^ .-. * .!5=l2, tbat is, 2^=?^ 

a mm a m o m' ' ma ma 

The third and fourth of the above propositions follow from the first and 
second respectively, by substituting in (1) — for m, and in (2) - for n. 

If a : h=c : d, and a ^h, then c ^ d. 

Because a : 6=c : (f, •*• -=-. Now, according as a ^ 6, - and .*. - are 

proper or improper fractions, i,e. c ^ d. In like manner is it seen that 

if a : b=c : d, and a ^ c, then also b ^ d. 

Euclid's definition of proportion in his fifth book is : Four magnitudes 
are said to be proportional when any equimultiples whatever of the first 
and third, and any whatever of the second and fourth, being taken, if the 
multiple of the first is > = < than that of the second, the multiple of 
the third is > = < than that of the fourth. That the algebraical re- 
presentation of proportion is in accordance with this definition is very 
evident. 

For if a : b=c : d, then r= ^i a^d ^=^. 

b dr nb nd 

Now, ajB ma ^ = '^^ nb, BO mc ^ = '<, nd. 

And conversely, from the same definition may be deduced the algebraical 
rule of proportion t=t. 

For let a, b, c, d be four quantities such that any equimultiples ma, me 
of the first and third being taken, and any equimultiples nh, nd of the 
second and fourth, it ma "^ nb, then m>c > nd, if equal, equal, and if 
less, less. 

Now since we may make m, n of any value we please, we can take them 
so that ma=n5, and consequently mosTu:?; •*• ^=^i •'•r=5' 
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If a : 6=c : c?, then (1) 0+6 : c-^^d^^za : c=6 : c?. 

(2) o + c :6+fl?=a :6=c :c?. 

Because (1) a\ &=c : d^ and flK^=&c> 

or {a±h)d:=i{c±d)b. 

Also because a+^ • c + c?=6 : c?, 

and a : <;=& : (/, 

+ 6 : c4:c?=a : c=6 : c?. 

Because (2) a : h=c : df, and a : c=& : (/^ . '. it follows by a process 
similar to that in (1) that a-^^c: 6 + d=a : 6=c : df. 

If a : b=a' : b'=a" : 6"= a«*J : 6<»), 

then a+a'+a"+ +a^*^ : 6 + 6'+6"+ +6t«»)=a : ft. 

That is, if any quantities be in continued proportion, the sum of all the 
antecedents is to the sum of all the consequents as one of the antecedents 
is to its consequent. 

By the last proposition, 

a-^a' :b-^h'=za' :b'z=a" :b", 
a-\~a'+a'' : b+b' + b"=a" : 6"=a'" : 6'", 
a+a'+a"+(^" : b+b'+b"+b'"=a"' : b"':=a"" : 6"", 
and .•• a-\-a'-\-a"+ . . . +a^*J : 6+6'4-6"+ . . . +6t*)=a«") :b^*K 

But a : 6=a^"> : ¥*\ 

.'. a+a'+a"+ . . . »<•> : 6+6'+6"+ . . . ¥*^=a:b. 

li a:b=a: fi, and a' : 6'=a' : /T, and a" : 6"=a" : /3", 
then aa'a":bb'b"=iaa'a":fipp\ 

a a ■% a a ^ a a 

— =—* and — ;^— 7. and —:,:^-,u 

b W b' fif' b" 0"^ 

ajJ a" hW h" ^^ 

By multiplication, iy^^b^'^ ' '' ^^' * ' ' ^^^' ' ' ="**'**" • • • Pl^(^'*' • • 
This is called compounding' ^e proportions. 

Exercise LXVII. 

1. Find a third proportional to 3,^6 ; 2, 7 ; 4, 9 ; f, f. 

2. Find a fourth proportional to 2, 3, 4 ; 7, 6, 12 ; |, |, f . 

3. Find a mean proportional between 8, 12^ ; 3, 27 j 4^, ^. 

4. Prove the truth or otherwise of the following proportions : 

(i.) 3a+46 : 9a+85=a— 26 : 3a— 4&. 

(ii,) 9a?-462 : 15a2-31a6+1462=15a?+31aft+1462 :25a2-4962. 

(iii.) a3+5» :a+6=a»-a46 + a?62-a2^+a^~6« : a?-63. 

(iv.) cfi+b^: a^ +1^=10? -^V^ : a-6. 
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5. Why is o^— 5^ the mean proportional betvreen cfl+2ab-\'V and 
a?-2a6+62| 

6. If a : 6=c : d, why is ina±nb :pa±qbssfne±nd'i 
Solve the equations : 

7. (aj+2) : (20 -«)=(« +20) : (46-.a:). 

8. (5aj+7y) : (9a;+33)=31 ; 21, ) 
(lla;+27) : (7a:4-5y)=19 : 11.5 

9. (ooj+fty) : (caj+<i)=m : »i,7 
(^•h/y) : (s^aJ-f %)=;> : g. i 

10. X : y=a+6 — i-r : o— 6-1—1- , when x+yss2€fl. 

11. aj:y :«:w=a?+o^+a+l :«?+«+ 1 : a+l : 1. What are the 
values of x, y, z, u'i 

12. Divide 266 in the proportion of 1 : 2 : 4. 

13. A boat which had started from a certain place 10 days, is pursued 
by another from the same place. The rate of sailing of the former is to 
that of the latter as 4 : 9. When will the latter overtake the former ? 

14. Two bodies start from the same point, the second n seconds later 
than the first, and its speed is to that of the first as ^ : j9. In what time 
will they be together 1 

15. My age is now 20, my brother's 30. In how many years will our 
ages be as 4 : 5 9 

16. A hare is 50 leaps before a greyhound, and takes 4 leaps to the 
greyhound's 3 ; but 2 of the greyhound's leaps are as much as 3 of the 
hare*s. How many leaps must the greyhound take to catch the hare ? 

VARIATION. 

When one quantity y depends upon another x, so that if x is changed 
in value there is a proportionate change in the value of y, then y is said 
to va/ry as x. 

The symbol oo is employed ^o denote variation. We have an illustra- 
tion of variation in Euc. vi. 1. Triangles cmd pa/robUdogra/ms o/tlie same 
aUUvde wre to one offwih&r as their bases. If we double the base of a 
triangle or parallelogram, their altitude remaining the same, we double 
their area ; and in proportion as we alter the base, in the same proportion 
do we alter the area. Given the altitude, the area therefore is said to vary 
as the base. 

If F 09 X, then the ratio Y : X will remain unaltered whatever may be 
the values of these quantities ; Y will be to X in a constant ratio, and if 
we denote this constant value by /x, the expression F oo X will be equiva- 

y 

lent to F=)uX, for j=A«- 

If Y=fjLX, Y is said to vary directly bb X, Y increasing or decreasing 
as X increases or decreases. And if y and a; be a pair of values of Y and 
X, then since Y : X=^, and y : x=zfj, ,\ Y : X=y : a;, or Y: y=X : x ; 
that is, if any pair of values of Y and X be taken, the four will be pro- 
portional. 

K 
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If y=^ y is said tovary inverady ba x^ y deoreaamg or.mereasiag as 

X increases or decrease!^. 

If y=fixz, y is said to vary j(n7i% as xz^ 

If y=^, y is said to vary direcUy as oi, and inversdyaa z. 

lly CO X, and x » z, then y oo «. . 

For let y=fjiXj and x—f/z, 

then y=fXfjLZ. But /i/i' is constant, and^therefore y co 2;; 

If y 00 a;, and x » z, then a; 00 \/yz. 

Let y=fJLXy z^:sf/x, 
then yz^fi/jLOP, .•. \/yz=zX\/fifAy and \//x/a' being constant, .'. oj 00 \/^^' 

If y 00 a;, and 3 and 5 are contempoiraneoas vahies of y aad x^ we:may 
determine the yal^e of /4y.and consequently eqcpreasf^^ in .terms of a;. 

.•. 3i=^5, 

If a;, y, z are quantities depending upon one anotheriin sucha manner* 
that y CO X when z is constant, and y co-z when a; is constant, then y 00 osz 
when a; and z both vary. 

Let y=fjixz, in which /i is a constant quantity which may involye either 
as or 2;. When 0? is constant, y go z; but y=sfjixz,.,\ /losi does not in* 
Yolve z, nor does </i' involye z. Again, when z is constant, y ce a;; but 
y=zfjLzx, ,', fjLZ does not involve x, nor does /x involve x, .*; /x is constant, 
and y CO xz. 

As an illustration of this proposition we may instance the case of a 
triaogle. Let a;±:: the altitude, z the base, and y th^ area of a triangle ; 
then when x is given y 00 z, and when z is given y co x, but when neither 
of these is given y co xz. 

That this proposition is the foundation of the Eule of Three in arith- 
metic the student will readily perceive. For suppose that a certain 
coital A placed out at interest a certain time T^ produces a certain 
interest /, it is clear that the interest will vary according as the capital 
or time varies, — that / in fact will a> AT; and if i be the amount of 
interest arising from capital a during time t, then 

I:i=zAT:at. 

Ex. If 240^. in 16 months gain 64?., how much will 60t gain in 6 
months ? 

Here ^=240?., a=QOl, T=10 months, «=6 months, 1=6^1., t=a;; and 
AT: at : :I :x. 

Therefore 240 x la : 60 x 6 : : 64 : a^ 

.-. ajx240xl6=60x6'x64, 
,«. x=6L 



TH9 BEJEHEHTS OF ALOEBEA* • 1 |S 1 ' 

EXBECISB LXVIII. 

1^ JSyoox, and when oozs2, ytsSf express y. in terms of a;. 
21 lly Qo -^ and when am J, yisl6, expireiBSy in terms of or. 

3. If a; 00 ^, and 2, 3, 4* be the values of x, y, % express < a^in • temur ' 
of^and^, 

4. If 2y+Sz » 4^ •h5«^ show that ^ » ;?. 

5. If xi^ the snm of two qnandties; which vaz^ as ^y' ^^ atid- whett 
y=i2f x:=S, when y=3, xszl5 : express x in terms of y. 

6. If x= the sum of three quantities, the first being constant, the 
second yaiTing as y, and the third as y^, and when y has values 3, 4, 5, 
xasSf 12, 20 I express x in temur of y. 



CHAPTEE XVT. 

PEBMnTATIOH8y.(XnfKKATION8» AMD YASIATIOVS. 

Permutation means 'the diflerent ways in which the order or rdative 
position of any given number of things may be changed. The only object 
to be regarded in permutation is the order in which the things are placed, 
for no two anangements are to have all the quantities in the same relative 
position. 

For example, two thingsj a and 5, are capable of only twO changes in 
their relative position, ab, ba, and this number is expressed by 1 x 2 ; but 
three things, a, 6, c, are capable of six variations, viz. cE&c, aeh, bac, bca, 
cab, cba, and this number of permutations is expressed by 1 x 2 x 3. 

Four things are capable of twenty-four variations, viz. 

ahcd bacd cabd dabe 

abdc bade cadb dad> 

€uM bead tbad dhae 

acdh beda cbda dbca 

adbe bdac cddb dcab 

add> bdca odba dcba 

and this number of permutations is expressed by 1 x 2 x 3 x 4. In like 
manner, when there are five things, four of them (leaving out the fifth) 
will have 24 variations, consequently, by taking in the fifth, there will 
be 5 times 24 variations. 

Permutation and variation are terms used synonymously, though pr«>-- 
perly speaking there is a distinction between them. Permutation signifies 
the different arrangements of the terras taken aR together, Variation the 
different arrangements that can be made of them taking a certam number 
together. 
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To find the number of variations of n things a, h, c, d, &c. taken 2 
together. 

If n Vr denote the number of variations of n things taken r together, 
it is manifest that the number of variations of n things taken 1 together 
is n, that is^ nVl=n, But let us remove a, and there vnU remain n— 1 
things^ b, c, d, e^ &c. ; and if we place a before each of these, it is obvious 
that we shall have (n— 1) variations in which a stands first. Again, if 
we remove b, there will remain (n—1) things, and consequently (n — 1) 
variations in which b stands first. In like manner of the rest. And as 
there are n things, each of which may stand first, so there will be n (n~^ 1) 
variations. 

nF2=n(w-l). 

The number of variations of n things a, 6, c, d, e, &c. taken three 
together, is found in a similar manner. First, leave out a as before, then 
the number of variations of the remaining (n— 1) things tahen two together 
will be Tti— 1) (w— 2) ; and now, if a be placed before each of these, there 
will be (n—l) (n—2) variations of n things taken three together, a stand- 
ing first. So likewise there will be (n—1) (n— 2) variations in which b 
stands first, a like number in which a stands first, and so on for each of 
the n things ; and therefore the whole number of variations of n things 
taken three together, or wF3=n(w— 1)(»— 2). 

And we infer that nF4=n(n— l)(w— 2)(n— 3), 

wF5=n(7i— l)(n--2)(n— 3)(n— 4), 

and generally that the number of variations of n things taken r together, 
or 7iFr=n(»-l)(7i— 2)(n— 3)(n— 4) {w— (r-l)}. 

It is observed that the negative number of the last factor is always 
unity less than the number of things taken together. 

Hence we may find the number of permutations of n things. For r 
in such case will equal n, and the last factor in the formula above will 
become w— (w— 1)=1, 

and wFw=7i(n— l)(n— 2)(n— 3) . . . . 2.1. 

Ex. How many permutations may be made of the letters of the word 
number ? 

6.5.4,3.2.1=720. 

In the preceding remarks we have supposed that the things were d'^- 
/erent ; but when several of them are of one kind, and several of another, 
it is obvious that the permutations that can be made of them will not be 
so great as when all the things are different. For instance, we have seen 
that the letters a, 5, c admit of six variations ; but if two of the quantities 
be alik^ as aab, the six variations will be reduced to three, aah, beta, aba. 
We have seen also that the letters a, b, c, d admit of 24 variations ; but if 
we have aahb, the 24 variations are reduced to 6, viz. cuM, abba, alab, 
hbaa, baab, baba. 
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Therefore to find the number of permutationg of n things taken all 
together^ whereof a things are of one kind, fi of another, and y of another : 

Let X be the number of permutations. 

Now, since all the a like things enter into each permutation, if we suppose 
them different they would admit of a(a— 1) ... 2.1 permutations, and 
consequently the whole number of permutations of n things would then 
be a .... 2 . 1 X x. 

So also, since fi like things enter into each permutation^ if we suppose 
them to be different we shall obtain in like manner /3 ... 2. 1 permuta- 
tions, and there would then be a...2.1x/3...2.1xa; permutations 
of n things : y of them still being like. And if we suppose y things 
different, then they are all different, and their permutations would be 

n 2.1, and therefore 05=- wa 'q'i^c^ TT* 

ci«..*^. ixp.«*««. ixy....^« 1 

Ex. How many words may be made with the letters of the expression 
Here we have 9 letters, of which 4 are a>, 3 6V, and 2 c*8, 

9.8.7.6 »5*4. 8.2.1 __ •« q^ 
•'•' ®~4.8.2. 1x3.2. 1x2.1""^°^- 

Cases' of this description are termed variations with repetitions. 



Exercise LXIX. 
Find the number of permutations : 

1. Of a?6c. 

2. Of a»6*c2 and a^b*cd. 

3. Of a?62c2 and t^b^d^d. 

4. Of a^ftWoPc^ and aW(?*(P. 

5. Of a- and a"-*6. 

6. Of a— '62 and a— »6». 

7. Of a— *6^ and a— »y^. 

8. How many changes may be rung with 8 bells out of 10 ? 

9. How often can 6 persons change their relative positions at table ? 

10. The number of variations 2 together is to the number 3 together 
as 1 : 4. Find the number of things. 

11. The number of variations 2 together : the number of things 
; : 10 : 1. Find the number of things. 

12. How many different words may be formed of the letters of the 
words Gcmgee, CahuUa, Celebes, Philippine ? 

13. Of how many things are the permutations 40320 ? 

14. Sixty different words can be made &om 5 letters. Find the num- 
ber of o's among them. 

The combinations of a number of quantities are the different collections 
that can be made of them without regard to their arrangement. 
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No two GtombioatiooB can have the -same quantities : for inttaace, a 
ai^d h admit of oxJy one combination, because ckb, ba are composed of th^ 
same quantities ; but if a third quantity c be added, we can make three 
combinations of two quantities out of them, because the third quantity o 
may be added to each of the two former, thus : ab, ac,bo; and if we add 
a fourth quantity ^, we can make six combinations of two quantities out 
of: the four, since the new quantity cf.may be combined with each of tiie 
former ones, thus : ah, ao, be, ad, bd, cd, and so on. 

To find the number of combinations of n things taken r together. 

Let nCr be the number of combinations. NoTf, sinc^ eacih combinatiop 
of r quantities will admit of r variations,' 

.-. {nCr} xrrr=nrr=n(n-l)(»-2) {n-ir-l)], 

,1 . 2 . 8 ., ,,r 

From this we see that n(71=j, n02^^^, nCS^ f'^l ^^'"i^\ .which 

we shall find are the same as the coefficients in the expansion of a bino- 
mial. 

Ex. Find the ^umb.«r of -combinations of -Sitbiogs taken 3;togeth«r. 
Here n=8, r=3, 

The number of combinations dfn things taken -r^iogether is equal to 
the number of them taken (n^r) together. 

It is plfdn that the n things are formed into two ^setsYn^^) and r 
when r things are taken from them to form a combination. Andi if (n—r) 
things are formed into a combination, this may be called complementary 
to that of r. And since each combination of r things has its complemen- 
tary combination of (n^r) things, therefore the number of combinations 
of n things taken r tbgether is equal to the Jiumber ofthem taken {n^r) 
together. 

JBXBRGISB iLXX. 

•1. How many tsombinations can be made oiit of a, '5, c, i, $^f^ 

2. How many different yoke of oxen may be selected from ISrOxenf 

3. There are 4 companies of soldiers, in each of which there are .9 
men. In how many ways can 9 men be chosei^, .1 from each company ? 

4. Into how many different i triangles may. an octagon be divided by 
drawing lines from the angular ^points? 

6. How often may a different party. of 6 be formed from 10. persons 9 

6. How often may a different guard of 4 men be posted out of 20 1 

7. A person has 4 coats, 7 waistcoats,: and 6 paipi of troiMera. In 
how many diSbrent suits may the i^ppear ) 
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8. 'How many different throws maj be made with 8 dieel 

"" 9. Thifl cut is a representation of a telegraph with 6 in- 

I. dicatorS; each of jnrhich may be made to take 4 different posi- 

\y^ tions; vertical, slanting downwards, horizontal, and slanting 

^ ^' upwards, as a^ 6, c, d. How maqj different figures may ihe 



N 



a 



ft telegraph be made to present 1 



CHAPTER XVIL 

THE BINOMIAL THEOREM FOB POSITIVE WHOLE BXFOKENTS. 

The Binomial Theorem is a formula discovered by Sir Isaac Newton, by 
the help of which the mechanical and often tedious process of multiplica- 
tion may be obviated, and the expansion of a binomial with any exponent, 
positive, negative, integral, or fractional, be written down at once. 

By the article on Involution we know that 

(a+a)(a:+6)=:aj2+aT oj+oft 

+6/ 

(a+a)(aj+6)(«-<-c)=a:?+a'] o^-^-xxb-^i x+abc 

(»+»)(«+ 5)(aj+c)(aj+rf)=iB*+a;^ a^+ab'] aP+ ahc-yx-^-abcd 

+ 6'l 4-ac' +abd I 
+ c I -^ad ^ +acd [ 
+dJ +bc 

-hbd 

'\'cd^ 

And on a nearer examination of these products we perceive the general 
law of involution, which may be expressed by the following formula, if we 
denote the 1st, 2d, 3d,- 4th . . , .>a dass of combination, with repetitions 
for a things a, &, c . . . . m by the letters Ay B, C, D . , . , M 

{x+a){x'\-h){x+c) (a;-|-m)=ra?»-|-iia?""'+^a5""*4- 

0»-^4- '\'Lx'^M. 

To expand (x-^-ay, and to arrange the expansion according to the 
deseending powers of x. 

By the preceding formula, 

{x+ay=:af+Aaf-^+Baf'^+Caf^'{- .... +i/«+i^, 

in which the coefficients A, B, C . . . , M, iiT are to be determined. 

For this purpose, let us consider any term Kai^^ of the preceding series. 
K is the y^ class of combinations without repetitions for n things, because 



'\'hcd-> 
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n factors have to be multiplied together. Each combination of this class 
is, in the present case^ where all the things are equal to one another, re- 
duced to a\ and we must now multiply a* by the number of combinations 
of the A;^ class, in order to get all the combinations of the Ii^ class. 

The number of combinations of A^ class is ? 7 ♦» " * j, — ' 

So that Z'= , I" '"' . — a^y and if we substitute for k any 
number from 1 to n, we obtain 

^«(n--lKn-2)(,-8)^^ 



+ 

I »(»-!) ...8.2 1 

^1.2.3.. («-l) 
. n(n— 1) ....2.1 ^ 

1 • 2.3..a.fft 

which may be thus written : 

the series adyancing according to the descending powers of a?, until the 
coefficients of x disappear, when the expansion is completed. 

If the first and last coefficients are compared, we easily find, by throw- 
ing out similar factors in numerator and denominator, that 

n(n—\) ....2.1 , 

n(n-l) ....3.2 _n 
1.2.3 ... . (»-l)""p 
<n— 1) ....4.3 _ «(n~l) 
1.2.8 ... . (»-2)~l . 2 ' 

n(n— 1) ....5.4 n(n— l)(n— 2) 

1.2.3 ... . (n~3)~"l . 2 ... 8 ' 

&C. = &C. 

We may also observe that the coefficients of the terms equally distant 
from the beginning and end of the series are the same. 

If we write in the above binomial a for x, and & for a, the expansion 
becomes 

(a+ 6)-=a*+ ^a-'J -|-^^)a-»62 

w(n-l)(n-2) ,_j», 
+1.2.3 *^^ 

+ Ac. 



1.2.3^ 
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b may also be negative. If we write ^b for &, then 

n(n-l )(n-2) 
1.2 

Bringing the two formnlsB together, 

n(n-l)(n-2) ^y 
^1.2.3 

+ <fec. 

We see in the expansion of (a— 6) that those terms of the series are nega- 
tive in which the exponent of 6 is odd. 

If we denote the coefficients of each term of the series, beginning at 
the second, by the letters A, B, C, D, JS , . , . 

Then A = J, 

P n(n— 1 ) n n— 1 n — l ^ 

■^-rT2"=i- T'="^'*' 

p_ n(n-l)(n--2) _ n(n— 1) n--2 _ n— 2 p 
^~1 . 2 . 3 ■*! . 2 ' 3 "" 3 ' 
yj_ n(n-l)(n-2)(n-3) _ n(n-l)(n- 2) w-8_n-8^ 
1 .2. 3. 4 "1.2.3 '4""4^* 

Employing these expressions, the expansion of (a + &)* becomes 

+^(7a-4ft4 

4 

+ (fee. 

This form of the series is especially convenient for numerical calculations. 
For example, to expand (a +6)". Here n=ll, 

and ^ = V =11, 

Bz=^A=i^.ll= 55, 
(7=f ^=f . 55=165, 
JD=f (7= f. 165=330, 
jr= I i>=|. 330=462, 
^=|.J2r= 1.462=462. 

From which point the coefficients will be written in a reverse order, so that 

(^ j-jyi-^^n + Il<^i05^55a9^+ 165a863+330a72^4-462aW + 
462a*6« + SSOa^y + 1 65a?68 ± 55a!^lP + 1 lab^^ ± b^^. 



ns 

We may abo by tins Tliaoiciii ei^Muid « qvmtity euiiMrtii i g of moreHttn 
two tcmiBy thus: 

(a+6+c/=(a+6'/+5(a+6)«c+10(a+6)»c»+10(a+6]Fc»+5(a+6>*+c» 

in which eadi iHsomial is jet to be expanded. And mnukrty for any 
nnmhCT' of terms. 

A taUe of the coefficients of binomiafemayeaBljbe coo8ti«cted,tJns: 

Let (l+a:)*=l+^a?+ifa?+t7ai»+ +ifaf, 

(l+a;)^'=l+^'aj+^a?+(7a?+ .... -\-irar'^X3^\ 

and if the first series be multiplied by 1 +x, we shall obtain 

1+^ ) «+J?) a?+(7) a»+ .... +Jr) af+Jfaf+» 
+ 1/ +^/ +J?J +Xj 

CSoMeqoentfy, YTiss^+C, 
1=1, 

From which it appears that from the binomial coefficient of every power, 
the coefficient of the next higher power may be found by addition, and 
that thus a table of binomial coefficients may be constructed. 

We give below the beginning of such a table, in which are shown the 

values of the quantities *t "1 ~ ) . . ■ » ^"" — i^ for all the positive 

values of n from 1 to 15,) and for all positive -values of k from l'to'15. 
In the first horizontal row are the values of n, and in the first vertical 
row are the values of ^. If we .conceive a vertical line to be drawn through 
a value of n, and a horizontal line drawn through a value of k, we shall 
find at the point of section of these two lines the corresponding value of 

n(n-l)(n-2) (n-Ar+l) 

The values of the expression above when n=9 we obtain from the 
column in the table having »s=8, in the following^ manner : 

1 + 8=9 56+70=126 28+8=36 

8+28=36 70+56=126 8 + 1=9 

28+56=84 il6+28=84 1 + 0=1. 

Expand : 'Exbrcjisb LXXI. 

1. {a±h)\ 2. {a±hy. 3. (l+o;)". 

4. (5-4a;)4. 5. (3-2iB2)«. 6. (iaj+2y7. 

7. ' (a? + 3a6)». S. {Zac-^ 2hdf. : 9. {pdJ^c^d^ idhd^. 

10. (^^^d)\ 11. {^/a±^JbY. I2.{^a±^hy, 

13. (a +6)-+ (a- 6)". 14. (a+d)»-(a-6)«. 
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EXBRJdSE LX^II. 



1. (o+JV-l)". _ 2. (a+bs/-lY+{a-b^-l)\ 

3 (a-t-W-D'-Ca-iV-l)' ^ y^^ ^ ^^ jy^ ^^^ of («+6)»l 

V—'l 

5. What is tiie fifth term of.(aH-5)l« 1 

6. What is the sixth term of (a— 6)«o^ 

7. Kequired the fourth term of {a—by^, 

8. Eequired the fifth tenn.of {a^-^h^y^., 

9. Required the ninth«tennfof (2a&— crf)i'*. 

10. What is the middle term of the series (a— 6)i^1 

11. What is the middle term of- the series (a— 6)^® 1 

12. Required the two middle terms of (a— 6)^7, 

13. Required the two middle terms of (a*«-5)^^. 
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CHAPTER XVIII. 



THE OEVEBAL BINOMIAL THEOBEX. 

It will be seen that the preceding remarks, made in reference to binomials 
with positive whole exponents, hold equally for those with negative and 
fractional indices, except that in these cases the series will not terminate. 
To prove the Theorem for fractional and negative indices is the object of 
the following remarks. But before we proceed it will be necessary to 
investigate the following proposition. 

If a-ffta;+«B^+c^+ .... ^A+Bx+CaP+Bafi-i- .... for every 
possible value of a;, then a shall equal A, b^B, c=C, <fec. ; that is, the 
coefficients of the like powers of x shall be equal. 

Since x may be of any value, let a;=0. 
Then a=-A, and expunging these from the equation, 

we have 5aj+«B^+cfo^+ .... ^Bx^ Cap +1)01?+ .... 
and dividing by os, 

b+cx+dxP+ . . . =B+Cx+DsiP+ 

. -. b=zB, and again expunging these from the equation, we shall find that 
o=(7, and d=D, &c. 

This is termed the method of Indeterminate Coefficients, a theorem 
exceedingly useful in many algebraical operations, and which we shall 
presently employ. 

And first, let n=^ in the binomial (1 +^)". 

{l'\-x)i=Wl+x, and this will be expanded into a series by the method 
just alludea to, if we put 

y/l+x:=zA+Bx+Ca?+Da?+£oc^+ .... 

Squaring, we get 

l+x=zAA+AB ) x+AC) aP+AI)-^ aP+AJE-^ »*+ 

+BA ) +BB ? ^BC \ +BD 

+CA^ +CB[ +ca> 

•\-DAJ +DB 
+EA-^ 

or l+x=AA+2ABx+2AC \ aP+2AD ) aP+2AB^ «*+ 

+BB ) +2BG ) +2BD ? 

+ COJ 

in which we must now so determine the coefficients A, B, C, 2), E that 
the equation may be satisfied for every value of x. This will be effected 
if we so determine them that they satisfy the following equations : 

AA^l, 

2AB^\, 

2AC+BB=:0, 
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AD+BC=0, 

2AE+2BD'\'CG^0, 
AF'\'BJS+CD=0, 

firom which equations we can now detennine A, £, C, D, Ey &c 
Therefore (l+a)*=l+Jaj-fB2+T^-Tl^+ 

a series which clearly follows the general law of binomials. 

In an exactly similar manner may we expand into series (l+a;)i, 
(l+^)^> (l+a;)i. So also the method of Indeterminate Coefficients may 
be applied to the expansion of binomials with negative exponents. But 
for the general expansion of (l+^)"> where n may be positive, negcUive, 
integral, or fiudional, many artifices must be employed, as will appear in 
the following paragraphs. 

By the method of Indeterminate Coefficients : 

Let {\'\'XY—A-\-BxJrG(Ji?+Da?+E3t^'{'Fa^-\' .... where the coeffi- 
cients do not depend upon x, but upon the exponent n ; and let us attempt 
to form equations from which we may determine these coefficients. To 
this end^ put a;+y for x, then will 

And if we expand the powers of 03+ y according to the theorem for positive 
integral exponents, and arrange the series according to the powers of y, 
but for brevity employing that term of it containing the simple power of y, 

■\'{B-\-2Cx-\'Wa?^^Ea?^5Foi^'\- . . . }y 

+ (fee. 

=(l+a^)" 

+ {J5+2Caj+32)a?» + 4J^a«+5^»*+ }y (y) 

+ <fec. 

But l+a?+y=(l+flc){l+Yfj} 
And if we put -p^ for x in the original equation, then 

wif,}"=-'+*fe)+''fe)'+<ii.)v • • • • 
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Therefore for every Talae of n, pocdtiye, negatiye, fraddona], or integral, 
jB=n. ConBequentlj, aotording to tbe preceding, 

r^_ n(n- 1) 

^_ n(n-l)(n-2) 
^"1 .2.3' 

1 .2.3.4' 

Also, (l+a.)-=l+?«+5^i^+5^ff^^a?+.... 
Bmnark. Snce «±«=a(l±^). («±*)*=»"(l±fy> 

80 (a+x)'=a {l±j^-^+p-^^-^ ±1.2 . 3 U + ••••} 

and therefore the Theorem is true for every kind of exponent. 
Remark. (a±x)-'=ar'+^ar^'x+^^^^ar*-^a? 

V »L / — ,1 ' n . 2» — » . 2i» . 3i» 

By means of the Theorem just investigated roots of every kind may be 
approximatively extracted from given quantities. But the calcuLition 
must always be so arranged that the series which the Binomial Theorem 
gives for the root sought, carwerge ; that is, that the quantities which are 
gradually obtained by taking the first member of the series, and the two, 
three, four, five, or six of its first successive terms, gradually approach 
nearer to that quantity which is to be approximatively obtained by help 
of the series, and be brought as near to that quantity as can possibly be 
desired ; so that the defect, absolutely considered, may be made smaller 
than any positive quantity, be that small as it "may, if only a sufficient 
number of terms be taken into the series in uninterrupted succession from 
the commencement. The more quickly the quantities in question approach 
the quantity to be calculated, the more quickly, it is said, does the series 
converge, 

A few examples will explain the preceding remarks. 

To find an approximate value of /y/2. 

This series converges very quickly, and by means of it we can easily find 
the root accurately up to ten places of decimals, if we change the single 
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•temiB into decimal fractions. To find an approximate Tslue of ^^N we 
must either put J^=za*-i-b or ^^=:a*— 6, so that a* comes as near as pos^ 
sible to I^f and also 6 is, in relation to a% as small as possible. 

^aV=^(a"±6)=«/^(l +i) 
And the root is thus taken with a great degree of accuracy. 



(n-l)(2n-l)(3»-l )/ 6 V 
n . 2» . 3n . 4n 



EXEBCISE LXXIII. 

1. (a+5)* 2. (a;-»)l 3. (1±«)* 

4. (1±«)* 5. (1-aj)-* 6. (l-fa?)-' 

7. (1-a:)-* 8. (l±«)i 9. (aj+a)-i 

10. (3a-55)-i 11. (w-n)-J 12. (a;8+^)-i 

15. Find the first four terms of the sixth negative power of a3*"+y^. 

16. Find the first four terms of the tenth negative power of a;* -fa^. 

17. Find an approximate value of ^7. 

18. Find the square root of 5. 

19. Find an approximate value of square root of 50. 

20. Find the approximate value of the p^ root of (iT^'-f a:). 



CHAPTER XIX. 

THE THEORY OP DECIMAL FRACTIONS. 

A DECIMAL fraction is one whose numerator is any whole number what* 
ever, but whose denominator is a power of 10. 

According to this definition a decimal fraction will be symbolically 
represented by .-^ where n is the number of decimal places, and A the 

integral number which the decimal would represent if we removed the 

259 
point. Thus, 2*59 =jp; A in this case denoting 259, and n equalling 2. 

To prove the nUe/or 7nuUipiication, 

A. B 

Let rsi *"id TTT ^® ^^ decimals to be multiplied, 

10* 10* 

xv A B AB 

then .rrr- X 



10" 10" ~ 10»+* ^ 

-4 J5 representing the product of the decimals considered as whole numbers, 
and m+n the number of decimal places in the multiplier and the multi- 

L 
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plicand together. And hence the rale in arithmetic : Mnltiplj bb in whole 
numbers, and point off in the product as many figures as there are decimal 
places in the multiplier and multiplicand together. 

To prove the rvihJoT dmdon o/deGwiah. 
^^ 10^ ^^^ ie» ^ ^^ decimals^ 

., A B J IQ» A 1Q» 

Therefore if w > n, the quotient will be -^ • ^q^.^ *• «• it will contain as 
many decimal places as the dividend has more than the divisor. 
If m=:n, the quotient will have no decimal places. 

If w < n, the quotient will be -^ . 10"^*, i. e. the quotient must be mul- 
tiplied by that power of 10 denoted by the excess of n over m. 

To prove the ruh/or changing a vulgar into a decimal fraction. 

Let — be the vulgar fraction, then — Ynii — '''^ represent the deci- 
mal fraction, and obviously the rule in arithmetic : Add ciphers at pleasure 
to the numerator, and divide by the denominator. The quotient will have 
as many decimal places as we add ciphers. 

To prove the nUe/or reducing a cvrcvlating decimal to a vtdga/r fraction. 

Let 'BCCC represent a circulating decimal, in which B is the non- 
recurring, and the recurring part, and let B contain m digits, and C n 
digits. 

Let F=z'BCCO, then lO'^F^B'CCG... 

and 10"+»P=J5(7-C(7(7 

a formula in agreement with the rule : To as many 9's as there are figures 
in the repetend, annex as many ciphers as there are figures in the non- 
recurring part for the denominator. Subtract the finite part from that 
portion of the decimal extending to the end of the first period for the 
numerator. 

To find whether a given vulgar fraction is equal to a finite or infinite 
decimal. 

It is manifest that if the denominator of the proposed fraction be 10, 
or any power of 10, it will reduce to a finite decimal ; and from this it 
follows that if the denominator can be resolved into factors, one of which 
is a power of 2, and the other of 5, or if we can multiply the numerator 
and denominator by any number, so as to make the denominator of this 
form, the fraction will reduce to a finite decimal. Uniier no other cir- 
cumstances will it terminate. 

Let *» be a fraction in its lowest terms; then, if ^ is a power of 10, 
or, which is the same thing, if it is resolvable into the form 2*" * 5*, the 
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decimal will terminate, and with the places denoted by the greater of 
the powers m, n. 

For if w > w, then ^jj-^ being multiplied so as to render the denominator 
1^"= 2ir5ir="~lo»~' "* which m denotes the number of decimal places. 

If n > wi» then giP^ss 2».6»^ *10» ' ^^®'® ^ denotes the number of 
places. 



CHAPTER XX. 

IKTEBEST. 

Let r= rate per cent of II. for 1 year. 
t=: months, weeksy or days in 1 year. 
A= principal. 

n= months, weeks, or days for which principal is lent. 
jBs: amount of principal for time n. 

Then nr= the interest of IL for time n. 

Anrsss the interest of AL for time n, or the interest =? prin- 
cipal X time X interest of 1/. for 1 year. 

The amount =zA +Anr=iA{l 4-w). 

If i be the interest tor 1001. for 1 year, then rs=7^. 

^ ' 100 

And (i) Yjj5j= interest of principal A for time n at c per cent per annum • 

(ii) The amount JB=zA+^. whence we have also (iii) ^=,i5?^ 

..V ._ mt{B-^A) ^ , . v^^^^ioo/(^-^ ^, - , .\ ^.^^^'+?' 

(iv; I = — — i and (v) n= — ^. — ^, the use of which equations will 

appear by the following examples. 

Ex. 1. What is the amount of 5601. at 4 per cent in 7 months 1 
Here AszdSO, i=4, <=12, and n=7. 

Ex. 2. What is the interest of II. for 1 day at 5 per cent per annum ? 
Here ii=l, w=l, i=5, <=365. 

••• (0 Si=ioo7363=-0001369863?. 

Ex. 3. What sum in ready money is equivalent to 600^. due 9 months 
hence, allowing 5 per cent discount 1 

Here i=5, <=12, n=9, and JB=eOO. 

, /...v lOOB/ 100x600x12 -«ooio7 ir^or /. AIT 
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£x. 4. At what rate of interest will 300^. in 15 months amount to 330^. 1 

^ /. \ . 100 X 12 X 30 o7 ., , . 

By (iv) *=— OAA — i5~— °^- *"® ™*® P®*" ^®^*' 

Ex. 5. In how many dajs will 3051. at the rate of 4 per cent amount 
to 400^. 1 

Tj / V lOO^B-^) 100x365x35 q^r j ai. x- • j 

By (v) »=: — ^jT — -sz — gg^^^ — =875 days, the tmie required. 

GOMFOUND INTEBEST. 

Let iK= the amount of 1^. for 1 year =1 +r. 
iP=z the sum put out at interest, 
91= the number of years it is lent for. 
a= its amount in that time, 
ii = an annuity forborne n years. 
97»= its amount in that time. 
i7= the present, value of the annuity for the same time. 

Then since 1^. placed at interest in the first year 4s increased to B, 
1 : J? : : J? : ^ is the amount of 11 in 2 years, and I iB :: IP :J^ the 
amount in 3 years.; whence it appears that JR*, or B nused to the power 
whose exponent is the number of years, will be the amount of 1/. in those 
years. 

But II. iB* (its. amount) : :F la, •*, (i) PB'^a. And because the 
amount of U. in ti years =sB*, its increase in that time will be jS"— 1 ; but 
its interest for 1 year =^—1, 

.-. B-l.iB^-liiA :m, .-, (ii) m=^i^^^. 
And further, since 1^. ready money is equal to jS" to Jbe reeeived after n 
years, .-. jK» : 1 : : ' :v, / i\ 

and .-./iii) v=zJi — ^,. 

From which equations, and others derivable &om them, may be solved 
the various questions relating to cempound interest, annuities in arrear, 

and present values of annuities. 

1 

Thus, PjK*=a, .'. ^=^ an<l ^~v^T' ^^* ^^^ simplicity, employing 

logarithms, 

(i) log. a =log. P-hw log. Bf 

(ii) log. P=log. o— 71 log. B, 

/...» , „ log. a— log. P 
(m) log. P=-5 — ^j-2_^ 

/• \ log. fl— log. P 

which equations serve for all the cases of compound interest. 
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Again, since f?i=— ^ ~ , we have 

(i) log. wi=log. J+log. (7?»-l)-log. (i?-l) 
(ii) log. ^=log. wi-log. (7?--l)4.1og. (J2-1) 
Ciii^ n= }^' (w/?~m+^)— log. ^ 

(iv) i2.«^4.^^1=0, 
equations which relate to annuities in arrear. 

Since i?=-4 -B~~r> ^® obtain 

(0 log. t.=log. ^+log. (l_l)_log. (JJ-1) 
(ii) log. .l=log. r+log. (7?-l)-log. (l-l) 

^ ' log. /I 

(iv) iJ-+>-(| + l)iJ.+^=0, 
equations which respect the present values of annuities. 

JExaTfiples* 

Ex. 1. To find the amount of 5751. in 7 years at 4 per cent per an- 
num compound interest. 

By equation (i) a=7 56661=7 561, Us, 2kd. 

Ex. 2. What principal put to interest will raise a stock of 1000^. in 
15 years at 5 per cent ? 

By equation (ii) P=48102?.=48H. 0*. 4j(?. 

Ex. 3. In how long time will 5751. amount to 756/. 13«. 2id. at 4 per 
cent ? 

By equation (iv) n=7, the number of years required. 

Ex. 4. To find at what rate of interest 48U. in 15 years will amount 
to lOOO;. 

By equation (iii) i?=105 per cent. 

Examples might be given to illustrate the remaining equations, but 
the student will supply ^em for himself from sources easily within his 
reach. 
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CHAPTER XXI. 

NOTATION. 

Notation is the expression of numbers bj figures in a common ratio. 

Numbers are arranged into systems or scales according to the common 
ratio. Thus, a system in which 10 is the common ratio is termed a deci- 
mal system of numbers, — such is the one in which all our arithmetical 
calculations are made. For example, 25926 signifies 6 + 20 + 900+5000 
+ 20000=6 + 2.10+9,102+5.108+2.10^.^ So also if the common ratio, or 
radix as it is caUed, is 20, or the system vigesimal, 25645 would be repre- 
sented by 3425, because 5+2.20+4.202+3J03=25645. 

From this it is manifest that any number in one system may have its 
representation in anoth^. Qener^y, if ^ be the number, and r the 
common ratio, then N may assume the fwrm a""f"+a'"r^'+a"r^'+ . . . 
+ aV+a, in which the coefficients of the powers of r are < r. These 
coefficients may be 0, but can never be >• r, and therefore they may be 
of any value from to r— 1. Hence, in the ternary system these vidues 
may be 0, 1, 2 ; in the undenary 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10; and so on. 

Let us take the example iV'=a"V+a'"r»-^+a"r^«+ +aV+a, 

and show how we obtain the coefficients of the powers of r. 

If we divide iT by r we get the quotient 

a""r»-^+a'"r^+ +a'+^ 

a being the remainder will be the last digit or imU figure. And if we 
divide this quotient by r we obtain as remainder a', the last but one digit, 
or the figure occupying the tens' place in our notation, and so on for the 
remaining coefficients if we continue the division until the remainder be- 
comes < r. 

£x. 1. Express the common number 34567 in the senary scale. 

6 )34567 

6 )5761 + 1 

6)960+1 

6)160+0 

6)26 + 4 

4+2. ^Tw. 424011. 

Ex. 2. Beduce 39824 in the duodenary scale to the scale of 9. 
Let ty e, t', f represent 10, 11, 12, 13. 

9 )39824 

9 )50<e +1 

9)692+5 

9)90+2 

9)10+0 

1 + 3. iliw. 130251. 
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Observe the process in tius diyision by 9. In the first line we say 9 in 
45 (for 3x12 + 9=45) 5 times, 9 in 8=0, with 8 to cany, wlucb is 
8 X 12=96, and 96 + 2=98, 9 in 98=^, with 8 over, which again =96, 
and 96 + 4=100, and dividing by 9, the quotient =e, with 1 remaining. 

The number carried is always the radix of the system. 

We will add examples of the ordinary rules of arithmetic, for it is 
evident that the same operations can be performed with numbers of any 
radix as with those in the ordinary scale of 10, the same care being had 
to the radix as with the 10 in common numbers. 

r=7. Add together 256431 r=9. 8426 

2154 274 

63253 38 

4152 126 

31425 54 

6142 38 



2716 

12806 



433253 

r=4. Take 12301213 from 300021303. 

300021303 
12301213 

221120030 
^= 14. From Sdt5t!e take 7^6^49. 

89^5^0 
7g6<^^49 

^'35 8 2 

Multiply 345621 by 254, in the scale of 7; and 4^96 by 347, in the scale 
of 12. 



345621 
254 

• 


4:t9e 
347 


2052414 ' 
2431335 

1024542 


2^395 
17738 
12859 


132153264 


146d455 


16453210 by 5402, in the scale of 6. 




5402)26453210(3152 
25010 




14432 
5402 




50301 
44214 




20430 
15204 


• 



1222 
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Extract the square root of 45327614, in scale of 8. 

45327614(6074 
44 



1407) 13276 
12461 



14164) 61514 
60720 



574 

Squaring 6074, and adding the remainder, 

6074 
6074 



30360 
52644 
44550 

574 

45327614 

Exercise LXXIV. 

1. Express 3000 in the scale of 4, 5, 6, 7, 8. 

2. Express 25783201 in the nonary scale. 

3. Express 290 in the scale of 2, 4, 6. 

4. Change 524 and 2034 from the senary to the nonary scale. 

5. Change te9i and 300 from the duodenary to the quatemaiy scale 

6. Change 340006 from the undenary to the quaternary scale. 

7. Add together in the senary scale 2530124, 34503, 21345, 120304. 
513, 2132, 1401 ; and ^196, 349^^76, 39325, 4ee496345, 3964^12, 
4694712 in the scale of 12. 

8. From 34^769501 take 23940^78 in the undenary scale. 

9. Multiply together 54 and 68 in the duodenary scale, and reduce 
the product to the denary. 

10. Change 1546 and 46 from the nonary to the quaternary, then find 
their sum, difference, product, and quotient. 

11. Divide 210041 by 31 (quinary), 2906418 by 45 (duodenary), and 
456835 by 65 (undenary). 

12. Extract the square root of 601020 (octenary), 4120400 (senary), 
and 22302021 (quinary). 
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Miscellaneous Exercises. 

1. Multiply (6-cy +(6«~62c+W«-c»)a?-f 3a by 6+c. 

2. Divide 119c2~200orf+408c6-113c/-39rf3+72de+37cC^-96s/'-+- 
20/2byl7c+3(?+4/. 

3. Simplify a— 6 H r r ^--5 — . 



4. Multiply ^^^^^„.(^^^) by ^ — ^^.^-^^-^^^-—j^. 



5. Solve the equation Vl + a: V^ + 1 2 =a 1 + »• 

6. Simplify ^^^ and i'-t^^"!*);! 

7. Divide the number a into three such parts that the second may be 
m times and the third n times as great as the first. 

8. Rationalise the denominators rx stt • \-4r-^Ar,l' 

9. In a geometrical proportion there are given the sum of both the 
middle terms =a, the sum of both the outer terms =&, and the sum of 
the biquadrates of all the four terms s=c. What is the proportion 1 

10. Reduce to its simplest form ^/2'"a"v+»6""+»+ \^3-a'^""+»6*+» — 

11. Extract the square root of {, 10-|^, and '014. 

12. Find m arithmetical means between a and L 

13. Simplify ^ J and ^(,^^^)^ V(a^^^^y 

14. Required the sum of the series 1, — -J^, i, —J, iV> ^c- *<> infinity. 

15. Write down the product of (aj+a)(a;— 6)(a5— c) and of {x+a) 
{x+h){x+c)(x-^<r). 

1 6. There is a fraction which becomes I if 1 is added to its numerator, 
and ^ if 3 is added to its denominator. Find it. 

17. Find the third term of the expansion of (a— y)*, and expand 
(a +5) to the j- negative power. 

18. 5=3V«-5, y/36T^=lS-\-^x, ll=±^=-.3. 

19. What is the sum of the infinite geometrical series a'-h'\ 5+ 

^- &c. ? 

20. By what vulgar fraction can the periodic decimals *8686 and 
•375375 be expressed? Prove the nile in arithmetic. 

21. Reduce to its lowest terms ^,,^^8a^x+ 6a^ ^^^ a3-a^^a>4-^ - 

'22. Divide the number 90 into four such parts, that if the first be 
increased by 5, the second decreased by 4, the third multiplied by 3, and 
the fourth divided by 2, the result in each case shall be e3UM!tly the same* 
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23. How many terms of the series 7, 5, S, &c =—384, and what is 
the 18th term of the series 4, —3, &c. ? 

24. Express in the form of a continued fraction the value of ,_q^ , 
and 3^^ when x=i. 

25. Extract the square root of 20ia«+49a:«—2laB*— 270^*0? +22 JaV 
+44io2a4_72a8aj8. 

26. Take the cube root of SaP^36a^'\-l25-75x-2lOa?'\-239a^+ 
42aj7 + 69a^— 201a;* + 66ar*. 

27. Find the G. C. M. of 20y4+y2-l and 25y*+5y«-y-l, also of 
aj4_2ct(a--6)aj2 + (aH &*)(«- 6)aj-a*«>* and aj*-(a-6)ic8+(a~6)52a;-64, 

28. A draper buys cloth for 332. 158., which he sells again for 486. 
per piece, gaining as much on the whole as the price of a single piece. 
At what rate per piece was the cloth bought f 

29. Take the roots from the denominators of 4r> -T—f *" , , and 



30. Show the equality of V\/32 H- y/2i and ^18 + ^^^2; of 
V/V63-V35 and >y43-75-.^l-75. 

31. Divide ^^^ by ^^. 

32. What is the 10th term of the expansion of (2-5a;-7a^-f «»+ 3a?*)* ? 

33. Find the permutations of the letters in the word conformation, 

34. Extract the square root of a^+aP, and the cube root of 1— as*. 

35. How many different combinations, taking four together, can be 
formed' of 4 sets of different things, one containing 10, another 8, the third 
6, and the fourth 4 1 

36. Add together j^^ and g^j^i^j; f„ g^, and ^. 

37. Show that (a_^)(a-o)(*+a)""(a-6){6-c),*+6)'^((»-c)(^c)(*+c)~ 
1 



(*+a)(«+6)(«-»-c)' 

38. The side of a cube is 1-^ feet longer than that of another whose 
solid contents are 2501 j- feet less than the former. Compare their solidi- 
ties. 

39. Solve equations (i) (aj-|-y)2(aj2+y)=392 and (aj2-3^)(y2-aj)=88; 

(ii) (arJ~a2)2+26(a^-a2)=c2. 

40. Bequired to find two multiples of 13 and 7 whose difference shall 
be 500. 

41. Simplify ^^^^-^+^^r^-—^+^^^-^^-^ 

42. There is a certain number consisting of two places of figures which 
is equal to 4 times the sum of its digits, and if 27 be added to it the digits 
will be inverted. What is the number ? 
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43. Divide ab-a^-\-Vhj y/cJb+^/{c?-V), and 14— v/15-.7v/^- 
2V-5 by 7-^-5. 

44. Find the square root of {aj-2V(«-l)} ^^ [^^\\/{^'-<^)\' 



-Cm 



45. Extract the cube root of 28-25 and of \:_J^T 

46. Show that the square root of 3492 and of this number converted 
to the septenary scale are equal. 

47. Simplify the expressions </{>/«/«)}, \/{</^\ ^{2h>^2h) and 

48. Place V(«' + y*) wnder the form y { 1 + (-)*} *. 

49. What numbers are as p to ^^ and the sum of whose squares =6 ? 

50. The sum oi p arithmetical means between 1 and 19 : the sum of 
the first p—2oi them : : 5 : 3 ; find the number of them. 

51. Find six geometrical means between m and n. 

52. Simplify 7</54^- 3-^16 -5^128 + >y2 and 2v/i + \/60- 

53. Add together ^^^, ^H, and ^93J; and /y/^^-?/^^. 

54. Multiply ^lipq, ^4^r, ^3^r together; and /\/t-> A/s *^^ 
express the products with fractional indices. 

55. What is the product of (1 + s/S){2- y/S){3 + ^/S) ; (2.^2 - 3^3) 
x(2V2-S4/3)] 

56. Expand (2 + V3)* and (^V'7-iV3)'. 

57. Simplify and square y/a+^^ + y/a-^^b. 



58. Beduce to their simplest form s/^^2-\^^M and VV^^— ^35. 

59. Keduce to its lowest terms .. i ., . .^ 7 =. 

60. What is the common difference in an arithmetical progression of 
^2 terms, whose first term is 1 and last 15 ) 

61. Between 1 and 3 there are 10 terms of a geometricid progression : 
what is the second term of the series % 

62. It is required to find two numbers such that the product of the 
first by 17 shall exceed by 7 the product of the second by 26. 

63. Expand by Binomial Theorem (1 +^)"", and prove that the third 
term in the expandon is the greatest. 

64. Find the sum of 7r^^'\- ^'^' ^ 



(A-2*)«^(* + *)(A-2*) A+y 



65. Keduce to their lowest terms 20a"^-W^^4a-3^cr'^i ^^ 

(g4-ft)(a+ft-fc)(o + 6— c) 
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66. A person bought a number of sheep for 80^., and if he had bought 
four more for the same money he would hare paid IL less for each. How 
many did he buy 9 

67. Sum the series 1+1+1+35+^,+ J+f,+p+J+ .... in which 

the numerators 1, 4, 6, 3 repeat, but the denominators proceed according 
to the increasing power of 8. 

68. What number of words of three letters can be formed of 8 conso- 
nants and 1 vowel, the vowel being the central letter? 

69. Solve equations (i) -j—p+aoj— 2a+6a5— 6 . ^Z = ^ j 

(ii) ^(a+«)=v^(ic2+5aa;+62). 

70. Employ the Binomial Theorem in the extraction of ^35. 

71. Find the greatest common measure of a^— 62-f-66— 9 and a^— 
2a6+52-|.6a~66 + 9; of 2a;*-3ar»-28ar2 + 75a;-»l and lOot^-ilsD^-h 
43a;-77. 

72. Find the L. CM. of aP-j^, aP^-2xy+y^, and x^-f; also of 
jp+8pq+\5^y p-'+Spg, and 3pq+l5q^, 

73. It is required to find a number such that if we multiply it by 5, 
the product will exceed 20 by as much as the number itself is less than 20. 

74. What will a capital of 1200Z. amount to at compound interest for 
36 years at 4 per cent per annum ? 

75. If a :b=4, : 5, d :/z=i5':2, e:c=6:7, d'.h^l : 3, and/:c=4 : 3, 
by what would the proportions a\h \c '.d leif he numerically repre^ 
sented ? 

76. The diagonal of a rectangle whose breadth is 119 feet less than 
the length measures 221 feet : required the length and breadth of the 
rectangle. 

77. What equation has the two roots a+fr— c-y/~l and a+h-^cs/^ 1 

78. By what number must the terms of the proportion 339 : 355 be 
increased or diminished so that the proportion may remain as 21 : 22.9 

79. Remove the irrational quantity from the denominator of 

80. One root of the equation a^+444f^=9754'06^ m 1234f. Re- 
quired the other. 

81. When are the roots of the equati«>n as^— aa?-|-6=0 both positive^ 
when both negative; when is the greater jno^n^ and the less negatwey 
and when the less positive and the greater negcutive ? ' 

82. There is a number consisting of two digits whose difference is 5 ^ 
if the digits be inverted they wiH form a number equal to f of the former : 
required the number. 

83. Required the time between two and three o'clock when the hands 
of a watch are exactly opposite. 

84. Simplify ^a^ . ^/a-'. 
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85. Divide 27 into two numbers, so that the greater divided by the 
less may be to the less divided by the greater as 3 to f. 

86. There is a field in the form of a parallelogram containing 235200 
square yards : find its length and breadth, the former exceeding the latter 
by 140 yards. 

87. (aj2-|-a»)*-|-(a!?— a»)*=a5. Find the value of ». 

88. —5 /.=-. Find the value of «. 

V*— va a 

89. What fraction is that which, if its numerator be increased by 7, 
will be equal to 2, but if its denominator be increased by 4, will equal ^ f 

90. ^'l^Z^ } ^'^^ *^® "^^^^ ^^ ^ *^^ y- 

91. ui can do a piece of work in 10 days, B can do the same work in 
15 days : how soon can they do it together 1 

92. An officer ranging his men in the form of a square has 59 men to 
spare ; he then increases the side by 1 man, and finds himself in want of 
60 men to complete the square : how many men had he 9 

93. Divide x^^lhj x~. 

94. Divide »— y by s/x—^y. 

95. A cask of wine by leakage has lost one-fourth of its contents ; 20 
gallons more have been drawn, and it. is now found to be f f uU : required 
the contents of the cask. 

96. Two travellers start at the same time from separate places, 150 
miles distant : in what time will they meet» walking respectively 7 and 8 
miles a day 9 

97. A boy being asked how many marbles he had, said, if he had as 
many more, Lalf as many more, and 5, he should have 130 : how many 
had he? 

98. A post is a third of its length in the mud, a fourth in water, and 
5 feet above water : what is its length ? 

99. *'' y =; " • ** I Required the value of a; and y. 

100. There are two numbers in the proportion of -J^ to :}-, which, being 
increased respectively by 5 and 15, are in the proportion of yV *® i- 
required the numbers. 



101. Find the difference between 3a; +- and x 



x—a 



b ' 

102. Find the sum of /^{/40 and -^135, and the difference between 
^^ and ^^. 

103. Find the sum of the numbers 1, 2, 3, 4, 5, <fec. continued to 500. 

2a 

1 04. \/x -I- \/a -l-a; = , . Find the value of x. 

105. A man engaged to work 50 days on these conditions, that for 
every day's work he was to receive 2«. 3d.y for every idle day he was to 
pay 9d, ; at the end of the time he received 4L 2». 6c;?. How many days 
did he work, and how many did he play 1 
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106. "JV'Jl^ } Find X and y. 

107. Expand (a;-2)4 (a-b-\-cf, and {l+x)\ 

108. A person lost by gambling ^ of his money, and afterwards von 
4 shillings ; he then lost half the remainder, and won 4«. Qd. ; he th^n 
bad 1| guineas left : what had he to begin with ) 

109. Find the G. C. M. of a?--! and ay+y, of oc^—h^ and a^'\-IPsi?, 
of st^—b^x and 3i?+2bx-\-lj^, of a^— ^ and a*— y*. 

110. Divide 210 acres of land among A, £, C : let the shares of the 
first two be to each other as 4 to 5, and let O have a third as much again 
as the other two together. 

111. Find the G. C. M. ofs(?-\-2aPy-\-x+2y and 2»A— &B«y+2aj?-5fa:y, 
of «4-(a;+ 6 -fc)y+ 6 +c and a;-f(a:— 6— 2c)y— 6— 2a 

112. Divide 191 into two such parts that if one be divided by 23 and 
the oikec by 15, the difference of the quotients may be 5. 

113. Find the least common multiple of 3(a+&) and 6(a^-- 6^). 



114. Simplify 






«+y 

115. Find the least common multiple of 0^6+06^, ofi—at^, and 6^+06^. 

116. ^ym^+aP={n^+a^y. Tofinda?. 

117. ^x+^p+xz^-^y To find aj. 

118. The first digit of a certain number exceeds the second by 5, and 
if the number be divided by the sum of the digits the quotient will be 8 ; 
required the number. 

119. il and B have the same income, A saves annually a fourth part 
of his, but B spends 401. more than A, and at the end of 5 years finds he 
owes 75^. : required the income of each. 

120. A can do a piece of work in 10 days ; with ^s assistance for 4 
days, he can do it in 7 days : how long will B be in doing the work 
himself 1 

121. Two persons, A and B, lay out equal sums of money in trade ; 
A gains 140^., and B loses 180^., and ^'s money is now double of B's, 
What did each lay out ? 

122. How much foreign brandy at Ss. a gallon, and British spirits at 
38, a gallon, must be mixed together, so that by selling the mixture at 9$. 
a gallon there may be a gain of 30 per cent ? 

123. ^ and B together can perform a piece of work in 8 days, A and 
(7 in 9 days, and B and C7 in 10 days : in how many days can each per- 
form the work alone 1 

124. Divide the number 196 into 4 parts, such that if the first be 
increased by 6, the second dimiDished by 6, the third multiplied by 6, 
and the fourth divided by 6, the sum, difference, product, and quotient 
shall be equal to one another. 
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125. «— \/a;=«k 

126. 3«*'-2af.-=25. 

127. I sold some goods for 2il, and gained as much per cent as the 
goods cost me : what was the price of the goods ? 

128. I bought a number of cattle for 80^.^ and if I had bought four 
more for the same monej I should have paid 1/. less for each : how many 
did I buy) 

1 29. find four numbers in arithmetical progression such that the pro- 
duct of the extremes shall be 85, and that of the means 117. 

130. Find three numbers in g^eometrical progression whose sum shall 
be 21, and the sum of their squares 189. 

131. A farmer bought as many sheep as cost him iOL, and sold them 
all except 10 for ^il, gaining thereby 6«. a head : how many sheep did 
he buy 1 

132. A draper bought cloth for 2U., which he sold at IL 17«. lid, a 
piece, by which he gained as much as a single piece cost him : find the 
number of pieces. 

133. The sum of four numbers in arithmetical progression is 30, and 
the sum of their squares is 270 : what are the numbers ) 

134. Find four numbers in arithmetical progression whose common 
difference is 5, and their continued product 1056. 

135. Simplify i V(a^ + :^)+ V^a^^^) 

136. OnerootoftheequationiB2-(5p-75+9r>:+4p2+18pr+18r2= 
l^+l0^+27qr is 4p— 5^+6r : what is the other rootl 

137. Take the cube root of 7| and 9 J. 

138. The extremes of an arithmetical series are 329 and 5089, and 
the number of terms 41 : what is the common difference ? 

139. Place 3 arithmetical means between 6 and 12, and 3 geometrical 
means between 27 and 2187. 

140. Find x in the equation 1--=/^/!- 1/^/^3-^. 

141. Sum the series l-h3« + 6a?+10ar» + 15a*+ &c. and 1+L^l 

• l.o o.o o./ 

+ 7-9+ ^ 

142. Rationalise the denominator of the fraction ^ ' \ 

143. A father is now 49 years of age, which is 7 years less than the 
united ages of his three sons : when was his age exactly equal to theirs 1 

144. Simplify {a-2b)a^+{a+2b)a?''(b'-a)9^-o^. 

145. Divide x—^x—iy) by y-i(a+fy). 

i*u. jpiuu tuc Buixt wi -y^ — ^+"7^— ^^'f (ui infinitum. 
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147. What is the »* term of the series i+J— i^— , &c. and the sum 
of n terms ? 

148. Find two mimbers whose difference is a times^ and whose pro- 
duct is b times as great as their sum. 

149. The reciprocal difference of two numbers, plus the reciprocal sumj 
is 3 ; the reciprocal difference of the numbers, minus the reciprocal sum, 
is 1 : what are the two numbers 1 

150. What will be the solution of the precedmg question, if for 3 and 
1 we substitute the general expressions a and b ? 

151. Given ^^jJ^rS^O"'} Find, and y. 

152. Find three numbers, such, i^iat if to the square of each the pro- 
duct of the other two be added, the sums shall be squares. 

153. What is the exponent for a geometrical progression consisting of 
32 terms, the first of which is 5, and the last 80 ? Find also the sum of 
-the progression, and its 20th term. 

154. i^ ^ ^-h-^32 40 =— T-- ^^^^• 

155. Take the square root of '00789, and the cube root of 15}. 

156. Simplify = and t-? t» 

157. Two cog wheels, with 15 and 28 teeth respectively, work into 
one another : if the first make 16 revolutions in 7^ seconds, how often 
will the second revolve in 21 seconds ? 



158. Simplify V($)'.V(5)'-VO' 



159. What is the present value of an annuity of 22^., to be paid for 21 
years, 4 per cent compound interest being allowed 3 

3v 

160. -^ ^—=rx + ^— ^, 

y+2aj : y— 2aj=12aj-|-6y— 3 : 6y— 12a;— 1. 

161. Divide '^{a^^'^f . {afif by ^x'^ . x'^, and \/^-^^ by 

162. A man has two pieces of iron whose weight he desires to know ; 
he knows that f of the first piece are 96 pounds lighter than f of the 
other piece, and that ^ of this other piece weigh as much as ^ of the first : 
required the weight of each piece. 

163. The first two terms of an arithmetical progression added together 
=6, the next three =24 : how many terms will make 42 1 

1 64. In how many years does a capital double itself at 5 per cent ? 

165. In how many years will a capital of 2709?. be as great as that of 
3815/. in 7 years, the interest of both being 3f per cent ? 

166. At how much per cent must a capital stand out in order to double 
itself in 10 years? 
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167. Fonn an equation which shall have the two roots a+5— cv^— 1 
and a+ft+c-y/— r. 

168. One root of the equation a:?+444f|«= 975406^ is 1234f : 
required the other root. 



169. T"^6"^3- '^' 
f^-T+^= 79, 



Find X, y, z, u. 



Ta^ 



y-^z-^u =248, 

170. Find the approximate value of y/2. 

171. Divide the number 30 into three such positive integral parts x, 
y, z, that 2aj+9y+15« may =419. 

172. How many combinations can be made of 60 things, taken 2, 3, 
4, or 5 together ? 

173. Divide -j —■{ — 12aW by — __ 4-606*, and 

efic c^e 7«*o 3fl^« aV 20*0* 4Jj v * 1^*1 -2 

174. Find the product of ^a^ and ^/o^, and resolve >J^a"^" and .i^ai* , 
into quantities partly rational and partly surd. 

/ Ji>+1 |j| fly /]|j 

175. Eesolve /^/ ^^«^_^^^, and take the root of A/— ^^^ . 

176. Keduce ^ ^ 0^ ~ .^*"1^*~,^ o to its lowest terms. 

177. {12(13580-a;)-9}2.f{5(13580-aj)-ip={13(13580-a;)-8}2: 
find a;. 

178. Find the least common multiple of a+6, a^^V, and {a^Vf. 

179. In how many ways can we write cH^V^c, and how many combina- 
tions, 3 and 4 together, can be made with 90 things % 

180. Kequired two numbers such that the sum and product of them 
together are 34, and the sum of their squares exceeds the sum of the 
numbers themselves by 42. 

181. What formulffi will express the numbers sought in the preceding 
question, if we substitute a for 34, and h for 42 % 

182. (i) a;=vW^V^+^^^+a, (ii) -— =A/-^--aA-3- 

183. (i) gv^ifea?^-^§^-h2a;=l|, (ii) ^m^x^-mnx:= v/^wT^. 

184. (1) ^ . =W, (11) rr===r=7. 

^^ 8-tVx-r ^ ' 3 + 6^^*+24 

185. What is the value of ^^ . ^ — , when x-=-a% 

a— Vtur 

186. A person drew a certain quantity of wine from a vessel contain- 
ing 81 gallons, and then filling the vessel with water, drew the same 
quantity of the liquid as before : this was repeated- altogether four times, 
and it was then found that there were 16 gallons of pure wine left. How 
much was taken at each draught ? 

M 
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187. There are two pipes, one of which will fill a cistern in the time 
P, and the other in the time q ; in what time will they both fill it ) 

188. Suppose that jt> pounds of gold out of water weigh q pounds in 
water, and that r pounds of silver weigh 8 pounds in water ; suppose also 
that a mass of gold and silver weighing a pounds, when weighed in water 
weigh only b pounds : find the quantities of gold and silver in the mass. 

189. Express 112521 in the scale of 12, and find the square ]root in 
that scale. 

190. Two men start in opposite directions from places 154 miles apart ; 
one travels at the rate of 3 miles in 2 hours, and the second 5 miles in 4 
hours : how long and how far will each travel before they meet ? 

191. A man bought a horse for a certain sum, and sold it agun for 
144^., and gained just as much per cent as the horse had cost him : find 
the cost of the horse. 

192. A certain company at an inn had 71. 4«. to pay ; whereupon two 
of the company having left, the rest were obliged to pay Is. a-piece more 
than they should have done : what was the number of persons ) 

193. If je>, q, r, 8, &c. be a series in geometrical progression, then will 

J, &c. be in geometrical progression. 



pS_^ ^^fi* ,3-^' 

194. If a :&::(: c, and b :c ::c :d, show that a;d:;c^ :l^. 

195. There are three numbers in geometrical progression whose sum 
is 6|-, and the sum of the first and second is to the sum of the second and 
third as 1 to 3 : find the numbers. 

196. A grazier bought a certain number of oxen for 80 guineas : if 
he had bought four more for the same money, they would have cost him 
a guinea a-piece less : what was the number of oxen ? 

197. There is a certain number consisting of three digits in arithme- 
tical progression ; if this number be divided by the sum of its digits, the 
quotient will be 48 ; and if from the number be subtracted 198, the digits 
will be inverted : what is the number 1 

198. A schoolboy has a geometrical proportion between four numbers ; 
he desires to reduce the numbers of the proportion, and for this purpose 
subtracts from each of the four terms the same number, and obtains by so 
doing the false proportion 41 : 93=7 : 51. What was the original pro- 
portion ? 

199. There is a certain floor in the form of a rectangle whose dimen- 
sions are such, that if it had been 2 feet broader, and 3 feet longer, it 
would have been 64 square feet larger ; but if, on the other hand, it had 
been 3 feet broader and 2 feet longer, it would then have been 68 square 
feet larger : required the dimensions of the floor. 

200. By what number must each of the factors of the two unequal 
products 52*45 and 66*37 be diminished, so that the new products may 
be equal? 

201. We find that 37 lbs. of tin weighed in water lose 5 lbs. weight, 
and 23 lbs. of lead also weighed in water lose 2 lbs. ; supposing we have 
a mixture of lead and tin which weighs 120 lbs. in the air, and 106 in 
water ; of how many lbs. of tin and lead does the mixture consist} 
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202. A merchant buys two pieces of cotton^ together 36 yards long ; 
each piece costs per 3rard as many pence as there are yards in the piece, 
and the prices of the two pieces are in the proportion of 4 : !• Bequired 
the length of each piece. 

203. Find two numbers whose sum is 187, the first of which divided 
by 9 leaves 1 remainder, and the second when divided by 13 leaves also 1 
remainder, 

204. If the population of a place increases ^ annually, how many will 
10000 number after the lapse of a century 3 

205. Two travellers, R and S, start at the same time from two placies 
to meet each other ; when they met it appeared that R had accomplished 
d miles more than S ; if, now, B, continuiug the journey at the same pace, 
finishes it in a days, and S pursuing his path at his former pace can finish 
his journey in b days, how many miles are these places asunder, allowing 
c?=30, a=4, and6=9? 

206. Solve the equation 

207. In how many different ways can 52 cards be distributed among 
four wlust players, so that each may receive 13 ? 

208. Find the value of x + 2(a + h)yJZ(a^ + 6^) + a + 10o6 when 
a;=(6~3a)3-3(aH62). 

209. Simplify (5 ^,.75^,^2.5) ^^'^^ WTli^rm 

210. What annuity, to continue 20 years, may be purchased for 1000/. 
at 3^ per cent 1 Write down the formula for this. 



ANSWERS TO EXAMPLES. 



EXBBCISE I. 



[1]9. 
[7]1. 



30, 
6. 



3] -16. [4 
9] 31. [10] 



-3. 
23. 



[5] 10. 
[11] 32. 



[6] 7. 
[12] 76. 



EXBRCISE II. 



[1]8. 
[7] 6. 



2] 2. 
8] 11. 



[3] 9. 
[9] 16. 



[4]1. 
[10] 43. 



[5] 5. [6" 

[11] 168. [12 



6. 
14. 



Exercise III. 



1] 11. 
7] 16. 



2] 8. 
S] 15. 



13. 
63. 



[4] 35. 
[10] 9. 



[5] 16. 
[11] 36. 



[6] 14. 
[12] 28. 



EXBBCISE lY. 



[1] 21, 17, 21, 17, and 4904, 4330, 4904, 4330. [2] 2, 4, 6, 8, 8. 
[3] 179, 427, 427, 631, 541, 155, 427. [4] m- (»+;>) -^=22. 
[5] i»+n— jp+S'-r+aj+y. w— n+(j3-^)=44. 

w*-{(»+|>)-gr}=66. 
e] 4000, 4199, 1600, 179, 1247, 179, 47, 1284, 179, 284. 

'8] 120, 120, 840, 840, 840, 3200000. 
;9] 15435, 79380, -9975, -9975, 5, 25. 



EXEBCISE y. 



[1] a+6. 
[5]abe. 



[2] a-b. 
[10] No; thus, 



[3] a+h-\-c 

[7] ^±^^ 

a+b-t-c+d 
e+d 



[8] 



JCjftf 



*+y + « 



[11] Because the quaatities are not written in the order of succession ; 
thus, abxt/. 

[I2]{a+b)c [13](a-5)c. [14] oft+cd: [15] a6-cd 

[16] No ; thus, ^-^1^ [17] ^. [18] ^. 

abe 



[19]8(^or2!:^. 



[20] «?ja. 



[21] 



a + 6 
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22 
26 



20. 
10. 



[23] 5. 
27 
31 



'30] EzacUj. 
34] 12880^. [35' 
[38] 49i jeara 
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5. 

90. 


[24] 114. 
'28] 17ft 10*. 


[25] 
'2ff 


144^. 


39^ 

12362ft 

15651. 


'32] 28. 6d. 
36] If 
'40] 488ft 


33' 

'3r 


30f 
13f jears. 



1 

6 

[10] 

[13] 

15 

17 

19 

21 

23' 

[24' 



EXEBCISE YI. 

3a. [2] 24a. [3] 105^^. [4] 3a?J. [5] 3d. 

11a?. [7] 5a-6+2c~4J+6tf, [8] 2(w-2). [9] 3(a-a?). 

a-y. [11] (a+6)a;. [12] 8a-86+4c~17rf+4. 

9A+5c-9/-6^+5a;. [14] 23a + 86+7c-llef-8e-2A. 



10a?+ 135c-4c2+ 6/+ 3. 
13aj~lly+3«+20t7. 
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4^4-4A-2A4- 10^-6, 



18] 4p+3g+2f;+15*. 



15a+36+2c+5c?+e. [20] o?-f 3a?ft-5a^~563-aj2-a!y+9y». 
(3a+l5c)x+{ib-'3d--l)i/-iz. [22] -6VaJ+3Vy+20V«. 
16ia?aj-8a?fic24-8a?iB8. 
a^+9aj2y-.2a^-.83/3_i9a5^^8a»?-(aj-l>8. 

Exercise YII, 

1] —So, — 6a<j, — 8a5, —llxyz. 

'2] -ll(a+c?), -7(a:4-y+«), -17o(6c+dc), ^2a{b+c). 
'3] 2a, 4a, 66, 8x. [4] lOoc, 12a6(^ 14(a:-y), 16(«+y+«). 

5] 18a, 47a6, 12a6, Uabcd, 17(a+e), 17(aj-f «). 
'6] 8a+6, 9a;+15y. [7] xy+iz, 12a5-f ac. 

'&\ —4a, —66, — 16ac, — 32a5, — 3a6c, — 4(a5+y). 
[9] a— 6, 56— 5c, 2aj— 4y, xy—yz, xy—Suv. 
10] 4, a, 6, 3a, 6o6, -^Ixyz, — 3(a?+y). 
11] 2a4-36, 2a6+3c, 5a;y+5«, 2xyz-\-4a, 3a6c+4cft 6a? 4-462. 
12] 26 or -26. [13] 86 or -86* 

14] a+26— 2(j, — 6+7c, '-2x+2z. 

15] 56— 3a, 6y— 5a?, 7a? — 3«, 3cd--5ab, — 5ajy — 3ac, 3a6 + 5a?y, 
I2xyz'^5x. [16] 7a, 86, 21ac, 14a^«. 

[17] (a-6)(a?+y), (4-a?)(a + 6), (3a - 46) (6 + c), (5p + 3^) (^ + r), 
{6a-\-5d){c'Yd). [18] 6a+26+2/, -6a-26-2/; 

[19] 2a— 46+4(j, — 2a-f 46— 4c. 

[20] lla+56-3c-7ef-56+3/+ll5r, 21a-56-f 3c+56-3/-ll^. 
'21] 6aj4-9y-12«, -6a?-9y+12«. [22] 16a-76. [23] -c+24(f. 
-17c- 12^. [25] 0. [26] 20a?+3y. 

26. [28] (a-6+c)(a?+y). 

-6a?-6a?6-f2a62-68=-(6aJ»+6a26-2a62+68). 
(5a?-10yVy-(ll-2a?)Va;y-12a. [32] -18a2+13a-14. 



24 
27' 
29' 
30" 



[31](13a-176)V(a?-y)-176V(ic+y)~(«+6)ay+«*-»V. 
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EXBBCISE VIII. 



[1] 2a2+2R [2] 0. 
'5] iayz+p^r. [6] Imn^- 
'9] 2462^-(j»»-10m2p. 

[12]68«s-2p29^+l- 



[3] a^^y+2a68-3rf2. [4] -^c-Bd^x. 
5y. [7] 21d«/-9a2a:2. [8] 464. 
[10] 8a26c*-2068, [11] 0. 



EXBRCISE IX, 

[1] (a+6>+(3a?+462>2. [2] (a+6+c)a^. 

3] (a+6)a?+(p-h5'-hr)a^. [4] (»i+w-p)a:y+(6+rfjy^. 

5] (a+6-c)a?+(a+6~c)y. [6] (ay+a?2+y3>;+(a-a?)^+(ar^-a;)3r^. 
7] [U^^i^c + c2)a; + (a-62)cy. [8] {p + a>^3r*- (g^ + a^^p)jyy'K 

]9] {m'-a)nx'-(b—<P)t/-'(n—x)y9p. 
10] (a26c3-c^>r+(63-.g)c2+(a-2?2)a:8. 

11] (4a+l)62_(3c+5a2)y«+(26-cf)a;. 

12] (ac+36)(«+y) + 2a(6-2a;). [13] {(5~a)W+4a}(a?+l). 
14] 2y(3arJ-6c)(p-g) + (a-2a;)2/'. [15] 4a262(^-5) + 1263(c2+a). 
16] {(wm+x)-3a(6+y)}(y2-«2). ^i;] (2aH3ac3)6(y8-l). 
[18] 7(a?-y)34.(3a-6c2)(a?+y)+a6(a;3~l). 



[1] 27a6+3662. 
[4] a2 + 2a6+62. 



Exercise X. 

2] -30a6-6a(;+18ae. [3] 3a?»6 + 3a6c2-3aM2. 
•5]a2-52. [6] 0^2-206 +62. 

[7] -5a462-10a?63-5a^64=-(5a4^+ IQc^l^'^Sa^b^). 
[8] a*-2a262^_54. [9] a;io_yiO, 

[10] -6ar2+17icy-12y2=-(6a?»-17a^+12y2), 

[11] 2aJ»-7a^^y+5ay2+2y8. 
[12]225a4+330a36-299a268-308a63+19664. 
[13] 3a7-llx6r7a?^+lla;*-2ar^+a;2_28a?+15. 
[14] 3a*+4a362+4a268+a64+469. 
15] 6a«63-27a564+44a4^-38a36«+3a267+2a68. 

[17] a;7- 2^y + 7a:*/- lOia^y + 12|a;8y4_ 82a;2y6 ^. 6a:2^_. 2y7. 

[18] 0-2m«-0-46m5w+0-3^m%2-.o-8m87i»— 2w2wH0-2m7iHl-12w6. 

19] 10aj3-15{B2_220aj+525. 

20] a«-8a*-4a4+100a3-216a2 + 612a-85. 
[21] -aj*~y4-«4+2ar2y2+2ar2«2_,.23r^«2. 

[22] 14a?+21iB8-6a7+38a^+7a5^.4aj4_a0a;8-f26a?^-36a;--20. 
[23] »2+aa;— 6a;— a6=sc2-f (a— 6)a:— 06. 
[24] a2_flKC^jaj— 06=0?— (a— 6)a;— 06. 
[25] 08— (a-f 6— c>B2-f (06— oc— 6c)+a6c. 



168 



SHE BLBMBKTS OF AIiGBBttA. 



[26] aj«-(a-p)iB8-(62+ap+^a?-(62p-a52)aj+<2^. 

[27]aj«-(3a-56)a^+(6a2-15a6+8fi2)B8+6a6(6a--46)a:+48a262. 

;28]a6-3«*a?+3a?2a4_a^ [29] iB«-y«. [30] a?7+/. 

'31]>+(y~y)a;'-y+'. 

;32] 6i?j8»+»~23a;'^i^l8aJ*'~a**-»-3a^«+4a*^-aj*^ 

[33] aj-4-iB*-*3r^. 

Exercise XI. 



1] ea^+S6aP+17Sx+i79. [2] -7ar'»-15a?+20a;4-179. 

"3] 8ia^-362|jB8-4339Ja^»-22825a:+ 44947. 

[4] -8aj»+5a:*-15aJ»4-46a?-247a;+227. 

[5] ^(588ai* -. 7804a;8 4. 40078aj2 - 94688a; + 82440 ) = 46J«4 - 

650^0^ +3339fc2-7890|a?+ 6870. 

[6] 36a4+2(17a-95)(c8+(14^_48ei6-762)aj2 + 2a6f9a+236)aj- 
(35a?~62)52. 

[7] 7^-22}ic»a+36a2a2-57ta»a;+396|a^ 

[8] ^V(20a!*-240tc*+ 31308+ 1413jB2^.9iia._2025). [9] 0. 



Exercise XII. 

1] ab{a-'b). [2] -a5(a+6+l). [3] (3a-26)(5c-£;). 

'4] (2a2^6)(2a2-.6). [5] 3^(y-l)(y-l)(y~l). [6] {x+U){x+l5). 
[7] .(«-2r)(aj+y)(a;-«). [8] (aj+4)(a;+ 9). [9] (»+ l)(a;+ 1). 

[10] (aj+4)(a:-3). [11] (i»~9)(aj+5). [12] {x+9){x'-20). 

13] Maj-i^)(a;+i). [14] 9a2(a+2)(a-l). [15] (aj+y +«)(«+ 8> 
16] (a+5— c+d[)(a+6+c— J). [17] (b—c){m+n+xi/y 

[19]a<aj-l)(a;+l). 
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(a+y)(aj— y)(— aj+y). 



18] 6(2a-36)(4a2 + 6a6+952). 

;20] (a2+a6+62)(ft_c). 

"22] (a— 6-f c)(a— ft—c). 

[24] (a+6+c)(a+6-c)(a-6+c)(a-6-c). [25] (2a-h56)(3a-6). 

[26] 2(3a-26)(3a+26). 



23] 2a(a?+l)(a+2). 



26. 
13a 



[2] 3ac. 



[10] -5a-^6. 
[13] -dMH^oe. 
[16] -46»»c»-'. 
[19] i(«-y). 



Exercise XIII. 



— 5ac. 
a?63c. 



4 
8' 






[11] -I|a6-><J-^ or 
[14] \a{x^yfz. 

[20] a6-\ \akr\ 3a6-», a-»6»-^, a6-'(a?+y)(aj-.y)-^ 



[5] 13«^'y^. 
[9] 9ar»sr^«. 

[12] -.focd: 

[15] 3a-». 

[18] (a+6)-^. 
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Exercise XIV. 
[1] 3a-6-^. [2] -a?+l|a6-l|A». [3] 7a:-3y-f g+^ 

[6] -ia(«+y)'-fi*(«+y)-,-j^^ [T] A(«+y)+g(«'-y)~. 

[8] 5<?d. [9] 8a-.5. [10] 3a?-2a6-62. 

11] a*-3a?»5-5a252+7a6»-26*. [12] a^^+or^y+aj^y^+a^+y*. 

a4_aJiy^a?»ya_a^^.y4, [•i4-| 3a-25-aj. [15] 2aaH-5a;-7. 

aj-y. [17] a?-a?»yH-a!y2-y». [18] 5a +2. 



13 
16 
19 
2l' 



4a«-5a26-8a62+26». 
a2+(26-2c)a-ftc 
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2r8 + (3a2-c3 + 3ac)5 + a?c. 



22] -a4~(263-c2)a2-.(63+c2)62. 



23] 3aJ*-+»-4a*'+2a*->-af-«. [24] m\5m^^2mn-^in^). 
[25] 2c2+3orf-i^2. [26] a?-a%+(62+aj2)a-(d»+5a?»)+^^^^^;g^ 

[27] a+6-M. [28] 4a3-f«+f«X5l-,= fa(2a2-4+;^J 

[29] 2ar'ya"^(2ar»+ya-*)=4ar»ya"'+2ary«-*. 
[30] ary(3ar-«-3ar>y+2y2)=:3ar^y2-3ary+2ar-y. 
■31] J^-^^aJix+iaaP^ia?. [32] l-2aj2H-l-8ajy-l-5ya. 

33] a being substituted for (x + y), the quotient is 4a^ — 6a« + 8«? ; 
restoring (a5+y), it is 4(aj+y)^— 6(a:+y)«+8a?. 

[JJ4J ^a:+y; t(,a:+y;« - ot«- -8(,^y)8^i2(,+y)2^+i6(,+y)j|a-.20**' 
[35] 2(«+y)-*^»-5(aj+y)-V~3(aj+y)-';8r». 

[36] li^^ia^,^ lia^^ ^i^^ t^l'^Zt^Z^ y 
[37] a?-2a»+y'. [38] 4a?«-2aa:+3a6. 

. [39] 4a?»-5a%- 3002+608. [40] j^+ oft? -«»->• 

Exercise XV. 

[8]x=300. [6]«=^- [7]«=9. [8]a!=12. 

[9]a!=139i. [10]a!=6. [11] a!=30. [12] iB=^±^) 

P3]«=j^ [U]«=9. [15]<r=33. [16] <.=iax^*. 

[17]a!=79. [18]a!=13. [19] a!=42. [20] «=56. 

[21] a,=rx^. [22] x=i(a-l). [23] «=66i. 

[24] »=f x ^J^-^^y [25] «=2010424. [26] «=-619-67567. 
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, ejad-t'be) 



[27] aj 

[30] a; 
[33] a; 
[36] X 



de-qf • 

be + d' 
, c(g + cO(ft— c) 

ad^ + bqfh + bdeh + Wff 



[281 «;= *^-^*> . F291a!=°°^^-'^*>. 

[31] «=S- [32] «=?^=f(a-2). 

[35] aj=a+5+c--d: 



[34] xzsid-^e. 



b4fhk 



.__6(7a-2&) 



ft + c 



[37]-=«x^:^i^ 

[40] .=5^-*"'* • 



■9i-27a6-12* 



Exercise XVI. 



120t [5] 36. 



8] 2 apples. 



1] 15. [2] 60 yards. [3] 45 yards. 

'6] 71 years. [7] 24. 

9] The hands will come together 11 times, and 5^^- min. after 1 o'clock, 

10|^ min. after 2 o'clock, 16-^ min. after 3 o'clock, und so on, 5^ min, 

later every hour. [10] 400 lbs. [11] 840 eggs. [12] 5 yards. 

[13] 48 min. past 10. [14] 17 and 434. [15] 96 marbles. 

[16] 105i and 131f • [17] A 270?., B 36W., C 540/. 

n fi1 *npA np€t nga 

^ J mp + np + n^ mp + np + n^ mp + np-t-nq' 

[19] 22 men, 18 women, and 50 children. [20] 7, 15, 48. 

[21] 24 apple-trees, 7 pear-trees, 9 cherry-trees, 8 currant, and 15 
gooseberry-bushes. [22] 252 cubic feet O, 1008 cubic feet N. 

[23] The first 90, the second 100, and the third 480 quarts. 
[24] 256 geese, [25] 50 years. [26] 2S. [27] 12 sheep. 



[1] {ahxf, {5pqy. 

rn /a + b + ed\^ 

[10] {a+bf+.s/a+E. 



Exercise XVII. 

[2] {lOhxyy. [3] gy, («±^^^ 



[5] 10a2+&. 



[6] (a2ft3)4. 



^-y» 



[8] a^H-ft^, (a.H6)^, ^, [9] ^^r|^ 



[11] (;>+^)2, ^p+q. [12] .^15a64-c. 
[13] 256, 625, 1296, 5184, 9025, 9801, 10201, 15625, 30976, 35721, 
39601. [14] 9a^62^ 225ary, l2il^<Pd^ 9a^b*. 

[15] 36aV> 6ia262c2, 25c?7^'i^7^, \a^}?, i^y^, 10^^%^ 25a^afi^. 
[16] a*, aW, «!«. [17] a*, a^, a^ a^ a''. [18] «"•, a*-, as-, aj**, j/*". 
19] 3a26V, 16a«62c2, 256a«62c2, llaV«^, 121ajV««. 
20] 324, 36, 2304, 1100, 6912, 57600, 921600. 

[21] a^V^, Wd^, 2250a^, 768a^, J 

[22] 225, 625, 625, 3025, 3025, 15625, 18225, 18225. 
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[23]a2+2a6 + 62, a?-.2a5 + 6*, a?»-2a+l, a^+Sa+l, a?+2ay+3^, 
aj2-2ay+3^, a?'-2aj+l, a?»_6aJ4-9, a?+4a;+4, aj2^6a;+9, V+2be+<?, 
i?+2cd-^(iP. [24] a?»+4a:y+ V, 4a:a_4a;y4.ya^ 9 + 6y+3^, 

a2-8a;+16, aj2-12aj+36, 4a?»+24ay+36y2, a«-2ay+y3, 16a:?-40aaj4- 
25a?, 36a»-f. 84a6+4963, ay^j/^-^^sct/'z-^y^s^. 

[25] a2_2a6+62, Sa^ + 6ac -h 3c2, a* - 2aaj r aj^, 9a?- 24a5 + 166*, 
25a^4-40ajy-f 16y2, 3ar«y2-36aj2y+108a?. 

[26]a2+2a(5+c) + (6+c)2 or a^ 4.206+^^+200+266 + 03, 62+26c + 
c2+2W+2cc?+(?2, fc2+2a:y+y2 + 2a» + 2y» + a3, o^ — 2o6 + 62 — 2oc + 
26c+c2, 62-26c+c2-2W+2c(Z+(?2, aj2_2ajy+3^+2a»-2y«+«». 

[27] 4y«+8a^+4aJ», -4a?»4.8a:y-y3, -16o2-32o6-32oc-1662-. 
326c- 16c2, 12o2-24o6+24ao+1262-246c+12c2, 36aj2-.96ay+64y'+ 
120a»-160y»+100«?, 2o2-2o6-oc+i62+i6c+4c2. 

28] ar«-t2ajy+y', y»±33r'«+3y»*+«», a?+3a26+3o62+6^. 
29] o^, a86«, o*-6io. * [30] 8o«, 27o», -27o27, -64aW. 

31] 0^08, -a»"6«, aW6»(j8, 6**. [32] 81o^26V», 32o206i5.c5, 16a86*"c«'. 
33] o-^'. [34] o-**'. [35] 6561;>24^JV, 1189-A«yy^7.j7-. 

'36] o**, -a*"+^ [37] 16a8-96o«6+216o462-.216a?68+8164, 

243oV - SlOal^bd + 1080o?»c»62(?2 - 720aV68rf» + 2i0acl^d^ - 326*(?*, 
64oi8-576oi*62c+2160oi254c2 _ 4320a»6V + 4860a«68c4 - 2916o86iV + 

7296^2^8. [38] o«-3o*63-3oV+ 3o26*+ 6o262c3+ 3oV-6«-36V- 

362c4-c6, 343a«-441o»6+777a463-531a36»+444o264-144o6*+646«. 

[39] a^+3a26+3o2c+3o?(?+3o62+6o6c+6o6cf + Sa(^+6acd+ 3o«?2-|- 
6» + 362c + 362cf + 36c2 + 66orf+ 3bd^ + c^ + 3c2(?+ Scd'^ + ef ». 

[40] l + lla;+55a;2+i65aj3^330a44.462ar> + 462a« + 330a7+165a:'+ 
55aP+lW^±x^K [41] 10o»62. [42] 1820oi264. [43] -142506o2*6*. 

[44] 495oi«6». [45] 192192a«6«c8(?8^ • [46] 12870fl868, 

[47] 10524937500oi26i2c6(i«, [48] 24310o968-24310a86», 

EXBKCISB XVIII. 

[1] +0, +6», ±0^, +y«, ±(fi. [2] -y2, +a:2y2, +a«6*, ±9^^. 

[3] ±(a+6)2, ± (0-6)2, +a8(a^+3/2)^ ±(a5+y)(«-y). 

[4] o?63, -ic3y4, o^yc. [5] 62, +(0+6)2, o'6*, -afj/*. 

[8] 24«45(o+6)3, ^ 

Exercise XIX. 

[1] 16, 64, 247, 763, 978, 7563, [2] 8276, 5083, 15367, 40093. 
[3] 27943, 37695, 534762. [4] 203975, 6950078, 3476905. 
[5] 2-23606, 3-60555, 4-69041, 9-79795, 
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Exercise XX. 
ft 



[l]a+5. [2]a-6. [3] a-|. [4] a:+l. [SJ/'+Sa*. 

2 "*■ 3 



[6] ^+^. [7] |a6-i<?. [8] a?-l«». [9] a-+(C-. [10] a--.2a- 



» 



[ll]£_i£, [12] a+6+c. [13] 3a!-6a-|. [14] 2«»+2aa!+4J2. 
[lS\3a-b+Bc+d. [I6]i+2a!-7a?. [17] 3a!?-y+6a!. 

[18] §aa?-6a«+2a6**. [19] ^. [20] !^. 



Exercise XXL 

[1] 23, 96, 74, 135, 223. [2] 106, 258, 368, 343. 

[3] 401, 200, 420, 683. [4] 698, 1854, 1936. 

[5] 4820, 4865, 2667. [6] 4835, 2009. 

[l]a+6. [2]a-.5. [3] a +2. [4] 2a-7aj. [5]aP'-2cx. 

[6]a--2a«f. [7] 2-a^->. [8]^-^ m^+sA" 

[10] a-h5+c [11] 3«2-2<w+a2. [12] ^+^-^a. 

Exercise XXII. 

[1] 4fc2+4ay+42r». [2]sfiy-\-x7/^, [3] 3a- 36. [4] 2ay+33r'» 
[5] 166a^2 -256^2. [6] 5a-56. [7] a;-y. [8] x---y. 

Exercise XXIII. 

[1] 30^24.33^2. [2] »-2y. [3] aj+4. [4] 2a^-|-a62-3ft8. 

[5] 3a? + 56. [6] p^q. [7] 2a- 36. [8] 5«8- 3ay» + 23/8. 

[2] 2a8-4a?»+aj-l. [10] 2ic-7. [11] 9aV(aj-l). 
[12] 2a;^6(a;^-a6H-262). 

Exercise XXIV. 

;i] 360a62cV3/3«. [2] 36a?63c(a:+y)2(a?-y)=36a?6»c(aj2-j^(ic+y). 

'3] I08ax^i/^z^{x'^y){x'-y)(ay^+xy'\-y^. 

'4] 3xy(x-hh){x-{'5y)=:3sc^y-^2iaPy^'{-i5xf. 

[5] 2a6(a+26)(a+36)=2a?»6 + 10a262+12a6». 

[6] 60a262cd(a+36)(a-6)(a+6)«. 

[7] -1207?i2(w-n)(w+w)2(3wi4-2nXm+l)(wi-l). 



p; 



(3«2+2)(2a;-3)(a?+l)2(a?-2)(5«-3)(a;-l). 



r 



THs BuacDns or Af.eKBB*. nz 

ExBRCiss XXY. 

Exercise XXYI, 
Exercise XXVII. 

Exercise XXVIII- 

L -1 ar2_3 • L J a + ft* L J ar2+y2 

ro-,10(^W) 

EXEBCISE XXIX. 

r, n 2a&~l ro-, flS-^^ _ &8, qS j^ 8a-26 

L J 3a6+ r L-^J -2a6(a + 6)~2a6(a + 6)' L J 3a ^ 3« i- 2b' 

W^ o g(jy-2y) rKi 2jr»-8d?»+lldr-^15 _. , ___f(f±2)___ 

FAl 2(fl^-fi») r^n 7ag-9fl5» + 268 r^-, (j^-^-y? 

L^J a + 46 • L'J 9«8-9a62-.458- L^J (,.y)2- 

rqi (g--^)(a^--2fe2) _ g3_a85_ 2ay + 2&8 _ . 20^6- 4a&g _ , _ 

L^J (a + &)(o2+ 26»)~a8 + a^b + 2a6» + 263— ^ a» + 0^6 + 2flA3 + 2^^~" 
2a6(a~26) 



(a + 6)Ca3 + 2i2)* 

Exercise XXX. 

L^J 120*y«2' 120«8ySa»' 120*3y2«a' ^^ 120?J^* 



roi aWi^-tF) 35oV(^-yS ) 686»^(^--y^) 4806^y8(jf +y) , 

L^J 60^y8(^«-y2y 6O^y80r»-y2)' 60^(*»-y»y 60*2y8(*2-y2) » *^^ 

60ipy(^-y2)' 



1020g^(g-- y) ro-i^C^-^ ^i^Ca-fty , g^g+6 )g 



r41 ^ + ^-6 2(^+5ar + 6) , 3(^^-4) 

L J **+*»-10ip2-4^+24' **+«8-.io«a-4*+24' a^-rar'- 10*8-4*+ 24* 
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I- J 3«*-6a3 + 3 ' 3«<-6a3 + 3 » 3j^-6«a+3' 3«<-6a3+3' 

and ^^^-^^^ rei ^^^-^^^ nnd . (^^^^ 

Exercise XXXI* 

[1] ^. [2] ^-» + >-"-« j-g-] ^+^6+M^{« + i^_ |-^-| 2^_3 
[5]^- [6]2«. m-aJx<^. [8] ax 



*+y 



[9]ax?^. [10] f!^. [11] ^^i^*. 

MQT 80jyyf»-f 72j»yVr-100y8yV~75jySyr» nAI ^+^ , , W 

n QT ^^ r9m ^<^^ "• ^^^^ + abd— abc cd(Jb — «) + ab{d—e ) 

L^ J (3*-2y)(2*-3y)* 1-^ -I i6^rf~' abed 

roil ( a + & + c)j:»— 2(o5 + flc + bc)x + 3aftg prtoi 6,yS + 31j^— 66jr + 99 

ro^T 791j g-773j^ + I92 roan 16d?»+ 13a^+3y» r„-n «* 

L^^^-l ""air::!? — • L^^-l 36(* + y)(^-y)«- L^^-l iTft- 

pofli 32jf8 + 37j!g- 65^-60 r„^-, 2ft(10g« + 36») __^^^ 10a^+36« 

L'^^J 8^-6V-l7ar' + 6^ + 9' '-^'■' 5(a2-6^) — *^^ flS-62 • 

[28] 2m + , ?;?!__ -?(!^. [29] 5(a-5)2. 

roAi 10/ A\ *(4a« + 13a5-962) 432a»-868a26 + 419aA« + 9A8 
[30] 12(a-5)- V 3g^^^_^^ = ^^-^^-^^5 . 

Exercise XXXII. 

r-i-i flc ro-i 4ac f-Q-, 15&d^g |-.n 6/)» r^-, 21a^6* 



156»(a + *){o + d) 



72«*+STF„' [1^ A(-y). .[161 "^t:?'*^ - 

rig"] (jy— J )(y— l)(^--i) ^ ^y^ -(j-y ■^ g^ +y^) ■♦• (jy +y 4 g)- 1 
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Exercise XXXIII. 
WS- [2]g- [3]^^. W^- i^]^^^' [6]t^>. 

3(«_ 6) • L«>J (, + 3y)(*-.y)~^+2rjf-8|f«* L^J y* 

[lOl^xgig. [11] p^;:^^, [12]1^^^±^. 



[1611. [17] f. [18] --*±f:-^. [19] c;^^ [20] 1. 

Exercise XXXIV. 

[1]1200. [2] mi- [3] 2304. [4] if}. [5] -920^. 
[6] l2aP+ ISajy-lly*. [7] 22a* + 4o?6 - leo^ti" - 4a6» + 2fr» + 

12d»v^+(3rf»-2«») Voft- [8] lOa? - 16a?y + Say* - 3/ + 7p^q - 
6A»V«^— *»«'• [9] »'+Zx!f-10i^+{3a-2byB-(a-b)y-ab{5o-a). 

[10] 2a<-a?6-2o262_9a6»+76<+3a!2y'. [H] •iV(5a-366-37a;). 

[12] -{7a?+93?y-Uxy'-Gy^). [13] }a!V*'(a+a:)i«(a+y)». 

[14] -(^y2_|«y+Y«y_||ay+^a8y«+^y). 

, [15] 2l!B'-14a^+22«i*y2+9a!*y»+10!e»y«-24a?'y»+10a:3^+8y'. 
[16] al^+xY+y*- [17] a^+ay-se^y^-y. 

[18] 6a;«+3i«a!'-8H«2ar'+fi»a!+lia«. [19] 4a'-5p*6-3ac2+6c». 
[20] ^=(<^+62)(a!»+y»). C=(aH6*+e*)(»'+j/'+a^). 

[21] tV«<249«+242). [22] 10a%-106»y-16aa?y+20aaiV-20ay«. 

[23] o*— 6»»— c*+26V, [24] a6*+2a6c— i^c+A 

[25] a!'+y+2«'. [26] §a?-K&+i6». [27] 9,<t+ib. 

[28] a!*+!B«+a?'+a!+l. [29] l+a;+ar'+a;«+a!*+ +«--•. 

[30] (3a6 +«)(a+6). [31] (ar^ + ay + y») (ir* - xcy + y^) and 

(«+yXa;-y)(a?+y*)2 or (ai»+a^y+ay +»')(a^-'«*y+ay'-S^)- 
r„.,i o«-2o»+<^ + 0l6o + 0;02 _„ , , , 2-l5g + 0-02 rqqll9/^ n 

[32] i(iZ2) = « + 1 + «(«-2) • [33] ISla'- J )• 

[34] «-y. [35] j:!^^. . [36] |±^: and ^, 

[37] ^g:s:::gi -^ ^y^- p^i --f- -^ ^"• 

[39] 4a. [40] _^^(£-±£l^*(*±f). [41] (y-»)^y_(.^^lV-< 

[42] 1st product —a—b, the 2d z=a?—xif+i/'. 

[43] ll±*)£r.''=o+6-^ and ±tpf=a+£=?. [44] rf'-6«. 
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and ^^^^^>' rei (^«-^y and , (^"^y 

Exercise XXXI. 
[1] l±y. [2] ^-» + «-«-« p-j ?i+^*±^^(£+iZ. . [4] ix-3. 

[9]ax?^. [10] ^^ [11]^^^'^*. 

L^^J i20^V * '• ■' ?^«~ "^^^=^ 

L^ J (3*-2y)(2ar-3y)* t--^ -• a6c5"" ~ aftcrf 

ro-ji _(« + 6 + c)ar'— 2(a6 + ac + *c)ar + 3a6ff p^on Gifi + 31 j^ — 66jy + 99 

*- J *^ + (a 4. ^ + c)3fi + (a5 + «c + bo)x—abc L -' «2(j._3)a 

pn^QT 791j3-773* + 192 .^.^ 16d?a+ 13a:y+ 3y« r„^n 5* 

L^^-l ~a^:i37 • L^^-l 36(* + y)(^-y)»- L^^J T^Tb' 

po^i 32a^ + 37jr^-65jf~60 royn 26( 1 0«« + 36») _ ^ ,^ 10fl« + 36« 

L-^^J S^-b'^-lZarJ + e^ + g' L^ J 5(a2-*=») —^^^ a^-l^ ' 

[28] 2m + j^ 2n4^^^ 2(>n5-n«) j- , 5(^^5)2. 

*- J (m + nXm^ + n") w*— n* L J v y 



[30] i2(a-^)- K^;-;g;;^) = 



432a»- 868^26 + HQab'^ + 9^ 



36a(a-*) 

Exercise XXXII. 
[1]S- [2]t^- [3]-^' W^- [6];j^^,. 

r«-, df-a r--, «6 ro-i 14a<?2(c-rf)» 

^ J ^ + a L ' J -pa«(a + 6)^ + a6* ^ J 15i2(a + 6)(c + rf/ 

roT 2a(a» + ft3) ri m «' + 2a6+&» 

L^J 36(a-^) • L^^J S* ^^ 

[11] ^^-^-y,f '^^^ =12aH2A^^g. 

72«Hi^. [15] A(-y). .[16] ""-r?''^ - 

r,^-, a».+ a»ft + aftg + y _l . 1 .1/1 ,11 

L^'J a8A» "~i8"^?'^aiLa"'"6J' 

rig-i (x— J )(y— l)(jir— l) _ a?yg-(jry + xx +pz) + (af+p-¥ jx)- 1 



THE ELEMENTS OP ALQEBRA4 175 



Exercise XXXIII* 
Wi- [2]g. [3]^. [4]^. m^l0. \p-\'^\ 

Z{a-h) ' L^J (* + 3y)(*-.y')~"^+2rjf-3|f«* »- J y* 

[1611. [17] f. [18]--*^^. [19] (^ [20] 1. 

Exercise XXXIV. 

[1] 1200. [2] 1^. [3] 2304. [4] JfJ- [5] -920§f. 
[6] 120^2+ 18ajy-lV. [7] 22a4 + 4a»6 - IGa^fta - 4a68 4. 26^ -h 
12c^V^+(3rf«-268) Va^. [8] lOa^ - 16rB2y + 3ay - 3y8 + 7i?25r - 
6AV^-^^*- [9] ie2+3ay-10y2^(3«_25)a;-(a-6)y-a5(5c-a). 
[10] 2a4-a?6--2a262-9a«>8 + 7&4+3ar^3^. [11] ^da- 36b Six), 
[12] -(7a:3 + 9a^^y-14ay«-62r*). [13] i^^^sPia-^xyXa-hyy. 

[16] a^+JB^yHy*. [17] afi+aih/^-'a^y^'-^. 

[18] 5ar4+3^-8Ha*ai24. 6^8^.^. ii«4. [19] 4a?-5a26-3ac2+6c3. 

[20] ^=(a2+62)(i«2+3r^). (7=(aH^+c2)(a:2^y2^.<j5). 

[21] ^Va<249a:+242). [22] I0a^by-l0b»y-ieaa?y+20aa^y^-20ai/^. 

[23] a*-5»»-c^+26V. [24] a52+2a6c-62c+A 

[25] a;'+3^+2;5'. [26] ^(^-ia^+iP. [27] f«+i6. 

[28] a^+arJ+ic2+a+l. [29] l+a+aj^^a^s^ar*^ ^.aj— 1. 

[30] (3a6 + c)(a+ 6). [31] (or^ + icy + f) {01^ -xy-^ y^) and 

[32] elz2£!±^^^^^ [33] 12(.-.]). 

[34] a-y. [35] ^_^_^^^ - . [36] j^^^ and ^^^^. 

, „ ftfa.(«rf/-^k/-^M») and ^±1?*=^. [38] il? and ^^+1". 

L^ J 4<y(^*m+ Aim + AJM) <r' + 4» >■ J „ « 

[39] 4a. [40] i(?Z^ ' l*^J *(*»-*>) 

[42] 1st product =a— J, the 2d ssjb*— ay+jr*. 

[43] (l±*)^''=a+6-i and f*±p?=a+2=l!. [44] a»-6». 
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and ^^^^^>' rei (^^-'^ and . (^-^^ 

Exercise XXXI* 
[1] £±y. [2] '-»•*•*-"-•' . [3] ^±M±^=(£ + »Z. . £4] 2x-3. 

rj2"| 30<^yr^ + 20ft^r^~ IBc^/x/^ + 12^^<yr 
L -' GOpqrs 

L^^J r2^v • '• ■' 5^«~ '^'^^^^ 

L^ J (3*-2y)(2*-3y)* L-^ -I «6o5"" "" abed 

L J *3+ (a + 5 + c)ar2+ (aft +ac + boy-abc' ^ ^ s^ije-Zf 

raqn 791jr>-773jf + 192 roiT 16d?«+ 13^y+3y» ro;;i ** 

L^'^-l ~a:^:::37 — • L^^J 36(* + y)(*-y)3- L^^J 776' 

po^n 32jf8 + 37jr^~65ar~60 ro^n 26( 1 0«« + 36») _ » , 10o« + 36« 

[28] 2m + , ^?L__^^=?(!^i:^. [29] 5(a-&)2. 

[30] 12(a-6) 36^^^,^) = 36i(^:z^) • 

Exercise XXXIL 
[1]^- 12] t^. [3]-^"^. W^. [5] 3-^^,. 

Ffil ^Hf! FTT f!^ Fftl 14flo^(c— rf)2 

^ -I J+^' L' J ^«(a + i)^ + ab' L^J i5^(„ ^ ^)(^ ^ ^y 

[11] ^^-^-r,f ^^^^ =12aH2A5^.^g. 

'■ -^ Mp-?)(j»*+?*)~p?(p'-A+w"-9')" L J ~ ♦ 

72»*+^„- *" " m u-y). .[161 ^""t:?^'^ ' 

n^T o» + a»6 + fl63 + fi» 1,1.1/1,11 

[17] — ^^8 — =9+?+7aa+6/- 

QQI (jf— 1 )(y~l)(g-l) _. ayyg-(j!y -f jp^ +yjr) + (af +y 4 jar)- 1 
*- -* jcyjf sy» 
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Exercise XXXIII. 
m^. [2]g. [3]^. [4]^. [5]^0. [6]t^>. 

[131 ^ '"p, .. [14] ^::^'. [15] j^^f-^'^ 

[161 1. [17] f . [18] --^'- [19] ^-^ [20] 1. 

Exercise XXXIV. 

[1] 1200. [2] \iU' [3] 2304. [4] iff- [5] -920ff . 
[6] 123^2 + ISay- 1 ly^. [7] 22a4 + 4a«6 - IGa^ft^ - 4aft8 + 26^ + 
12c^V^+ (3^^-268) V»^. [8] lOa^ - 16ai2y + Sa^ - 3y8 + 7i?25r - 
6A5»>v/^-^^' [9] a?J+3a!y-10y24.(3a-26)a;-(a-6)y-a6(5c-a). 
[10] 2a4-a?6-2a262-9a63+764+3ar^3^. [11] ^VC^a -366-370?). 
[12] --{ra^ + daPyUxy^-ef). [13] }a^2^(a+aj)iV+y)*- 

[14] -Gv*¥-i«y+v«v-*i«v+H«y+i«v)- 

, [15] 21a7_i4a^y4.22aJ*yH9«*y'+10a^y4-24a?2y* + 10a;2/H8s/'. 

[16] ic^+JB^yHy*. [17] »«+ A^-a^y*-/- 

[18] 5a^+3^-8Ha^a2^ 6^33.+ 1 ia4, [19] 4a?-5a26-3ac2+ 6c3. 

[20] ^=(a2+62)(aj2+y2). (7=(a2+^+c')(a?^+y^+«'). 

J?=(a?+6Hc2)(ai2+y2). i)=(a2+62+c2+c?2)(ar2+y2^^^.^). 

[21] Jjj<249a:+242). [22] l0a^by-l0b^y-ieaa?y-h20aa^i/^-20af/^. 
[23] a*-6''-c2'+26'c'. [24] c^-^2abc^IPc -{-<?. 
[25] ic'+y'+2«'. [26] ic^-W^+i^' [27] ?«+i6. 
[28] a?*+rc»+ar2+aj+l. [29] l+a+aj^+a^a^ar*^ +a^^ 

[30] (3a6 +c)(a-h6). [31] (ar^ + ajy + JT^) (a^^ - a:y + y^) and 

(rc+yX^-yX^K^+y^)^ or {a^+aPy'\'xy^+y^){a^-a^y+xy^'-y^). 

r32] «^-2.3^^^0.15a^0>02 ^^,^^ 2M5a^0>02 ^ ^g^ 12(x-]). 

L J fl(«— 2) a^^a— J) 

[34] «-y. [35] ^_;_;^^ - [36] ^::^^ and ^^^^^. 

[39]4o. [40] a(a'-t^ • l-*^J 4;,»-y») 

[42] 1st product =0—6, the 2d =a?—xff+y'. 

[43] ^°^*)'-°=a+6-g- and ?*±p!=a+£rl!. [44] n»-6». 
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rg, 8(a-t)(«»+«'-<r-l) (a + b)(a?+^-M-l) 8oi(<+l)» S(^z-\y 



and ^^'^'^^ r61 (2°-*)' and 



[1 
[6 

[12 
[13 

[15 
[19 

[21 

[^3 

[26 

[28 

[30 



EXEKCISE XXXI. 



[1 

[6 
[9 

[11 

[12 
[14 
72w*+ 

[17 
[18 



jy + y 
a 



[2] 



ar— .V'f g— p— w 
a 

[6] 2a. 

[10] "'*■*■** 



[3] ^±^={£+»?. , [4] 2X-.3. 
[7]-«6x^^- [8]«x 



*y 



[11] 



ay *- -* bd 

SOpqrs 
SQjpyY*^+ 72j^Vr-100y8jr'y— 75jySyr» 



be + ac+ab 



abe 



(a + by 
ab{a—b)' 
5«y 



t^^] TTy t^"^] (4*-9)(3*-8j 



[l^J <,2-6«~ ■*'a2-62' 



[18]- 



5^—8ar + 6 



[20] 



(3af-2y)(2ar-3y)' 
(a + 6 + c)ar'— 2(ai + oc + 6c)dr + 3«6c 



«* + (a + 6 + c)a^' + (a6 +ae + bo)x^abc' 
791*3-773^^ + 192 roii 16dr»+13^y+3y» 



*2(^-l) 
bed —tied + abd^abc crf(& — a) + gft(<i— c) 

rooT 6^ + 31«* - 66* + 99 



(7*-3)3 
32jf8 + 37j!g-65ar~60 
8**-6V-17arJ + 6* + 9* 



[24] 



2m 4- 



2»< 



36(* + y)(a?-y)a- 



*»(*-3)2 

[25] „-?*• 

10a« + 36« 



2('m5— n») 



(to + »)(w2 + „i) ^4 _ „4 



[29] 5(a-5)2. 



i2(-^)-*-^^fe|Sr^^= 



432a»- SeSflgft + 419aft» + 9^8 
36a(a-6) 



Exercise XXXII. 



a + a 






[4] 



6/)» 



65yy* 
Pfl-I 14go8(c--rf)« 
L^J 15A5»(a + *)(o + rf)' 



l.^-l^-.8* + 15* 



2g(a» + &3) 

3b{a-b) ' 
144a*+31a«fi2-i464 



[10] 



ab 



W 



12fla 



=12aH2A6^-^. 
w»*n(p4-y) 



[13] <^-6». 



TO+ ^» 

i?^„. [15] A<-y). .[16] ""-'^'^"^^^ 



a-6 



a8A» 



"~i8'^5'^aUa"^ir 



(jT— 1 )(y— l)(g— l) _ aryg-(jy -f jfjf -Hyg) + (af +y 4 »)- 1 
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ExERasE XXXIII. 
W^- [2] 6^ PI—- Wis?- L^J-siV- t^J^^^- 

L'J 3(a-4) • L°J(* + 3y)(*-y)-^+2r5f-^»' L J p' 

rial <^ n ^1 gg^y*-* fiin J^l^LtM 

[1611. [17] f. [18] "-*±iz.rf. [19] (^ [20] 1. 

Exercise XXXIV. 

[1] 1200. [2] mi' [3] 2304. [4] iff- M -920^. 
[6] I2ap + 18ajy- 1 ly^. [7] 22a* + 4a«6 - IGa^ftZ - 4a68 + 2^ + 
12(^V^+(3^*-268) V«^. [8] lOa^ - IQaPj/ + Sa^ - 3y8 + 7i?2g _ 
eAV^--*""?- [9] aj2H-3ay-10y2+(3a-26)a;-(a-%-a5(5c-a). 
[10] 2a4-a»6-2a262-9a63 + 76H3jc22^. [11] TV(5a-36&-37a;). 
[12] ^(7a? + 9a:2y_i4a^.62/8). [13] }aj6y2^(a+«)iV+y)*- 

[14] ~(T^v»y-l«V+V«V--*l«*y*+H«V+i«y)- 

[15] 21a7_i4a^y4.22a;»2^+9ar*y»+10aJ^/--24a?2y* + 10aJ2/6+82/'. 

[16] a^+JB^y-^+y*. [17] afi+ai^^-x^y*-y^. 

[18] 5a:*+3iaaj3-8Ha^a:24.|a3a.+ 11^4. [19] 4a?-5a26-3ac2+6A 

[20] ^=(a2+62)(a?2+y2). (7=(a2+ft2+c2)(a:2+3/2+«2). 

[21] ^Va<249a:+242). [22] 10a%-1068y-16aa^y+20aa^2/-20ay«. 

[23] a*-6«'-c^+26V. [24] a52+2a6c-62c+c8. 

[25] a:'+y'+2«'. [26] fo^-Kj+^ja. [27] +?«+i6. 

[28] a^+rc»+ar2+a;+l. [29] l+x+aP+a^+o^+ +a^\ 

[30] (3a6+c)(a+&). [31] (a^^ + icy + 2/*) (a:^ - a:y + y2) a^d 

(a;+yX^-2/)(ai2+y2)2 or (a;»+a:2y^.a;y2+2^)(a,^-ic2y+a;y2_y8). 

«^r2f!±4±oa6a+^^ P3J 12(0.-.]). 

[34] «-y. [35] ^j;_";f^ . , [36] ^zsir^ «'<1 ^^^Ti' 

r,y, hhniadf+W+ide) ^ 5? + 2«4^ rgg] i±^ ^nd ^^ii". 

L^^J bdf(gkm^him*IM) "°'* a' + i' ' L J „ „ 

[39] 4a. [40] a^-l^ ' ^^ *(*'-*') 

[42] 1st product =a-b, the 2d =:a?-xy+^. 

[43] <"^*)'-''=«+6-^ and 2*±pf=a+2=lf. [44] cfi-lfl. 
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L^J 3«*-6jb« + 3 ' 3«<-6jBa + 3 ' 3j^-6a»+8' 3«<-6«»+3' 

Exercise XXXI. 
[1]^. [2] *-» + «-"-« [3] ^±^>±^={^. , [4] 2a;-3. 
[S]^. [6]2«. m-aJx<^n [8]axf^. 



dry 





a 


[6] 


2a. 


[10] 


ad + bc 



[9] ax?^. [10] ^. [11] *'+«^±^* 



a£c 



r-i o-i SOePgrs + 20lyitrs— \6<?pq8 + l2fPpqr 
*- -' 60p5rr« 

L J (3»-2y)(2*-3y)' L^ -I flSrf^' "" ScS * 

roiT (flHrftjfc)*^— 2(a5 + ac + 6c> + 3aJff pool g'l^' + Slj^— 66jf + 99 

L J «»+(a + 6 + c)ar2 + (a6+ao + io>-aAc' L^ ^ n^ix-Z)^ 

rtwi 791j3-773* + 192 rn^-, 16d?3+ 13a?y+ 3^= ro;-i ^ 

L^J TtTTsT • L^^J 36(* + y)(^-y)«- L^^J ^T6' 

po^l 32a^ + 37jr^~65jf~60 r„^n 26(10««+ 36») _^^ 10ag + 36« 

L'^^J 8^-6^-17ar' + 6* + 9' L^'J 5(a2-i^) -^^'X ^J.^ • 

[28] 2m + , 1?1__ -?(!^=^. [29] 5(a-5)2. 

rom 10/ M K4a« + 13fli-962) 432a»-868a26 + 419fl6« + 9A8 

[30] 12(a-5)- V 3g^^^_^^ = M;i(^:^) • 

Exercise XXXII, 
[1]^- [2]^,- [3]-S' W£- m^'"**' 



72«Hi?£. " \l5]U-y)- .[16] ?^^=^(^> 



0-6 



L^'J ?6i ■"^'^>'*"S 15+6/* 

*• ^ xyz xyg 
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Exercise XXXIII. 



[1]^- [2]^ [3]^. W^- [5]^^^- [6lt^>. 

3(a-. 4) • L^J (* + 3y)(*-.y)-^+2r5f-8|f«* L^J "• 

[^«]«x£^- ["] (i^irSc^r [12] ^^^^e^. 

[131 -JfP. [14] ^I^*. [15] ^i|^. 

[1611. [17]^. [iqeiip*. [19] c;^ [20] 1. 

Exercise XXXIV. 

[1] 1200. [2] mi' [3] 2304. [4] JfJ- [5] -920§f . 
[6] 12aJ» + 18ajy-lly2. [7] 22a4 + 4a«6 - 16a?63- 4a68+ 264 + 
12c^«V^+(3rf»-268) V»^. [8] lOa^ - UaPi/ + Sa^ - 3y8 + Ti^^^r -. 
m^/^-in^. [9] aj2+3ay-10y2^(3«_26)a;-(a-6)y-a5(5c-a). 
[10] 2a4-a»6-2a262-9a«>8 + 76H3ar^2^. [11] TV(5a-366-37a;). 
[12] -(7a? + 9rr2y-14ay«-62r*). [13] ioi^y^z^{aJtxy\a^-y)\ 

, [15] 21a7_i4j^y4.22a;»yH9«43r'+10a8y4--24aj2y* + 10a;y64.82/'. 
[16] a^+aV+y*. [17] aS+ajV^-ay^y*-/. 

[18] 5a*+3^-.8iiaV+|a«a:+ l^a*. [19] 4a?-5a26-3ac2+ Gc^. 
[20] ^=(a2+62)(a?2+y2). C=(a2+ft2+c2)(a:2+3/2+^. 

[21] ^V<249a;+242). [22] 10a%-106»y-16aa8y^.20flkr2/-20ay«. 

[23] o*— 5»'— c''+26V. [24] a52+2a6c— ft^^+c^. 

[25] ic'+y»+2«'. [26] fa^^ia^j^.^^^. [27] *>+i6. 

[28] a*+arJ+»2^a.4.i. [29] l+a+aj2+a;34.ar4^ ^.aj— i. 

[30] (3a6+c)(a+6). [31] {p? ^-xy -\'y^){x^-xy-Yy^) and 

[32] elz?^!!^^^^^^ [33] 12(.-]). 

[34] a-y. [35] j:f^^^. . [36] jzi^^ and ^^^^^. 

. y. ^M.rf/^&,f^6^) ^^ ^:^f?^. [38] ii-^ and i±^^ 

[39] 4a. [40] S(?Z^) * L^^J ^*a_y») 

[42] Ist product =a— 6, the 2d =0?^— a?y+2/». 

[43] ii±^)£r5=a+6-^ and ^^±p'=a+^. [44] a«-5«. 
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IBM EUDOENTS OV ALGKBIEUU 



[^^] y-^^y 






[491 1- [50] (o+6)2-.(c2-c^2). 



1] ic=:a— 26+ 3(j. 
"4] ic=3a— 36+3(j. 
71 a;=7. 
a;=84|. 

:a?+a6+62. 

:7-77. 
140. 

. 1 1 

:0-5. 
2a(36-4c) 



[10] 
[13] a; 
[16] X 
[19] a;: 

[22] X 

[25] X 

[28] X 

[31] a: 
[34] a; 
[37] a; 
[40] aj 

[43] aj 

[46] a; 



=6. 



56— 6'c 



a6(a + 6) 



a6 



Exercise XXXV. 

2] a:= 1-23456. 
"5] a?=|?— 25'+3r— 4*. 
[8] a:=e : df. 
[11] a:=l|. 

[14] a:=^±^. 

[17] x=m+n. 



[20] 



a; 



— n+ l—m+p 

m^p—n + l 



3] a:=— 9-876. 
"6] x=a—b. 
9] a?=0-03349076. 
[12] a?=a— 6. 

[15] 0!=^. 

[18] »=10ii. 
[21] «=l^sftJr. 



roqi ^ ^ r« J -1 affA» + d6An— ^ien — mA^6 



[26] a.=(^^"'X;^-^^). 
[29] a;=l. 

[32] a;=4i. 

[35] x=a^b. 
[38] a;=7. 

[41] a;= J^. 
[44] a;=3. 
[47] a;=5. 



6«An(o +/— k—o) 

[30] aj=l-l. 

[33] a;=a262-a-6. 

[36] a:=26iH- 
[39]a;=ll. 

[45] a:=f . 
[48] x=l. 



Exercise XXXVI, 

[1] 25 years. [2] 6if per ceDt. 

68 of oaks, and 461 of pines. 

[5] 12000Z. [6] 12 years, 

cent, the second 12^ per cent. 

[9] 142857. [10] 857142. 

[12] f [13] 200 oxen. 

[15] i mile. [16] In 2 years 8 times as old, in 5 years 5 times, 

and 1^ years ago 57 times. [17] 30 years. 

[18] D is 7 miles from E. [19] 90 hanks. 

[20] 8 gallons per minute must flow into it, and it contains 240 gallons. 
[21] 816 cubic feet, [22] Loses 4 per cent 



[3] 765 acres of beeches, 

[4] 5800^. 

[7] The first 13} per 

[8]2110^. 
[11] 290. 
[14] 28 persons. 
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[23] Either the gain is f^i}?^±J^)^m? per cent, or the leas is 
I00p-y^(i00+n) ^^ ^^^ aooording as p'{iOO+n) > lOOp. There is 
neither gain nor loss whenjp'(100+n)=10()p. 

[24] After 6 da^s, at a distance of 31^ miles. [25] 4 leagaes. 

[26] 3} hours. [27] Either after 1 hour 12 min., or after 13 hours 

12 min. ; in the Ist case before their meeting, in the 2d after it. 

[28] 11 times. Ist^ at 32^ min. past 12 ; 2d, 38^ past 1 ; 3d, 43^ 
past 2 j 4th, 49^ past 3 ; 5th, 54^ past 4 ; 6tii, 6 o'dock, and so on, 
each time 1 hour 5^ min. later than the preceding. [29] 600 leaps. 

[30] 2 hours 24 min. [31] 26i days. [32] The 1st 16 rods, the 
2d 18 rods. [33] 8 hones. [34] The Ist 30 H.-F., the 2d 24. 

[35] 10 months. [36] 428^. [37] 3 months. [38] 1000^ 

[39] A, 40^: ; B, 4«. ; C, iSL [40] A, 3^. ; B, 11. 16». ; C, 2L 

[41] A, II 16*. ; B, 2L 6». 6^1 [42] 9. [43] 19. 

[44] 3 must bo deducted from both. [45] To both we must either add 

iH^ or ^£^=^, or subtract ^Ezff or ^^^. [46] 65 miles. 

[47] C had lost SI. [48] 75 lbs. [49] One is 28, the other 42. 
[50] 200 shillings. 

EXBRCISB XXXYII. 

[1] «^='-^, y=^. [2] x^l^ y= lOH. [3] «=0, y^p. 
[4] aj=ll, y=17. [5] a;=l-543e89, y=0-8392867. 
[6] 0^=37, y=43. [7] x^^^, y=^^. 

[81 0;=—^^, y=r . [9] x^ss.na-^a. y=a+6. 

[10] a;=7j, y=9J. [11] a=l-2, y=3-4. 

[12] x^i-^^i, y=-9f [13] aj=a+6, y=a-6. 

[14] aj=a-26+3c, y=3a-26+c. [15] aj=-9fif, y=-20|H. 

[16] a;=14, y=46. [17] a;=l, y=Z. 

[19] a;=a-26+3c, y=a+26-3c. [20] aj=li, y=2f 

[21] a;=29, y=:28. [22] x=z2, y=2. [23] a;=17, y=22, «=45. 

[24] aj=64, y=80, «=100. [25] aj=48, y=54, «=64. 

[26] «:=13, y=24, ^=62. [27] x^^^ y=i=|w *=r^- 
[28] aj=6, y=:9, z=i. [29] a;=16, y=4, «=4. 

rorv-i lmn{bde+aof) ^ lfnn(bde + wf) lmn(bde + aqf) 

'■ J qfmn— bjln + MAn' ^ "* <{/}» + cf^mn— acUm' "" &«/» — ornnn + aolm 
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Exercise XXXVIII. 

[IJ 33 for, and 15 against it. [2] One liad 4, the other 8. 

[3] The first 18d, the second lid, [4] 3^. [5] f . 

[6] A, 7000?. j B, 3000?. [7] 40 and 7.' 

[81 -^ and -^. m 1234 and 5678. 

•- J a+1 a + l *- ■' 

[10] a2+6 and a+62. [11] The father is 42 ; the son, 12. 

[12] The capital is 4700?. ; interest, 4j per cent. 
. [13] A had 40?. ; B, 80?. [14] In the one, 100 quarts ; in the other, 50. 
[15] In the one, \l^ quarts ; in the other, -fj^ quarts. 
[16] The first, 3 ; the other, 7. [17] 16 and 4. [18] ^^ and ^. 
[19] The first 480, the second 400, the third 560 gallons. 
[20] The one ^- -f--Y the other ^fi - -) feet per second. 

'■ "^ 2\fn n/ 2\fn ■ n/ 

[21] B, /«^^-^) feet; C, /^+'»''*> feet per second. 

[22] A, 3100?. ; B, 7400?: [23] In the proportion 7:8:9. 

[24] He has 300 oxen, and fodder for 60 days. 

[25] 9 yards of 8 quarters wide. [26] r— and j-^. 

[27] 9 and 6. [28] A had U. 8d. ; B, 3*. ; C, 5*. 8d ; D, 11«. 

[29] The 1st, 449; 2d, 225; 3d, 113; 4th, 57; 5th, 29; 6th, 15; 7th, 8. 

[30] The 1st is ?:^=^a; the 2d, ^^^^a] 3d, ^=^a, &c. 

INDICES. 

Exercise XXXIX. 

[1] a*, al, at, a». [2] xi/^z, a\M, oi^y^z, a^l>K 

[3] xy\, at, a*6M, cit^c^. [4] 0^3^, ajy», x\^, aPf^. 

L^J v) ^» o2» 64» a-ic2» ^=2j;3» 0-3^3* 3^y 

(ii) arS c-^ 6"^, 2a<r3, 4ai2y-a, 5a3c-», f a^. 

(ii)aj8y-VS fflc^jrVS 3a6a?-S ia-^ftc^, ia-i6~*c. 

Exercise XL. 
[1] ^x, >y3aj2, .^4a4, ^76, >y3/3. 

,0-1 V* Vj?J^y 4J^aA/6 >{^g*& ^j^^yS 
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Exercise XLI. 

m ' A J_ il r9i 1 i^» V ^^ 

L^J ^ <^o' ly^ yt^' L^J ^^ ::^' 3';r»' 77* 

Exercise XLII. 

[1] ^«-'. W^ ^ ^«-;__ [2] '^^. VA-_____ 
[3]Vi,«^6^c. M^^,^5^. Ki^^E^?. 

Exercise XLIII. 

[1] 4/7. [2] 6c(fw)*. [3] 16V2. [4] 4aH16(ic»-96 + 16c«. 

[8] a»-2ai6». [9] J^, ^. [10] aJJ»-ca»6»=-^*?»-c^^6». 
[11] 5al-6a«6=(5o-66)</a?. [12] a»+o«6*+6*=V«+V*+>y<»*- 

BTJKDS. 

Exercise XLIY. 
[1] 9», 16t, (^)», {V)i [2] 25», 125», 36», 216», 49», 343», 64», 512*. 

[6] V12, \/6, V*. Vf [6] \/h Ay256, ^72, >y78125. 
m ^i. ^Hl. V16«>, V^7^, i 7^^^. 
[8] 3V6, 5^3, 4V6, 8^2. [9] 36^3, 4,^2, 7^2, 12^2. 

[10] 8^7, iV2. V6, -^50. [] 1] 3-,y3, 24^3, i^4, ^^2. 

Exercise XLV. 
[1] {l+c+^^ya, ^5. [2] 12V7-3V6+|..yil-6^13. 

[3] 4V6, 8V2. [4] 8^2. [5] \i^/\5. [6] -13^/3. 

[7]??23. [8]8V7-</3. [9]V^2. [10] («-c)V6c. 

Exercise XLYI. 
[1] dbo^y^. [2] 140. [3] !^a=*=; 

' [4] J-e^l20, 10+4V35+6V50. [5] 39^2-16^5, l + y/e. 

[9] V2+V6-V3-8Vi. [10] V6 + V2-</|. 



180 THX SLXMIHTS Or ATXIKRBA. 



EXEBCISS XLVll. 



[1] 2-.V3, 3V2-8, 15+3^/21. [2] i(y/2+l), ^l5^iy/6^ 

PJ A> 9+*vio- W m • 



ExsBcisB XLYin. 

[1]2+V3. [2]6-3v/2. [3]V3-\/2. W V^-L 

[5] 3V7-2V6- [6] l+iv/2- [7]i\/6+i\/2. [8] 5+^3. 
[9] ^18-.</2. [10] </20+^5. [11] ^8-.>^2. [12] ^(»-l)-l. 

[13] V(«+&)+ V(«-ft). [14]^-^^^. [15](y-IV«. 

[16] V(ap-a^-a. [17] ^+^^-!^ 

[18] V«* + V(^-2a6+J). 

Miscelianeoui ExerciseM, 
[1] *n/7, AV21, i^5, V V3 or ^. 

L2] -3rVV";?=2r> tVv — w — )• 

[4] aV(c+^, a'-^(J-«^/»). [6] ^ ^V^ 

[6] («+y+«)V(«+6+c)> («+«+y+3)V«. aVo*- 

[7] (3a+8)^(62-c»), (6+c-3a»).^a62-«a6^ai2, fffV*. 4/^- 
[8] 12+3^20-6^24-^180, (2p + j)Aj/^i^. 

[9] 5y/6 + 5^/5 + 2>yi2g + 2,^180 + 2</64 + ,^2000, a - c»-,y6», 
2o+ 12o^+(3o-|-8)4/55p. 

[10] -V2i», -^^^-^a-T, -a;/-^^::^, -rVii' *+<A/ jsi- 
[11] a+6-flVy. v'«y+V(«'-»*). IV'3-l+iV2-WV- 

[12] 4v7-7, 2V«-2V3, liVll+lfV2, 2V21-6, 

[13] V6+V3, Wfi + iVS, 3V7+V13, 8i^2=^^±b^(?=l>}. 

[14] </i?^, </oJW», 2^8<^ <?'671088646, ^(2a+56), ^(a+26). 

[15]V*0 + V27, V(« + 6)-V(«-6). -^24 + ^6, {^y^l)<^x, 
±(2+V3), 3V6. 
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QXTADBATICS. 






EXBBCISE XTJX. 




[1] «= + 3. 


[2]x-+5. [3] «-+"**. 


[4]a:=±8. 


[S]x=±'2. 


[6]«=±1. [r\x=±i. 


[8]a;=±6. 


[9] X- ± 9, 


Exercise L. 





[1] a;=6 and 4. [2] x=:7 and -1. [3] x=i5 and -7. 

[4] a;=10 and -2. [5] a;=370 and -430. [6] x=z7 and 1. 
[7] x=6i and f [8] a;=8 and -2^. [9] x=5 and -4^. 

[10] x=60i and 16^. [11] aj=5|J and 3f . [12] x= -2| and 5i. 

EXSKCISB LI. 

[1] «= -25^ and -52. [2] x=:i+y/30 and 4- V^O. 



fSI —Hijl^ A "l-v^85 m _. 118+ a/13724 , US-VIZ724 

[5] a;=-46 and 25^. [6] a;=14 and -10. [7] aj=10 and -f 
[8] x=z67i and 4^. [9] x=i2 and -3. [10] x=z7^ and 2^. 

[11] a;=j and -j. [12] a=ll and 7. [13] aj=4 and f. 

[14] a;=2a4-& and 0. [15] a:=27a and 3a. [16] »= - 1 i^;^. 

Exercise LII. 



[1] a;=3i and -4. [2] a=2i and 3}. [3] aj=:l ± 3x/- L 

[4] «= 13f|. and 8. [5] a!=^(7 ± v/-1039). [6] 3^ and 2|. 



Exercise LIII. 

[1] (a5-7)(«+9). [2] («-12)(2»+19). 

[3] (aj+l)(5aj-8). [4] (2aj-V2)(3aj+2V3). 

[5] (3a;-2V5)(aJ+\/^). [6] (aa?+&)(6aj-a). 

[7] (a;+l)(2«+3a-2). [8] (aj+l){(m-2)aj-{m-5)}. 

[9] (5m+3)(3m-5). [10] (3m+7)(3m-7). . 

[11] (a-6V^)(»+&N/^)- [12] (a&c+c2)(<SB-a6). 
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[1 

[10 

[12 

[1* 



[1 
[3 

[S 
[6 

[8 

[10 

[11 
[12 

[U 

[16 

[18 

[19 

[21 
[23 
[25 
[27 
[29 

[31 

[33 
[35 
[37 
[39 



[1 
[3 
[5 



Exercise LIY. 

a?«+a;=30. [2] 9aj2-h9aj=4. [3] aP-9=0. 

aj2- V«=l- [5] a2-|a;=6. [6] a:2-4aj=-l. 

aj2-6^+9i=0. [8] lljB2+a;-180=0. 19^ aP-4:9x -^120=0. 
jB3-18aj2+87aj-110=0. [11] a?*- 45x2 -40a; +84=0. 

a?-13a?2+49aj-45=0. [15] ar^-3«*-8a:»+ 24x2 -9a: +27=0. 

Exercise LV. 
x=+7 or +5. [2] x=+ V2 or +\/^. 



x= + 4 or + 3. [4] x= + 3 or ^>/- ''O^S. 

x= + {V(ftc+a2)+o} or ±{s/{b€+a^)-^a}. 
x=+a(V6 + \/2) or ±a(\/6-\/2). [7] x=3 or -^^41. 

«^=±^(-3 + VIO). [9] x= .^(54+30^3). 

3+-s/2or3— V2- 

x= V(l ± \/2) or >^(1 + V2) and - ^^(1 + ^2). 

x=3 or >^214. [13] x=iV{-262 + 2V(4a*+ft«)}. 

x=36 or 35. [15] x=25 or 20f 

x=16 or 18f [17] x=+2 or +\/-^- 

x= + v/{«^-ft+\/(^Hc2)} or ±s/{a^'-h-^^y{b2+(^}. 

x=-2^. [20] x=-t^=-5 + -8664V'^. 

x=>v/^l±\/^. [22] x=(wi-n)2 and (w+w)2. 

x=8i and -4f [24] x= V^ and V^^H". 

x=13|t and -liH- P^] a=l and -4. 

x=5 and 1. [28] x=8 and — 2ff|. 

x= 1 + V^- [30] x=5 and -4f . 

x=land-iJ. [32] «^=S^* and 1^ 

x=Va±Vft. [34] x=±-^ or ± V-1- 

x= 1 and 2. [36] x= 1 6 or 25. 

x=-85355 and -14645. [38] x=(6-a)2 and {+2af. 

x=(2a-6)2 and (26-a)2. [40] x=(+7)2 and (+14)2. 

Exercise LVI, 
x= ±1-2, y= + 3-4. [2] x= ± 1, y= + 2. 

x=:±^ab, y= ±/\/f. [4] x= +456, y= + 123. 

a= + 8, y=±6. [6]«=±15, £ = ::^5. 
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[9] x-e, y=12, x'=-U, 3^=12, x"-6, jr=2, a!"'=-U, y"'=2. 
[10]a!= + 3, y=±5. 

[ll]a!=3, y=5, x'=-S, y'=5, a/'=3, y"=3, a!"'=-3, y-'^S. 
[12] «=!, y=2, a/=3, y'=4. 
[13] ai=4,y=5,a!'=4,y'=-13, «"=-4, y"=-5, ar'=-4,y'"=13. 

[14]«=±18, y=±2. [15] j}=tL^^, »^}=?^^. 

[16] '^=d±>^d'+ip, J,= -d± V««H4p. 

[17] «=6, a!'=3, y=30, y'=6. [18] a!=l, y=4, *'=3, ^=2. 

[19] «= ±2, y:=± I, x'= ± ^ii, y'= ± ^1-8. 

[20]a!=15, y=4, «'=-4, y'=-15. 

[21] a!=17, y=23, a!'=62, y'=-22. [22] a!=10, y=4, a!'=:12, y'=2. 

[23] a!=15129, y=119025, a!'=119026, ^=15129. 

[24] «=7, y=24, «'=24, ^=7. [26] x=zi, y=i, af= -}, y'= -f 

[26] a!=4, y=9, «'=9, y'=4. 

[27] a!=0-125, y=0-37«, a!'=0-126, y'=:0-625, 

[28] x=l, y=2, a/=l^, y=-TV. [29] a!=^. y=;^. 

rom , in + n , n 

[31]«=11, y=3, a/=-7i, y'=-3f_ 

[32] a:=2± V laT' y=2 + V -I2^ 
[33] a!=125, y =343 , a^=343, y'=126.* 

[34]a,= ±V^+5.y=±V 



46-«» 



12a ^2' i'""-^ V 12a 2' 

[35] »=±125, y=±27. [36] a;=(4-5)2=25, y=(+7)2=49. 

[37] x=5, y=3, a/=-3, 3/= -5. [38] a;=2, y=l, a;'=l, 3^=2. 

[39] 0^=0,^=0,0/=^, 3/=^, 



problems producing quadratics. 
. Exercise LVII. 

[1] ±385. [2] ±llf [3] ±13. 

[4] ±77 and ±91. [5] ±^10=3-162278. [6] 78, 52, 39. 

[7] 481, 259. [8] ^^ and ^J or -.y^ and -/y/^. 

[9] 11 or -24. [10] 8 and 12. [11] 12 feet. 
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[U] 24 

[17] 5i inches. 



[12] 672 feet long. [13] 960 and 280. 

[18] The one in 182", the other in 70". 

[19] 385 feet one, the other 324 feet. 

[20] 21 feet long, 13 feet broad, 9 feet high. [21] 343 and 64. 

[22] -f the other value. [23] 16 yards long, 2 yards broad. 

'24] 1200 men, each receives 3f lbs. [25] 28 men, 45 lbs. 

'26] 35 and 28. [27] In 4 hours. 

'28] 24 lbs. coflTee, 330 lbs. sugar. [29] Jg^2. 

[30] A 5, B 6, C 7, D 8. 



indetebminate equations. 
Exercise LVIII. 

rn In six wavH • fS^^^ 1^^^^ ^^ ^^ ^^ ^1 24 7 
[ij in SIX ways . ^ ^^^ ^.^^ ^ ^5 46 67 88 109 

[2] 7 oxen and 60 sheep. [3] 6 men and 9 women. [4] 7691. 
[5] 60 values of x and y, according to value of z. 



z 


y 


X 


1 


4, 9, 14, 19, 24, 29 


37,30,23,16, 9, 2 


2 


1, 6, 11, 16, 21, 26 


39, 32, 25, 18, 11, 4 


&c. 


&c. <&c. &c. 


ha. &c. &C. 


18 


3 


1 



[6] a;=l, 2, 3, 4, 10, 11, 12, 13, 14, 15. 

y=:8, 6, 4, 2, 11, 9, 7, 5, 3, 1. 

«=:11, 12, 13, 14, 1, 2, 3, 4, 5, 6. 
[7] 127 feet long. [8] I give him 11 crowns, he gives me 10 pieces. 



arithmetical progression. 
Exercise LIX. 



;2] I 10|, 8. 142. 



I. 20f, 8, 139f 



1] I 50, «. 442. 
'4] I, 3f , *. 60f 

7] I -15f, «. -146i. [8] I -IJ, «. -13f. 
[10] I -2|, «. -281i. 

Exercise LX. 



?. 35i 8. 1900. 
^. 14, «. 28. 
I -10, «. -90. 



[1] 2. [2] 32. [3] 300. [4] -31, -240. 

•5] -129, -1250. [6] -2, -6, -10, -14, -18, -^22. 

>] i, *, 0, -J, -i, -i, -f . [8] 24, 31, 38, 45. [9] 1, 3i, 6, 8*. 



10 
13 



16, 12, 8, 4. [11] 16, 20. 

275^. 12«., 10?. 8«. last payment. 



[12] 3, 5, 7, 9, 11. 
[14] 6:^ nules. 
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oeometaical pbogression. 
Exercise LXI. 



[1] I. 64, *. 127. 

[3] I. 327680, 8. 436905. 

>] I 106^, a. 307iH- 

[7] i^fm. [8] ^amh 

[11] 235125-85 . . . 



[2] I 78732, *. 118096. 
[4] I. 258ffU, s. 591^?^. 
[6]M|«,*.19|H. 
[9] 33741-59 . . . [10] Sffffi. 
[12] 30570-01310 . . . 



[1] f [2] 16. 



8 



Exercise LXII. 
[3] f [4] 2. [5] 70. 



[6] 27. [7 



If [9]*. [10] t. [11] i. [12]T?r. [13] t». [14] ft- 



2H- 



[1] 13 terms. 



Exercise LXIII. 
[2] 3, 12, 48, 192. [3] Let S = half the sam, 



and D half the di£fereiice of two means, then S= — = ^ — K and 

^=S V^. [4] 3, 6, 12, 24, 48. [5] r= ±^^1^=^. 

[6] 4, 8, 16, 32 ; i, 1, 3, 9. [7] -9439, -8909, -8409, -7937, -7492, 
•7071, -6659, -6300, -5946, -5612, -5297. [8] r=l-0935, w=27-351. 

[^] if A> "rfr? ^- [1^] 1^®^ ^> ^ ^9 ^ ^ *^® ^^^^ quantities ; 

then a+«r^ >ar+ar^, if l-fr^ be "^r+r^ orr(l+r), or if 1— r+r^^r, 
or if 1— 2r-hr2=(l— r)2 be > 0. But every square is positive, and .•. 
> 0, .•. a-\-aa^ > (vr-^-a/r^, 

harmonical prooressioy. 

Exercise LXIV. 

[1] (0 H, H, If, 2, 2f, 4, 8, «, -8 ; (ii) f, 1, H, l\, 2, 3, 6, «, -6 ; 
(iii)A,iAr>A,A.A>*>A>A>f [2]i,i,+,and2,2f,4. [3] 6 and 2. 



-16. 



21 

r6 



Exercise LXV, 

10, 6, 3f [3] 3J, 3, li|. [4] 20. 

4:2. [7] i i, i. [8] 104 and 234. 

RATIOS. 

Exercise LXYL 



[l]H:H,ift%:«t,i%:T%. 
5a;— 3:a;4-l, 1: .x+l. 



[2] a+6 : 6, 4a+5 : 5a+4, 



[3] 3: 4, 22:43, 9:11. 
[4] 3:1, 7:5, 315:44. [5] 4:1. 

[6] a«-8(wj2+3aj8 : a?-2aaj-3aj2. [7] 8 : 189. [9] 33 : 65. 

[10] 614i : 512. [11] 490 miUions of miles. [12] About 30 years. 
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PROPOBTION. 
EXEBCISE LXVII, 

[1] 12, 2H, 20i, fj. [2] 6, 10|, 1. [3] 10, 9, IJ. 

[7] a;=7. [8] x=l, y=3. 

rq-i fnd(ph—fq)'-eqnb eq{na —mc)—mdpq 

'■ ^ {na—mc){ph—fg)—pgnb^*^ {na—fno){phr-fg)—pgnb' 

[10] a;=(a3+&8), yz={o^-^W), [11] a;=a4-l, y=a?-l, 

«=a2-.l, w=a-l. [12] 38 : 76 : 152. [13] 8 days. 

[14] J^ seconds after the second sets out [15] 20 years. [16] 300. 

variation. 
Exercise LXVIII. 

[1] y=fa:. [2] y=i. [3] x^i^y^. 

[5] fB=2y+y2. [6] a:=5~4y+Jy2. 

PERMUTATIONS, COMBINATIONS. 

Exeridise LXIX. 
[1] 12. [2] 2520, 840. [3] 90, 1801800. 

[4] 73513440, 30270240. [5] 1, m. [6] ^^^^^, ^(^=1K^). 

r;--, m(w--l)(m-2)(wi— 3) wi(m— l)(w>— 2)(m— 3)(m— 4) 
L'J 1 . 2 . 3 . 4 ' 1 . 2 . 3 . 4 . 5 • 

[8] 1814400. [9] 720. [10] 6. [11] 11. 

[12] 360, 5040, 840, 100800. [13] 8. [14] 2, 



1] 720. 
6] 4845. 



!£lxERCISE LXX. 

2] 153. [3] 6561. [4" 

'j\ 140. [8] 1679616. [9] 4096. 



56. [5] 210. 



binomial theorem for positive whole exponents, 

Exercise LXXI. 
[1] a«±6a«6+15a462±20a368+15a264 + 6^^56. 
[2] a^± 9a»b + 36a7U^±S4:a^I^'i-l26a^b^±126a^b^+8i(^b^±Z6a^7^ 

[3] l±llaj+55aj2±165a8+330{B4±462a^+462a«±330jB74.i65a8j, 

;4] 625-2000a;4-2400a?»-.1280ar»+256a?*. 
'5]729-2946aj2+4860a:4-4320a^+2160a8_576a.io+64ai2. 
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128y7. 

[7] a?7 + 27»»6 + 3240^62 + 2268a2i63 + 10206ai»ft* + 30618ai7ftft + 
61236a«6«+ 78732ai36' + 59049a»68+ 1 9683a»6». 

[8] 243aV- 810a4c^+ 1080a?c862rf2 - 720aV6»6^3 + 240ac64c;4_ 
32^(^5. 

[9] 625a8c8^^- 2000a76c«rf5+2400a«62(?*e««-1280a66»c2<f7^.256a464^. 
[10] 64a6cfi6-» + 48aV6^6-» + Ifia^c^c^^j-e ^ |a3c2^85-« ^ f|a;2ciO(i* + 

[11] a^ + eab+b^±{ia+ih)y/ab. 

[12](aH21a?6+35a52+76»)Va±(7a^+35a?6+21ei62+ft*)\/&. 

[13] 2{a-+'*i!?=fV«6»+^^^ . .} 

[14] 2{^'-'6+ ;^^;^-^^;"7'> a>-'y +^il^^a-*65 +11^^^^+ . .} 



Exercise LXXIL 
[1] a»-^^W63+p^^V-^64_ . . . 

[2] 2{a»~f^V«6g + ^ " "•;;• V -^g>^- . . . } 

[3] 2{na->'6- <»"^^)(-;^V --y+^^a-^y.- . . . } 

"5] 1820ai264. [g] -142506a2»ft». [7] I6n00a^b\ 
192192a660c8c?8. [lo] 12870aW 

[12] 24310a»68-.24310a^6», 



4 

8 
11 



105ai3&2. 
495ai«68. 
-48620a»69. 



13] -.92378ai%»+92378a»6io. 



GENERAL BINOMIAL THEOREM. 



Exercise LXXIII. 



[1] aHf»«6+H«-^^~T^-*&»+dWTr«-«^- . . . 

3] l±i^-i^±M-i^^± • • • 

l+4a;+10iB2+20a^+35a?*+ . . . 
•6] 1— 2aj+3a?2— 4a?+5a;4— . . . 
l + 3a;+6aj2+10a»+15aJ*+ . . . 

[9] 4/«{l-i. ^+^V. ?-i^. J+iWy^.^- . . .} 
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nm 1 fi 106 , 125«^ . 50004» , 687S0&* , \ ,,„ 

[11] «»-»+}»»-«n+|im-Vn3+.3^^-Vn«+ . . . 

12] l-i«r»y»+|aj-«y«-.Jfir»2^+^ft^V^- • • • 

;i3] aV-|a-*iB6+|a-Vx25. |-i4-] I4a-^a^+ V»'*^'--H^»"**^«'- 

15] ar>2»-6ar-"»3r*'+21ar"*3r**-56a;-***3r**. 

16] a!r»+10ar»jr»+55ar^sr*+220aj-«3r*. 

ri7-| o I 1 ^ ^l5 

«- 'J 3.2» 3.6.2* 3.6.9.27 3.6.9. 12. 2io "• 

[18] 2{1 4-^+1,-1 +...}. 

[19] 7{1 + 2 • iS""* • 495*^ 16 ' 493"" ' • • }• 

[20]i«^{l+i.^+M^.^+...}. 

notation. 

Exercise LXXIV. 
[1] 232320, 44000, 21520, 11514, 5670. [2] 53456811. 



■3] 100100010, 10202, 1202. 
'6 



2010100123. 



4] 237, 554. [5] 28024, 530. 

7] 3200014, 540677122. 
326928534. [9] 5120. 

[10] 102120 and 222. sum, 103002. dif. 101232. prod. 30003300. 
quot. 130. [11] 3211, 75944, 7761. [12] 674, 2020, and 3234. 

Miscellaneous Exercises. 
[1] (62-c2)a»+(&4-c*)a«+3(6+c)a. [2] 7a- 13c^+ 240-5/ 

[3] ^- W ^^^±^^±^. [5] .=2. 

[9] Let d be tbe difference of the middle terms, 

then 6^= V{-«^- 262 + 2^/(^+20^52)}^ and the proportion is 

[10] (2a'6-+3a»-6-.c2)<^o»6». 

[11] 1-32287 . . , 3-20936 . . , -11832. . [12] !^, (2Zll)fL±2f ^ 

[15] ic8 + (o+6+c)a^— (06— oc— fc)a;— a5c and a4+(a+6+c+c?)as^+ 
(06 + oc +a<?+ 6c + WH- a^a? + (oJc + a6c?+ acrf+ 6cc?)aj+ oftcc?. 
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[16] f [17] -AWV, «-«+i«-i6+H«-VJi+,:y;^-V6»+ . . . 
[18] (+3i)»=lli, (-8)»=64, (+10)»=100. [19] j^^. 

[20] If, m- [21] ^=^^, ^- [22] 7, 16, 25, 42. 

[23] 24, -115. [24]l + l+f+^+A+... 

[25]4i«'>-3<A!+lia(B»-7iB». [26] 2iB»-3a!»-(B+5. 
[27] ±5«»-l, as'-(a-b)x+V. [28] 45 shiUiiigB. 

[29] i^, ^, =(^ f<^£^). [31] ar^tr-. 

[32] -71145a!», [33] 1663200. 

[35] 1920. [36]^ a-h.y.Hrfi> [38] 7414J the one, 4913 the other. 
[39]0i)a!=3, y=ff, or »=5, y=3, or a!=,^(76 + 4V617), 
y = -y(76 + 4V617); (ii) «= ± VK-* + \/(^ + c»)} and 

±V{a»-6-V(^+<*)}- [40] 39 and 639, 507 and 7. [41] j-^^^^^ 
[42] 36. [43] y/ab-^(a'-V) and 2-^=8. 

[44] V(«-l)-l and •±^^^. [45] 30466 and 5^^. 

[47] -^o, </3«, ^26, ^645SP?2; [49] -^^j, -^^y 

[50] 8. [51] m\xm^, n^xmk, nfxm^, nJ^xm^, nf xwf, nfxmK 

[52] 8^2, ffV15. ^^ [53] 3tt^6, :^v/36. 

[54] 2pg(108p»jJrA), 1^. [56] 2^3, 4</32-6V6-6>^6+9>^y243. 

[56] 362 + 209 V3 and lf\/7-l|i\/3. 

[57] \/2(a±V^^). 2(o± V^^. 

[58] ,yi8+^2, ^43-75-.,J/l-75. [59] g^. [60] f 

[61] M05. [62] 5 and 3, 31 and 20, 57 and 37, &c 

[«3]l-T+^'-^-Tt¥iT-^+-..=l-W>M-W + 
&c., the third is therefore the greatest term. [64] J^^-^^^ 

m ^^> (,^.-V(La..o) - [««]!«• [«^*- [«8]56. 
[69] (i) 1. (H) ^. [70] 2{l+,-l5-,^+^4^ &C.} 

[71] oj+l ; 2»-7. [72] afi^a^t/^^api^-^y^', 3p8g+24^^+45j9^. 
[73] 6f [74] 4924^. [75] 24 : 30 : 21 ; 70 : 18 : 28. 

[76] 204 feet long, 85 feet broad. [77] aP'-2{a+h)x+{a+h)^+iP^0. 
[78] Lessen both terms by 3. [79] 2+ ^^-4^^. [80] 789|f. 
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[81] Both are positive when a and b of the equation a^'^etX'\'h are 

positive. In this case ia > \/i^^~^« They are both negative when a 
is — and 6 -f , in which case the equation is of the form a?-i-»M5+n=0. 
The greater root will be — and the less + when a and b are both — , the 
greater will be -f and the less — when a is + and 6 — . In the former 
case the equation is of the form aP+7nx—n=z0f in the latter, of the form 
aj2-.maj-n=0. [82] 72. [83] 2 hours 43^ min. [84] a*. 



I 
[85] 18 and 9. [86] 560 and 420. [87] a;=-^. 



m -=<|i^y. [89] f [90] .={^)\ y=(vy- 

[91] 6 days. [92] 3540. [93] a^+l^+x-^-^. [94] V«+ V^- 

[95] 160 gallons. [96] 10 days. [97] 50. [98] 12 feet. 

[101] 23?+ ^"^"^"^^ . [102] 3^5 and -^^18. [103] 125250. 

[104] a;=|. [105] 40 worked, 10 idle. [106] «=~^*, y=¥- 

[107] (i) a?*-8a8 + 24aj2-.32aj4-16, (ii) a^''Sa^b+3a^c+3ab^^6abc+ 
3ac2_5S+352c_3jc2H.c», (iii) l + ex+l57P-^20s^-^l5ai^+ea^-^afi. 
[108] 60 shiUings. [109] x+l, a^^b^, a:+6, aP-^y^. 

[110] A=40, B=5, 0=120. [Ill] aj2+i, i^.^. [112] 161 and 30. 

[113] 6(a»-62)^ [114] ^^J^^_^ . [115] a62(a2-.63), 

[116] x^A^"^, [117] ^=|. [118] 72. [119] 100. 

120] 131. [121] 500. [122] 51 gallons brandy, 14 British spirits. 
123] A in UJt, B in 17^, C in 23^. [124] 18, 30, 4, 144. 

[125] a?=(i±\/«Ti)2. [126] a?=v/(i\/76+i)". [127] 20. 
[128] 16. [129] 5, 9, 13, 17. [130] 3, 6, 12. [131] 50. 

[132] 12. [133] 3, 6, 9, 12. [134] 1, 6, 11, 16. 

[135] Vl^ W?^Y [136];)-2g+3r. [137] 1-93098, 2-0928. 

[138] 11, 9. [139] 7i, 9, lOJ, 81, 243, 729. [140] a?=2w. 

[141](jr^f [142] ^*-^*^^^^*^-^ V«^. [143] 3i years ago. 

[144] (3a-6~l)a^. [145] |±g. [146];^. 

[147] The vP" term is i—\n, and the sum of n terms is |w— ^^^ 

[l^«]l^'if-a [1^9]li,i. [150]^,^. 

[151] a;=2.'), y=20. [152] 73, 9, 328. 

[153] The exponent is 1-0935, the sum 88162, the 20*»» term 27351. 
[154] a;=22. [155] -08882 . • , 2-50222 . . , 

■ [1^6] ^'"^^ty^^ and >^{aH- V(a^-6-)}. [157] 6. [158] a\ 
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[159] 3081. 128. lOd. [160] x=l, y=4. [161] a^'^, >y/^. 



162 
165 
168 

170 

171 

173 

175 
178 
180 

182 

185 

188 

190 
191 
197 
199 
201 
203 

205 
206 



207 
210 



720 lbs., 512 lbs. [163] 6 terms. [164] 142 years. 

16 years. [166] 7-1773. [167] x3-2(a-h6)a;+(a+6)Hc3=0. 

[169] a:=12, y=30, «=168, m=50. 
3.5 , 3.5.7 i_ 



789iJ. 



14 



1 



-7 + 



2 2.4 ' 2.4.6 2.4.6.8*2.4.6.8.10' 

a?=l, y='3, «=26. [172] 1770, 34220, 487635, 5461512. 

20*0 



4 and 6. 



5a»-5 
4a 


, 2w. 




16a 
9 • 






Gk)ld 


hpr— 


aps 



, silver 



-4a4c. [174] ^a/^\ a^^oT, a^^a^. 

t^^^l i^^^TIS- [177] 13579. 

[179] 140, 117480, 2555190. 

LIOIJ 2 f 2 • 

[183] ^, l- [184] (^J+r, 1000. 

[186] 27 gaUons. [187] ^ 

agr — bpr 



p + q 

[189] 56609, root =243. 



qr—ps ' gr—ps 

They travel 56 hours ; one goes 84, the other 70 miles. 

80^. [192] 18 persons. [195] |, 1^, 4|. [196] 16 oxen. 

432. [198] 221 : 273=187 : 231. . 

10 feet broad and 14 feet long. [200] 17. 

74 lbs. tin and 46 lbs. lead. [202] 12 yards and 24 yards. 

82 and 105. [204] 26548 men. 

Vb — va ' 



^n^ /{m+p)(m-p)±p^/{m + n){m—n) 

(n+p)(n-p) 



*'}=^ 

n V{m + p)(w> - jp) ± jP a/(wi + n)(f»— n) 

"" (n+p)(n-p) 

8565126197851151797861440000 ways. [208] 0. [209] 2, 3. 
log.^ = |log. i;+ log. (i?-l) - log. (l-^) } = 1-847336, 



y 



and .-. ^=70 36;.=70?. 7*, 2d. 
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